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Abstract. We construct Heegaard Floer theory for 3-manifolds with connected 
boundary. The theory associates to an oriented two-manifold a differential graded 
algebra. For a three-manifold with specified boundary, the invariant comes in two 
different versions, one of which (type D) is a module over the algebra and the other 
of which (type A) is an Aoo module. Both are well-defined up to chain homotopy 
equivalence. For a decomposition of a 3- manifold into two pieces, the tensor 
product of the type D module of one piece and the type A module from the other 
piece is HF of the glued manifold. 

As a special case of the construction, we specialize to the case of three-manifolds 
with torus boundary. This case can be used to give another proof of the surgery 
exact triangle for HF. We relate the bordered Floer homology of a three-manifold 
with torus boundary with the knot Floer homology of a filling. 
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1. Introduction 

1.1. Background. Since the pioneering work of Simon Donaldson, techniques from 

gauge theory have taken a central role in the study of smooth four-manifold topol- 
ogy [3]. His numerical invariants, associated to closed, smooth four-manifolds, have 
shed much light on our understanding of differential topology in dimension four. 
Moreover, these invariants, and the subsequent closely-related Seiberg-Witten invari- 
ants [44] and Heegaard Floer invariants [33] all fit into a formal framework reminiscent 
of the "topological quantum field theories" proposed by Witten [43]. Crudely speaking, 
these theories have the following form. To a closed three-manifold Y one associates 
a (suitably graded) Abelian group the Floer homology of Y, and, to a four-manifold 
W with boundary identified with Y, a homology class in the Floer homology of the 
boundary. If a closed, smooth four-manifold X decomposes along Y into a union 
of two four-manifolds with boundary Xi and X2, then the numerical (Donaldson, 
Seiberg-Witten, or Heegaard Floer) invariant of the closed four-manifold is obtained 
as a suitable pairing between the relative invariants coming from Xi and X2 in a 
corresponding version of Floer homology of Y. 

As the name suggests, the first such construction was proposed by Andreas Floer 
(for a restricted class of three-manifolds) as a tool for studying Donaldson's the- 
ory. A complete construction of the corresponding three-dimensional Floer theory for 
Seiberg-Witten invariants was given by Kronheimer and Mrowka [18]. 

The aim of the present paper is to perform a corresponding construction one dimen- 
sion lower. Specifically, we produce an invariant which, loosely speaking, associates to 
a parametrized, closed, oriented surface F a differential graded algebra A{F), and to 
a three-manifold with boundary F, a differential graded module over A{F). When a 
closed, oriented three-manifold can be decomposed along F into two pieces Yi and Y2, 
a suitable variant of Floer homology is gotten as a pairing of the differential graded 
modules associated to Yi and Y2. 

We give now a slightly more detailed version of this picture, starting with some 
more remarks about Heegaard Floer homology, and then a more precise sketch of the 
invariants constructed in the present paper. 

Recall that there are several variants Heegaard Floer homology stemming from the 
fact that, in its most basic form, the Heegaard Floer homology of a three-manifold 
is the homology of a chain complex defined over a polynomial ring in an indetermi- 
nant U. The full theory can be promoted to construct invariants for closed, smooth 
four-manifolds [35], similar in character (and conjecturally equal) to Seiberg-Witten 
invariants. In the present paper, we focus on the specialization of Heegaard Floer 
homology for thee-manifolds in the case where U — 0, giving the three-manifold in- 
variant denoted HF{Y). The corresponding simplified theory is not rich enough to 
construct interesting closed four-manifold invariants, but it does already contain in- 
teresting geometric information about the underlying three-manifold including, for 
example, full information about the minimal genera of embedded surfaces in an irre- 
ducible three-manifold Y [30]. 

With this background in place, we proceed as follows. Let F be a compact, oriented 
two-manifold. We associate to F a differential graded algebra A{F). For three- 
manifolds Y with boundary identified with F, we associate a chain complex over 
A{F). Indeed, there are two variants of the construction, the type D -module ofY, 
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denoted CFD{Y), which is a left differential graded module over .4(F); and another, 
the type A-module ofY, denoted CFA{Y), which is a more general type of object: 
a right ^oo-module over A{F). Both complexes are defined by counting pscudo- 
holomorphic curves in an associated picture. The definitions of both of these modules 
depend on a number of auxiliary choices, including compatible Heegaard diagrams 
and associated choices of almost complex structures. However, as is typical of Floer 
homology theories, the underlying quasi-isomorphisms types of the modules arc, in 
fact, independent of these choices, giving rise to topological invariants of our three- 
manifold-with-boundary. When speaking informally about these invariants, we refer 
to them collectively as the bordered Heegaard Floer theory of Y. 

The relationship with closed invariants is encapsulated as follows. Suppose that Yi 
and Y2 arc two three-manifolds with boundary, where dYi is identified with F and 
dY2 is identified with —F. Then we can form a closed three-manifold Y by identifying 
Yi and Y2 along their boundaries. The pairing theorem for bordered Heegaard Floer 
homology states that the Heegaard Floer complex HF of Y is quasi-isomorphic to the 
Aoo tensor product oiCFA{Yi) with CFDiY^). 

Recall that HF can be calculated algorithmically for any closed three-manifold, 
thanks to the important work of Sarkar and Wang [39]. Nevertheless, the present 
work (and forthcoming extensions) makes it possible to compute it in infinite fam- 
ilies: by cutting a 3-manifold into simpler pieces along surfaces and computing an 
invariant for each piece, we can reduce the computation to a computation for each 
piece and an algebra computation. Indeed, this might lead a more efficient algorithm 
for computation in general. 

Moreover, bordered Heegaard Floer homology provides a conceptual framework for 
organizing the structure of HF. We give a few of these properties in the present 
paper, and return to further appfications in forthcoming work. 

1.2. The bordered Floer homology package. The formal algebraic setting for 
the constructions herein lie well outside the working toolkit for the typical low- 
dimensional topologist: .4oo-inodules over differential graded algebras, and their Aoo 

tensor products (though, we should point out, these objects are now familiar in sym- 
plectic topology, cf. [10,17,40]). We will recall the basics before giving precise state- 
ments of our results. But before doing this, we sketch the outfines of the geometry 
which underpins the constructions for the benefit of our reader, giving informal state- 
ments of the basic results of this package. 

Central to this geometric picture is the cylindrical reformulation of Heegaard Floer 
homology, as developed by the first author [20]. Recall that Heegaard Floer homology 
in its original incarnation is an invariant associated to a Heegaard diagram for a 
three-dimensional manifold Y. Starting from a Heegaard diagram for F, specified by 
an oriented surface S, equipped with two (^-tuples of attaching circles {ai, . . . ,ag} 
and {Pi, . . . , Pg}, and an additional basepoint ^ e E in the complement of these 
circles, one considers a version of Lagrangian Floer homology in the ^^-fold symmetric 
product of E. In the cylindrical reformulation, disks in the g-fo\d symmetric product 
are reinterpreted as holomorphic curves in the four-manifold E x [0, 1] x M, with 
coordinates {x,s,t), satisfying certain constraints (dictated by the attaching circles) 
at s e {0, 1} and asymptotic constraints as t approaches ±00. 
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Starting from this cylindrical reformulation, suppose that our Heegaard diagram 
for Y is equipped with a closed, separating curve Z in S, which does not meet any 
/3-circle and meets each a-circle minimally, in at most two points. The constructions 
in this paper emerge when one considers limits of holomorphic curves in E x [0, 1] x M 
as the complex structure on S is pinched along Z. 

In the limit as the Z circle is pinched to a node, the holomorphic curves limit 
to holomorphic curves in ((S^ 11 S^) x [0,1] x M), where here Si and S2 are the 
two components of S — Z, and denotes the corresponding surface equipped with 
cylindrical ends. The holomorphic curves from these two halves have constrained 
limiting behavior as they enter the ends of and S^: there are finitely many values 
of t where our holomorphic curves are asymptotic to arcs in c^Ej. (In the present 
case, the contact manifold in question is the circle, and its symplectization, the end 
of Tjf, is a cyhnder.) The data of the asymptotics (the values of t and the arcs in 
dT,i) must match in the limit. Thus, we may reconstruct holomorphic curve counts 
for E X [0, 1] X M from holomorphic curve counts in T.f x [0, 1] x M. 

The data on the Heegaard surface specified by Z has a more intrisic, three-dimen- 
sional interpretation. The a-circles meet Z generically in a collection of points, which 
come in pairs (those points which belong to the same Oj). We call this structure a 
matched circle. It specifies a closed surface F. This can be seen in terms of Morse 
functions, as follows. Think about the Heegaard diagram as the intersections of the 
ascending and descending disks of a self-indexing Morse function on M with the mid- 
dle level in the usual way. We then construct F from Z by fiowing Z backwards and 
forwards under the Morse flow. Concretely, F is obtained from a disk with boundary 
Z by attaching one-handles along the matched pairs of points, and then filhng in 
the remaining disk with a two-handle. (Our assumptions guarantee there is only one 
two-handle to be added in the end.) The two halves of Heegaard diagram specify 
three-manifolds Yi and Y2 meeting along their common boundary F. 

In general terms, then, the differential graded algebra A{F) associated to the sur- 
face F is constituted from the Reeb chords of a corresponding matched circle for F. 
The product on the algebra and its differential are induced from (relatively simple) 
holomorphic curve counts in the cylinder which interpolates between Reeb chords. 
The precise algebra is defined in Section 3. 

The type D module for the component Y2 is defined as a chain complex over A{F), 
generated by (72-tuples of intersection points of various of the ctj and Pj supported 
in S2, with a differential given as a weighted count of rigid holomorphic curves, where 
the coefficient in A{F) of a rigid holomorphic curve measures the asymptotics of its 
Reeb chords at its boundary. The precise definition is given in Section 6. In that 
section, we also prove a more precise version (Theorem 6.23) of the foUowing: 

Theorem 1.1. The homotopy equivalence class of the differential module CFD{Y2) 
is a topological invariant of three-manifolds Y2 with boundary F. 

Algebraic operations on the type A module for the component of Yi are defined 
by counting rigid holomorphic curves subject to certain height constraints on their 
corresponding Reeb chords. Specifically, we require that certain clumps of these Reeb 
chords occur at the same height. The proper algebraic set-up for these operations is 
that of an ^00-module over A{F), and the precise definition of the type A module is 



6 



LIPSHITZ, OZSVATH, AND THURSTON 



given in Section 7, where we also prove a more precise version (Theorem 7.16) of the 
following: 

Theorem 1.2. The Aoo-homotopy equivalence class of the Aoo-'module CFA{Yi) is a 
topological invariant of three-manifolds Yi with boundary F. 

Of course, differential graded modules over a differential graded algebra are special 
cases of -modules. Moreover, there is a pairing, the Aoo-tensor product, between 
two ^oo-modules Mi and M2, giving rise to a chain complex Mi ® M2, whose quasi- 
isomorphism type depends only on the quasi-isomorphism types of the two factors. 

The Heegaard Floer homology of Y can be reconstituted from the bordered Hee- 
gaard Floer homology of its two components according to the following: 

Theorem 1.3. Let Yi and Y2 be two three- manifolds with parameterized boundary 
dYi = F = —(91^2; and fix corresponding bordered Heegaard diagrams for Yi and Y2. 
Let Y be the closed three-manifold obtained by gluing Yi and Y2 along F . Then, 
CF{Y) is quasi-isomorphic to the Aoo tensor product of CFA(Yi) and CFD(Y2). In 
particular, 



We give two proofs of the above theorem. One proof (in Section 8) makes use of 
the powerful technique of Sarkar and Wang [39]: we construct convenient Heegaard 
diagrams for Yi and Y2, where the holomorphic curve counts can be calculated com- 
binatorially. For such diagrams, the ^00-structure of the type A module simplifies 
immensely (higher multiplications all vanish), tensor products coincide with tra- 
ditional tensor products, and the proof of the pairing theorem becomes quite simple. 
The other proof (in Section 9) involves a rescahng argument to identify CF(Y) with 
another model for the tensor product. This second proof gives geometric insight 
into the connection between the analysis and the algebra. Indeed, this method might 
prove to be useful in other holomorphic curve contexts where there is no analogue of 
the Sarkar- Wang method. 

1.3. On gradings. One further surprising aspect of the theory deserves mention in 
this introduction, and that concerns the structure of gradings. 

Gradings in the usual Floer theory have an unconventional form: they take values 
in a cyclic Abehan group. (Indeed, for the case of Floer homology of Seiberg-Witten 
monopoles [18], this has an elegant and more intrinsic formulation in terms of isotopy 
classes of non-vanishing vector fields over three-manifolds.) 

Gradings in bordered Floer homology have a correspondingly even less conventional 
form. The algebra of a surface is graded by the Heisenberg group associated to its 
intersection form. The gradings for bordered Heegaard Floer modules take values in 
various quotients of this Heisenberg group. (The obvious bordered manifold analogue 
of the geometric grading on Seiberg-Witten Floer homology has the same form.) 

1.4. The case of three- manifolds with torus boundary. As explained in Sec- 
tion 10, for three-manifolds with boundary the torus T, the algebra A(T) is par- 
ticularly simple: it is finite-dimensional (an eight-dimensional subalgebra of 4 x 4 
upper-triangular matrices) and has vanishing differential. 
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The bordered Heegaard Floer homology of a sohd torus bounded by T can be easily 
calculated, as in Section 10, see also [21, Section 5.3]. A fundamental result in Hee- 
gaard Floer homology, the surgery exact triangle^ gives a long exact sequence relating 
the Heegaard Floer homology groups of three three-manifolds which are obtained as 
different fillings of the same three-manifold with torus boundary. (The result was first 
proved in [32], but it has its origins in Floer's theory of instanton homology, see [9], 
compare also [19] for a Seiberg-Witten analogue.) This result can now be seen as 
a consequence of the pairing theorem, together with a short exact sequence relating 
three type D modules associated to three different filhngs of T by solid tori. 

In a related vein, recall [31,37] that there is a construction of Heegaard Floer ho- 
mology theory for knots i^' in a three-manifold Y . Information about this knot Floer 
homology turns out to determine the bordered Floer homology of the knot comple- 
ment. This is stated precisely and worked out in Theorem 10.17 in Subsection 10.7. 
This result provides a number of explicit, non-trivial examples of bordered Floer 
homology. 

Indeed, using Theorem 10.17 to connect knot Floer homology with bordered Hee- 
gaard Floer homology, and combining it with an adaptation of Theorem 1.3 (stated 
in Theorem 10.12 below), we are able to calculate knot Floer homology groups of 
satellite knots in terms of the filtered chain homotopy type of the knot filtration of 
the pattern knot, together with some information (a type A module) associated to 
the pattern. We illustrate this in some concrete examples, where the type A module 
can be calculated explicitly. 

1.5. Previous work. Some of the material in this paper first appeared in the first 
author's Ph.D. thesis [21], particularly Sections 4 and 5. As in that work, we construct 
here an invariant of bordered manifolds that lives in a suitable category of chain 
complexes. By modifying the algebra and modules appropriately we are able to 
reconstruct the invariant of a closed 3-manifold. Related constructions in the case 
of manifolds with torus boundary have been worked out by Eftekhary [5]. For the 
case of satellite knots, there is extensive work by Hedden, including [11], which we 
used as a check of some of our work. In a different direction, recall that a different 
construction for manifolds-with-boundary, equipped with a suture on the boundary, 
has been given by Andras Juhasz [15]. 

An introduction to some of the structures used in this paper, in the form of a toy 
model, is in a separate paper [25]. 

1.6. Future directions. The theory in this paper is in some ways rather hmited as a 
theory of 3-manifolds with boundary: we only deal with a single, connected boundary 
component, for the somewhat hmited HF theory, and do not deal with tangles. (The 
present theory does allow for knots that do not cross the boundary.) In future papers 
we will fix all these shortcomings. 

• For a bordered Heegaard diagram for a 3-manifold M with dM consisting of 
two boundary components Fi and F2, we associate a bimodule over A{Fi) ® 
^(^2), and similarly for more boundary components. These bimodules obey 
an appropriate version of the Pairing Theorem. This allows us to change 
the parametrization of the boundary, giving a representation of the mapping 
class group of F on the derived category of modules over F. (Concretely, for 
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torus boundary we can, for instance, change the framing on the torus.) This 
homotopy equivalence class of this bimodule is not, however, an invariant 
of M; it depends on some extra choices. 

• It may seem strange to have two different invariants, the type D and the type A 
modules, associated to the same bordered 3-manifold. In fact, each one can 
be computed with the other by tensoring with an appropriate bimodule. 

• Decomposing a three-manifold into simple pieces, and calculating the bimod- 
ules associated to the pieces, one can calculate the Heegaard Floer homology 
for large classes of 3-manifolds, using the basic computations and a relevant 
version of the pairing theorem. 

• Andras Juhasz has constructed an invariant of sutured manifolds, called su- 
tured Floer homology, which has been remarkably effective at studying geo- 
metric questions. One can recover that invariant from ours by tensoring with 
a module associated to the sutures. 

• We extend the theory to tangles in 3-manifolds with boundary by suitably 
modifying the algebra. This theory becomes particularly simple in the setting 
of grid diagrams, which have previously been useful for computing HFK [26, 
27]. In that context the complication of a non-abelian grading group disap- 
pears, and all holomorphic curve counts can be done explicitly. 

1.7. Organization. In Section 2 we briefly recall the language of ^oo-modules. In 
that section, we also give a concrete description of the tensor product which holds 
when one of the two factors has a particular simple algebraic structure, which we call 
here a type D structure. In Section 3 we construct the differential graded algebra 
associated to a closed, oriented surface. In Section 4, we recall the construction of 
Heegaard diagrams for three-manifolds with boundary. In Section 5, we coUect the 
technical tools for moduh spaces of holomorphic curves which are counted in the 
algebraic structure underlying bordered Floer homology. With this background in 
place, we proceed in Section 6 to the definition of the type D module, and establish 
its invariance properties sketched in Theorem 1.1. In Section 7, we treat the case of 
type A modules, estabhshing a precise version of Theorem 1.2. This gives an algorithm 
to calculate the bordered Floer homology of a three-manifold, and indeed it also can 
be used to prove Theorem 1.3. In Section 9, we turn our attention to an analytic 
proof of Theorem 1.3. In Section 10, we focus on the case of bordered three-manifolds 
with torus boundary, calculating the associated algebra, and also the bordered Floer 
homology for solid tori. In this section, we also relate this invariant with knot Floer 
homology, giving many concrete examples of bordered Floer homology. 

Acknowledgements. We thank Eaman Eftekhary, Yakov Eliashberg, Matthew Hed- 
den, Mikhafl Khovanov, Aaron Lauda, Dror Bar-Natan, Tim Perutz, and Zoltan Sz- 
abo for helpful conversations. We are also grateful to Atanas Atanasov, Tova Brown, 
Matt Hedden, Yanki Lekih, Adam Levine, Ciprian Manolescu, Yi Ni, and Ina Petkova 
for useful remarks on an early version of this manuscript. 

2. STRUCTURES 

In this paper, we use of the notion of an module. Although notions, first 
introduced by Stasheff in the study of if-spaces [42], have become commonplace now 
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in symplectic geometry, see for example [10,17,40], they might not be so familiar 
to low-dimensional topologists. In Sections 2.1 and 2.2, we review the notions of 
primary importance to us now, in particular sketching the tensor product. Keller 
has another pleasant exposition of this material [16]. 

The type D module CFD{Tt) defined in Section 6 is an ordinary differential graded 
module, not an module, so the reader may wish to skip this section and concen- 
trate on the type D structure at first. Similarly, the type A module CFA{H) of a nice 
diagram H is an ordinary differential graded module. However, the notion of grading 
by a non-commutative group (Section 2.4) is used in all cases. 

In Section 2.3, we introduce a further algebraic structure which naturally gives 
rise to an ^oo-module, which we call a type D structure. We also give an explicit 
construction of the Aoo tensor product, when one of the two factors is induced from a 
type D structure. This material is apparently new. As the name suggests, the type D 
module of a bordered three-manifold comes from a type D structure. 

Finally, in Section 2.4 we introduce gradings of differential graded algebras or 
algebras with values in a non-commutative group. 

2.1. algebras and modules. Although we will be working over differential 
graded algebras, or DGAs, (which are less general than algebras) we recall the 
definition of algebras here as it makes a useful warm-up for defining for 
modules, which we will encounter in this paper. 

To avoid complicating matters at first, we will work in the category of Z-graded 
complexes over a fixed ground ring k, which we assume to have characteristic two. In 
particular, we consider modules M over k which are graded by the integers, so that 

M = 0M,. 

If M is a graded module and m G Z, we define M[n\ to be the graded module defined 
by M[n]a = M^-n- 

Note that since we are working over characteristic two, the following discussion also 
carries over readily to the ungraded setting. The modules in the present paper are 
graded, but not by Z. We return to this point in Section 2.4. 

Definition 2.1. Fix a ground ring k with characteristic two. An ^oo-algebra A 
over k is a graded k-module A, equipped with k-hnear multiphcation maps 

fXi-. A^'-^A[2-i] 

defined for alH > 1, satisfying the compatibility conditions 

n-j+l 

/ii(ai ■ • ■ ® a£_i ® (a^ (g) ■ ■ ■ (g) a^+j_i) ® a^+j ® ■ ■ ■ a„) = 

i+j=n+l £=1 

i 

' ^ ^ 

for each n > 1. Here, A®"" denotes the k-module A®\^ - ■ ■ ®-^A. Note that throughout 
this section, all tensor products are over k unless otherwise specified. We use A for 
the v4oo algebra and A for its underlying k-module. An algebra is strictly unital 
if there is an element 1 G with the property that /X2(o, 1) = /U2(l,a) = a and 
[Jii{ai, . . . , Oj) = if i 7^ 2 and aj = 1 for some j. 
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Figure 1. A graphical representation of the Aoo compatibility condi- 
tion with n = 2. (It can be interpreted as stating that multiphcation 
is associative up to homotopy.) 



In particular, an algebra is a chain complex over k, with differential Hi. In the 
case where all /Xj = for i > 2, an algebra is just a differential graded algebra 
over k, with differential fii and (associative) multiplication fj,2. We have assumed that 
k has characteristic two; in the more general case, the compatibility equation must 
be taken with signs (see, e.g., [16]). 

We can think of the algebraic operations graphically as follows. The module A®* 
is denoted by drawing i parallel, downward-oriented strands. The multiplication 
operation /ij is represented by an oriented tree with one vertex, i incoming strands 
and one outgoing strand. With this convention, the compatibility relation with n 
inputs can be visuahzed as follows. Fix a tree T with one vertex, n incoming edges, 
and one outgoing one. Consider next all the trees S (with two vertices) with the 
property that if we contract one edge in S, we obtain T. Each such tree S represents 
a composition of multiphcation maps. The compatibility condition states that the 
sum of all the maps gotten by these resolutions S vanishes. See Figure 1 for an 
example. 

Another way to think of the compatibility conditions uses the tensor algebra 

oo 

T*{A[1]) := 0v4®"[n]. 

n=0 

The maps yUj can be combined into a single map 

/i:r*(A[l])^A[2] 

with the convention that /xq = 0. We can also construct a natural degree 1 endomor- 
phism D : T*{A[1]) T*{A[1]) by 

n n~j+l 

D{ai ® ■ ■ ■ ® an) = ^ ^ fli ® ■ ■ ■ ® /ij(a-^ ® ■ ■ ■ ® a^+j-i) ® ■ ■ ■ ® a^. 
3=1 i=\ 

Then the compatibility condition is that 

/xo2J = 

or equivalently 

This condition can also be expressed graphically as in Figure 2. We draw a shaded 
band to represent some collection of parallel, ^-colored strands, i.e., an element of 
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Figure 2. Two alternate graphical representation of the Aoo compat- 
ibility condition. The shaded bands represent terms from T*{A). The 
triangle represents the collection of multiplication maps /x, and the large 
dot represents the differential D on T*{A). 

T*{A[1]). A large dot on a gray strand represents D, and a downward-pointing 
triangle represents /i. 

At some points later we will want to allow only finitely many nonzero /Xj. We give 
this condition a name: 

Definition 2.2. An ^oo-algebra {A, {fii}) is operationally bounded if /Xj = for i 
sufficiently large. 

Definition 2.3. A (right) ^oo-module M over ^ is a graded k-module M, equipped 
with operations 

rm: M® ^ M[2-i], 

defined for alH > 1, satisfying the compatibility conditions 

0= ^ mi(mj(x (g) ai (g) ■ ■ ■ aj_i) ® ■ ■ ■ a„_i) 

i+j=n+l 

n-j 

+ ^ mi(x (g) ai (g) ■ ■ ■ ttj-i /Xj(a£ ■ ■ ■ (g ai+j-i) • ■ ■ (g an-i)- 

j+j=n+l e=i 

An module A4 over a strictly unital ^oo-algebra is said to be strictly unital if for 
any x G M, m2(x (g 1) = x and mj(x (g ai (g ■ ■ ■ (g ai_i) = if z > 2 and some = 1. 
The module M is said to be bounded if mj = for all sufficiently large i. 

Graphically, the module M (g A®* is represented hy i + 1 parallel strands, where 
the leftmost strand is colored with M (while the others are colored by A). The 
multiplication map rrii is represented by the one-vertex tree with i + 1 incoming 
strands, the leftmost of which is M-colored, and whose output is also M-colored. 
The compatibility condition can be thought of the same as before, except now we 
have distinguished the leftmost strands with M. Thus, the compatibility conditions 
can be thought of as stating the vanishing of maps induced by sums of trees, with 
arbitrarily many inputs (and one output). 

As before, we can also write this condition in terms of the tensor algebra, best 
expressed graphically. In addition to the previous conventions, a triangle against 
the M-strand represents the map m: M (g T*(y4[l]) M obtained by collecting 
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M 




M 







Figure 3. The relation of an Aoo module. In the left term, the 
left vertical strand represents our module M, and the shaded region 
represents terms from the tensor algebra of A. This region is split, 
and some of the terms act on the module via the multiphcation m; 
the remaining strands are then multiplied again. This is related to the 
right term, where the large dot represents a differential D on the tensor 
algebra, defined below. 

all the rrii. We also allow merging and splitting of gray bands with their natural 
interpretations (tensor product and sum over all ways of dividing a clump into two, 
respectively). With these notational shorthands, the module compatibility condition 
can be conveniently illustrated as in Figure 3. One warning: splitting and then 
merging a band is not the identity: it acts on the A®" summand by multiplication 
by n + 2. 

Let be a right module over A. Suppose moreover that, for all i > 2, m-j = 
and Hi = 0. Then not only is ^ a differential graded algebra, but also is a module 
over A (in the traditional sense), equipped with a differential satisfying the Leibniz 
rule with respect to the algebra action on the module. 

Definition 2,4, Let M. and M' be two right modules. A strictly unital morphism 
of Aoo-'modules /, or simply an ^oo-morphism, is a collection of maps 



/,: M®/1®(*-^) ^ M'[l-i] 



indexed by z > 1, satisfying the compatibility conditions 




i+j=n+l 



+ 




i+j=n+l 



+ 




(g a£_i (g /ij(a£ (g) ■ ■ ■ (g) ae+j-i) (g ■ ■ ■ (g a„_i) 



i+j=n+l e=i 



and the unital condition 



/j(x (g ai (g ■ ■ ■ (g tti-i) = 



if i > 1 and some aj = 1. 
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= 



Figure 4. Illustration of the basic relation of an Aoo morphism of A-modules. 

We call a strictly unital morphism {/j} of ^oo-modules bounded if = for i 
sufficiently large. 

The compatibility condition is illustrated in Figure 4. Now the left strand can 
be colored by M or M', and there are three kinds of triangles: those representing 
^oo-module operations on or A^', and those representing the map /. 

For example, for any module A^, the identity morphism I is the map with 

Ii(x) :=x 

Ii(x® A®*"^) :=0 (i>0). 

If / is an ^oo-module morphism from to Ai', and g is an ^oo-module morphism 
from ^A' to Al", we can form their composite morphism g o f , defined by 

(^f o /)„(x(g) (ai (g) ■ ■ ■ (g) a„„i)) := ^ 5'j(/i(x (g) Oi (g) • ■ ■ (g) a^.i) (g) ■ ■ ■ (g) a„_i). 

i+j=n+l 

Definition 2.5. Given any collection of maps 

K: M(g A®*-^ M'[-i] 

with /;,j(x (g ai (g • • ■ (g aj__i) = if i > 1 and some = 1, we can construct a strictly 
unital ^oo-morphism / by the expression 



/„(x(g ai (g ■ ■ ■ (g a„_i) = 

/;,j(mj(x (g ai (g 

i+j=n+l 

+ ^ m'j(/ij(x (g ai 



) aj_i) (g ■ ■ ■ (g a„_i) 

(g flj-l) (g • ■ ■ (g fln-l) 



i+j=?i+l 



+ ^ ^ /ii(x (g fli (g ■ ■ ■ (g a£_i (g /ij (a^ (g • • • (g a^+j-i) (g ■ ■ • (g a„_i). 

i+j=n+l f=l 

If an ^oo-morphism / can be obtained from a map h in this way, we call / null 
homotopic. Two ^oo-morphisms f^g: M. — ^ Ai' are homotopic if their difference is 
null homotopic. 
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M' M' M' 



Figure 5. Null homotopies. Given any map of the form specified 
by the square labeled h, the above diagrams define a (null-homotopic) 
chain map. 



Two ^oo-modules and A4' are (^oo) homotopy equivalent if there are Aoo- 
module morphisms / from M to M' and g from M' to M such that fog and g o f 
are homotopic to the identity. 

The expression associated to a homotopy is illustrated in Figure 5, where the square 
represents the homotopy. 

There are analogous definitions for left rnodules, maps, and homotopies. 



2.2. tensor products. In the category of strictly unital modules and strictly 
unital morphisms, the usual naive tensor product M®aN of a right module M and a 
left module N over a differential graded algebra A is not available; the quotient used 
to define the tensor product does not make sense. Even in the original setting, this 
tensor product is often not the right one: if M and M' are homotopy equivalent, the 
M ®A N and M' ®a N are not necessarily homotopy equivalent. 

To produce a functor which works for ^oo-modules and respects homotopy equiv- 
alence, we pass instead to the tensor product, a generalization of the derived 
tensor product. 

Definition 2.6. Let A be an ^oo-algebra over M he a right ^oo-module over A, 
and A/" be a left .4oo-niodule over A. Then their Aoo-tensor product is the chain 
complex 



M (g)A^f ■=M(g) T*{A[1]) O 
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equipped with the boundary operator 
9(x ® ai ■ ■ ■ (g) a„ (g) y) := 

n+1 

mj(x ® ai (g) ■ • • aj_i) ® ■ ■ ■ (g) a„ (g) y 

1=1 

n n— j+1 

+ ^ ^ X (g) ai (g • • • (g /Xi(a£ (g • • • (g a£+j_i) (g ■ ■ ■ (g a„ (g y 

i=i e=i 

n+1 

+ ^ X (g ai (g ■ ■ ■ (g mi{an-i+2 (g ■ ■ ■ (g ctn <g y)- 

i=l 

Lemma 2.7. T/ie operator d on M.®N defined above satisfies d"^ = 0. 

Proof. This is a straightforward consequence of the relations defining Aoo algebras 
and modules. □ 

An important case is when J\f = A. The resulting complex is called the bar reso- 
lution M oi M. As a k-module it is 

M = M® T*{A[l]) ®A = {M® T+(A[1]))[-1] 

where T+{A[l\) := ®ZM\W" is without the first summand of k. M has 

the further structure of a right module over A, with multiphcations mi = 9 as 
defined above and, for i > 2, 

mi((x (g ai (g ■ ■ ■ (g a„) (g 6i (g ■ ■ ■ (g bi-i) := 

n 

X (g ai (g ■ ■ ■ (g ttn-i (g fj,i+i-i{an-e+i (g . . . a„ (g 6i (g • • • (g 

^=1 

Note the range of summation: the multiphcation fii+e~i is apphed to all of the b/s 
and at least one aj. 

The following lemma is again straightforward and standard. 

Lemma 2.8. M. is an Aoo module over A. 

Notice that if A is an honest differential graded algebra then M. is an honest 
differential graded module, i.e., all of the higher rrii vanish. Furthermore, if is also 
an honest differential graded module, this is the usual bar resolution. If instead A/" is 
an honest differential graded module, then we could also define M^J^ as M ®aJ^-, 
the naive tensor product with the bar resolution, but this is not possible in general. 

Remark 2.9. One way to understand the products on JkA. and Lemma 2.8 is via Aoo- 
bimodules. If A and B are two ^oo-algebras, an A-B bimodule A/" is a k-module 
with maps 

satisfying a natural version of the compatibility conditions. In particular, A is an 
A-A bimodule in a natural way. A more general version of Lemma 2.8 is that if M 
is an A-B bimodule, then M. (gyi A" is a right B module. 
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Proposition 2.10. If A and are strictly unital, then M. is homotopy equivalent 
to M. 

Proof. We define an ^oo-module map from to by 

0j((x ® ai® ■ ■ ■ ® an) ®hi® ■ ■ ■ ® := mj+„(x ai ■ ■ ■ ® a„ ® 6i ■ • • 

Similarly, we define an A^o module map ip from to by 

ai® ■ ■ ■ ® a-i^i) := ® ai ® ■ ■ ■ ® Oj^i ® 1. 

Also define maps for a homotopy h from Ai to Ai by 

hi{{-K ® ai ® ■ ■ ■ ® an) ® h ® ■ ■ ■ ® := ® ai ® ■ ■ ■ ® an ® h ® ■ ■ ■ ® ® 1. 

It is straightforward to verify that (po^ip is the identity map, while ^/'o^ is homotopic, 
via h, to the identity map. □ 

Proposition 2.11. An Aoo map f : M ^ M' induces a chain map f ®I: M ®Af 
A4'®Af. If f is null homotopic, so is f®Ij^. In particular, if M.i and M.2 (ire 
homotopy equivalent right Aoo modules and Afi and A/2 are homotopy equivalent left 
Aoo modules, then Mi®Ni is homotopy equivalent to M.2 ®N'2- 

Proof. For / a collection of maps ft: M ® M[c - i] for a fixed c G {0, 1}, 

define / ® Iat by 

n+l 

{f ®Ij^){-x ® ai® ■ ■ ■ ® an®y) '■= ^ /i(x ® ai - ■ ■ ® ai-i) ® ai ® ■ ■ ■ ® an ® y. 

i=l 

If / is an rnap, so is f ®Jj^, and if /i is a null homotopy of /, then h®Af is a 
null homotopy of f ® The same construction works, mutatis mutandis, for chain 
maps and homotopies on the right. □ 

2.3. Another model for the tensor product. The derived tensor product 
for ordinary differential graded algebras and modules agrees with the naive tensor 
product when one of the two modules is projective. In the context of structures, 
although there is no general notion of naive tensor product, for modules of a 
certain type, we can nonetheless define a new kind of tensor product Kl which, when 
defined, agrees with the derived tensor product ®. As we will see in Section 9, this 
new tensor product matches better with the geometry and helps give a proof of the 
pairing theorem. 

We first specialize to the case where ^ is a differential graded algebra, which is all 
that we need in the present paper. 

Definition 2.12. Let be a graded k-module, equipped with a map 

61: N^{A®N)[1], 
satisfying the compatibility condition that 

{fi2 ® In) o (Ja ® 61) o 61 + {fii ®In) o 61: N ^ a ® N 

vanishes. We call the pair (A^, Si) a type D structure over A with base ring k. Let 
(A^, 5i) and (A^', 6[) be two type D structures. A k-module map ijji: N ^ A ® N' is 
a D -structure morphism if 

{fi2 ® In') o (Ia ® 'ipl) o (5i + {fi2 ® In') o (Ia ® S[) oiIj^ + (/ii ® I^,) o -i/;! = 0. 
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A homotopy h between two D-structure morphisms ipi and 0i from (A^, Si) to (A^', S[) 
is a k-module map h: N ^ {A ® A^')[— 1] with 

(/i2 ® In') o (Ia ®h)o6i + {fi2 (S) In') o (Ia ® S[) o h + [fii® In') o h = ipi - (f)i. 

Lemma 2.13. // (A^, 6) is a type D structure, then A® N can be given the structure 
of a left A module, with 

fni{a (g) y) := [{fi2 ® In) ° (Ia ® ^i) + /^i ® lN]{a ® y) 
m2(ai (g) (a (g) y)) := ^12(0-1 a) y. 

Moreover, if tpi: N ^ A ® N' is a D-structure morphism, then there is an induced 
chain map f from A® N to A® N' , defined by 

f(a ® y) := (ma ® In') o (Ia ® ^1) 

Similarly, a homotopy between two D-structure morphisms induces a chain homotopy 
between the associated chain maps. 

Proof. The proof is straightforward. □ 

Given a type D structure {N,6) we denote the module from Lemma 2.13 by Af. 
(This conflicts shghtly with earlier conventions, since here the underlying k-module 
of A/" is A® N rather than just A^.) 

For completeness, we now deflne a type D structure over a general Aoo algebra A; 
although this is not necessary for this paper, the same constructions are used for the 
tensor product we define below. A map 61: N ^ {A® N)[l] can naturally be used 
to construct maps 

Sk-. N ^ {A^''®N)[k] 

inductively by 

50 = In 

51 = (Ia®{'-i) ® 5i) o 

By construction, this maps satisfies the basic equation 

(I^®j ® Si) o Sj = Si^j 

for all i,j > 0, as shown on the top of Figure 6. Here we represent the collection 
maps 6i as a triangle with one A^-input and outputs a band of A-colored strand and 
an A^-strand. 

Definition 2.14. A map 61 as above is bounded if for all x G A^, there is an integer 
n so that for all ? > n, 5j(x) = 0. 

For a bounded map 61, we can think of the 6k as fitting together to form a map 

6: N ^ T*{A[1])®N, 

00 

5(x) :=$^5.(x). 

k=0 
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Figure 6. Type D structures. Relations between the 5k associated 
to a type D structure. 

If 5i is not bounded then, instead, the 5k fit together to form a map 

oo 

5:N^ T{A[l]) ®N = \[{A[l])''\ 

oo 

5(x) :=n^^(x). 

fc=0 

Here T*{V) denotes the completion of T*{V) with respect to the number of tensor 
factors. 

We now generalize Definition 2.12. 

Definition 2,15. Fix an algebra A and a pair {N,5i) as above. Assume that 
either (A^, ^i) is bounded or A is operationally bounded. Then we say {N,5i) defines 
a type D structure if 

(m (g) Iat) o 5 = 

or equivalently 

(D0In)o5 = O 

as shown on the bottom of Figure 6. For two type D structures {N,5i) and (A^',^^) 
a map ipi: N ^ A ^ N' can be extended to maps 

iJk-. N ^ {A'^'' ® N')[k - 1] 
i+j=fc-l 
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The map ipi is bounded if ipk = for k sufficiently large. We can define 

oo 

V'(x) := ^^/'fc(x), 

k=l 

which maps to T*(y4[l]) ® N if ipi is bounded and T*(y4[l]) ® N otherwise. Assum- 
ing either ipi is bounded or A is operationally bounded, we say is a D-structure 
morphism if 

(/i(g)lAr/) O^^ = 0. 

Similarly, ip is homotopic to if 

(/i (g) In') o h = ip — (j) 

for h constructed from a map hi: N {A® A^')[— 1] in the analogous way (and with 
hi bounded if ^ is not operationally bounded). 

Note that if (A^, 5i) and (A^', 5'i) are both bounded then any morphism ipi: N ^ 
A® N' between them is automatically bounded. 

For definiteness, we will restrict from now on to the case that {A, {/Xj}) is opera- 
tionally bounded. Note that this includes the case of dg algebras. 

There is a generalization of Lemma 2.13. 

Lemma 2.16. // (A^, 5) is a type D structure, then A® N can be given the structure 
of a left Aoo module Af , with 

oo 

rui := ^(/ii+fc (g) In) o (Ia ® 5k). 

k=0 

Moreover, if ipi \ N A ® N' is a D-structure morphism, then there is an induced 
Aoo morphism f from J\f to Af', with 

oo 

fi ■= ® In) o i^k- 

k=l 

Similarly, a homotopy between two D-structure morphisms induces a homotopy be- 
tween the associated Aoo maps. 

Definition 2.17. Let be a right Aoo module over A and (A^, 5i) a type D structure. 
Suppose moreover that either is a bounded ^oo module or (A^, ^i) is a bounded 
type D structure. Then, we can form the k-module M M N = M ®]<^N, equipped 
with the endomorphism 

oo 

9^(x ® y) = ^(mfc+i ® Ijv)(x ® 4(y)). 

fc=0 

See Figure 7 for an illustration of d^. 

Lemma 2.18. Let M be an Aoo module and N a type D structure. Assume that either 
M or N is bounded. Then the k-module M ® N equipped with the endomorphism 
is a chain complex. 

Proof. See Figure 8. □ 
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M N 




Figure 7. Definition of the boundary operator. 



M N M N M N 




Figure 8. The proof that 9^ o 9^ = is illustrated above, using the 
definition of from Figure 7, along with the relations from Figures 3 
and 6. 



Lemma 2.19. Let (p: M. ^ A4' be a morphism of Aoo modules and ip: (A^, 5i) — 
{N\5i) a morphism of type D structures. Then: 

• If either M., A^' and (p are bounded or 5i is bounded then (p induces a chain 
map (P^In: MMN ^ M'MN. 

• If either 5i and 5[ are bounded or M. is bounded then ip induces a chain map 

• Suppose (p' : M. ^ M.' is another morphism of Aoo modules which is homotopic 
to (p. Suppose further that either 5i is bounded or (p, cp' and the homotopy 
between them are all bounded. Then Kl Iat is homotopic to (p' ^In- 

• Suppose ip' : (A^, 5i) — >• (iV', 5[) is another morphism of type D structures which 
is homotopic to ip. Suppose further that either A4 is bounded or ip, ip' and 
the homotopy between them are all bounded. Then 1m ^ (^nd 1m ^ ''P' (ire 
homotopic. 

• Under boundedness conditions so that all of the ^-products are defined, given 
a third map cp' : M' ^ M" , (0'o0) KI^ is homotopic to {(p' MIn) o {(PMIn). 
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M N M N 




M' N M' N 



Figure 9. A graphical representation of Kl Iat and h Kl 1^. 

• Under boundedness conditions so that all of the ^-products are defined, given 
a third map f : {N', 6[) {N", 5'/), Im ^ o V") is homotopic to (Im ^ ■ip') o 

• Under boundedness conditions so that all of the ^-products are defined, (0 Kl 
In') o (Im K ^j) is homotopic to (Im K ^) o (0 K 1^). 

Proof. Given 0, we define the induced map $ ® I^v by 

oo 

(0 ® l7v)(x ® y) := ® liv) o (x ® 4(y)), 

fe=0 

where 0fc are the components of 0. Similarly, given a homotopy h with components /ifc 
from to 0', we define a homotopy HMIm from Kl Iat to 0' KI Iat by 

oo 

{h M I^)(x ® y) = ^(/ifc+i ® Ijv) o (x ® 4(y)). 

fc=0 

See Figure 9 for an illustration. 

Conversely, given ip, we define Im hy 

oo 

(Im O ^)(x (g) y) = ^(m^+i (g) In>) o (x (g) V^fc(y)), 

fc=0 

with tpk constructed from the map ipi: N ^ A®N' as in Definition 2.15, and similarly 
for a homotopy from ip to ip'. 

Verification of the properties of these maps is a straightforward modification of the 
argument that o = 0. □ 

Proposition 2.20. Let M. be an Aoo module over an operationally bounded Aoo 
algebra A and {N, 6i) be a type D structure. Suppose that either M. is a bounded 
Aoo module or 5i is bounded. In the former case, suppose moreover that {N, 6i) is 
homotopy equivalent to a bounded type D structure. Then the product M ^ N is 
quasi-isomorphic to the Aoo tensor product M. ^Af. 

Proof. The boundedness assumption imphes that MMN is defined. Moreover, since M 
respects homotopy equivalences (by Lemma 2.19), we may assume that Af is bounded. 
By Proposition 2.10, M is ^oo-homotopy equivalent to and hence by Lemma 2.19, 
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MMM MMM. But this is the same complex with the same boundary operator 
as A4®J^. For instance, as k-modules we have 

MMJ\f^ {M®T+{A[1])[-1]®N^M®T*{A[1])0{A^N) ^M®U. 

(Recall that the underlying space oiM is A®N . Also, the w4oo-homotopy equivalence 
between M. and M. is not bounded, so we need the boundedness assumption on M.) 

□ 

Remark 2.21. Suppose that the ground ring k is a field, and ai, . . . , a„ are a basis for 
A over k. We write 

5i = ^ ® A, 

i 

where Di'. N ^ N. If M is a right module over A then we can write the 
differential more explicitly as follows: 

(2.22) 9^(x y) = ^mfe+i(x, a^,, . . . a^jAfc o • • • o Ai(y), 

where here the sum is taken over all /c-element sequences ii,...,ik of elements in 
{1, . . . ,n} (including the empty sequence with k — 0). 

2.4. Gradings by non- commutative groups. In earlier sections, we considered 
the familiar case of Z-graded modules. Here we record basic definitions of algebras 
(including differential algebras) that are graded over a possibly non-commutative 
group G. The definitions arc straightforward generalizations of standard definitions. 
As before, we assume that our ground ring k has characteristic 2 so that we need not 
worry about signs. In general, we need an absolute Z/2 grading to appropriately add 
signs, i.e., we need a homomorphism from G to Z/2 taking the distinguished central 
element A to 1, but we will not further consider this here. 
We start with ordinary differential graded algebras. 

Definition 2.23. Let (G, A) be a pair of a group G (written multiplicatively) with 
a distinguished element A in the center of G. A differential algebra graded by {G, A) 
is, first of all, a differential algebra A with a grading gr of ^4 by G (as a set), i.e., a 
decomposition A — ©gg^^g- We say an element a ^ Ag is homogeneous of degree g 
and write gr(a) = g. For homogeneous elements a and b, we further require the 
grading to be 

• compatible with the product, i.e., gr(a ■ b) = gr(a)gr(6), and 

• compatible with the differential, i.e., gr(c'a) = A~^gr(a). 

For an ordinary Z-grading, we would take (G, A) = (Z, 1). (We choose the differ- 
ential to lower the grading to end up with homology rather than cohomology.) We 
require A to be central because otherwise the identity 

d{ab) — da ■ b + a ■ db 

would not be homogeneous in general. The map i— > A*^ is a homomorphism from G 
to Z, but even if A is of infinite order in G, there may not be a map to Z taking A 
to 1, so we do not in general get an ordinary Z-grading. 

There is a natural extension of this definition to Aoo algebras. More generally, if 
V and W are G- graded k-modules, we can turn V into a G-graded k-module by 
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gr(t> w) := gr(t>) gr^w) 



for homogeneous elements v and w of V and W, respectively. If is a G-graded 
module and n G Z, define V[n] to be the graded module with 



Since A is central, we have V[n] = (V ^W)[n], etc. Now the previous definitions 
of the multiphcations map mj and their compatibility conditions carry over as written. 
We now turn to differential modules. 

Definition 2,26. Let A be a differential algebra graded by G, as in Definition 2.23. 
Let S' be a set with a right G action. A right differential A-module graded by S, or, 
simply, a right S'-graded module, is a right differential A-module M with a grading 
gr of M by 5 (as a set) so that, for homogeneous elements a,b e A and x,y e M, 

• gr(ax) = gr(a) gr(x) and 

• gr{dx) = A~"'^gr(a;). 

If the action of G on S' is transitive, S is determined by the stabilizer Gs of any 
point s e S, and we can identify S with Gs\G^ the space of right cosets of Gg. 

More generally, if V is graded by S and W is graded by G, then Equation (2.24) 
gives a natural grading of V0W by S and Equation (2.25) defines a shift functor; then 
the previous definitions for modules, morphisms, and homotopies carry through. 
(For morphisms, the two modules should be graded by the same set.) 

Left modules are defined similarly, but with gradings by a set T with a left action 



Finally we turn to tensor products. 

Definition 2,27. Let A be a differential algebra graded by (G,A), let M be a right 
y4-module graded by a right G-set S, and let iV be a left A-module graded by a left 
G-set T. Define 5 x^T by 



By inspection, this descends to the naive tensor product 

M ®A N := M ®k N/{ m® an - ma®n\m e M,n e N,a e A). 

Furthermore, there is a natural action of A (or any element in the center of G) on 
S xgT via 



(This definition fails to descend to the quotient for non-central elements in place of A.) 
Again by inspection, the boundary operator 

d{m ®A n) '■= {dm) n + m ^a {On) 

acts by A^^ on the gradings. Thus M ®a is a chain complex with a grading by 
S XqT, a set with a Z-action. 



(2.25) 



V[n], := V, 



byG. 




A ■ [s X t] := [sX X t] = [s X At]. 
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Using Equation (2.28) and the same shift functor as before, we can extend the 
definitions of both versions of the tensor products and chain maps and homotopies 
to this setting as well. 

We now see a genuinely new feature of DGAs where the grading is non-commutative: 
even if A has infinite order in G, S, and T, it may not have infinite order on S XqT. 
We illustrate this with a simple, and pertinent, example. Let if be a variant of the 
Heisenberg group: 

H = {a, (3, X \ a(3 = \^(3a, X is central ) . 

(The usual Heisenberg group over the integers has A instead of A^ in the first relation; 
with the exponent of 2, the group supports a Z/2 grading.) Let L be the subgroup 
of H generated by a. Then A has infinite order on H and on H/L and L\H, the 
spaces of left and right cosets of L. However, the reduced product is 

{L\H)xh{H/L)c:^L\H/L 

= {Lf5^\^L \k,leZ}. 

These double cosets are not all distinct. In particular, 

L/?^A'L = LaP^X^L 

= Lp'^X^+^'^aL 
= Lp^X^+'^'^L. 

Note that equalities hke this generate all equalities between the double cosets. Thus 
the order of A on LjS^X^L is 2k for A; 7^ 0. This example is exactly what we see when 
we do 0-surgery on a knot in S^. 

Observe that one can extend the non-commutative gradings to algebras and 
modules, by interpreting the shift operator M[i] as multiplication by A~* on the 
grading set. 

3. The algebra associated to a surface 

3.1. The strands algebra A{n,k). We now define the algebra associated to a 
parametrized boundary of a 3-manifold. We start by defining algebras A{n^ k), which 
are simplified versions of the algebras we will use. The actual algebra we use is an 
appropriate subalgebra of A{n,k). We give three different descriptions of the same 
algebra, which will be useful for different purposes. 

Throughout, we work over the field with two elements F2. 

3.1.1. Algebraic definition. For non-negative integers n and k with n > k, let A{n, k) 
be the F2-vector space generated by partial functions {S,T,(j)), where S and T are 
fc-element subsets of the set {l,...,n} (hereafter denoted [n]) and is a bijection 
from S to T, with i < (t){i) for all i e S. For brevity, we will also adopt a 2- 
hne notation for these generators, so that, for instance, (Hi) denotes the algebra 
element ({1, 2, 4}, {3, 4, 5}, {1 ^ 5, 2 ^ 3, 4 ^ 4}}) inside ^(3, 5). 

For a = {S,T,(j)) a generator of A{n,k), let inv(a) or inv(0) be the number of 
inversions of 0: the number of pairs i,jES with i < j and 0(j) < 0(i). We make 
A{n,k) into an algebra using composition. For a,b E A{n,k), with a = (S, T, 0i), 
b = (T, U, 02), and inv(0i o ^2) = inv(02) + inv(0i), define a ■ 6 to be {S, U, 0i o ^2)- 



BORDERED HEEGAARD FLOER HOMOLOGY 



25 



In all other cases (i.e., if the range of 0i is not the domain of 02, or if inv(0i o ^2) < 
inv(02) + inv(0i)), the product of two generators is zero. 

Remark 3.1. Setting the product to be zero if the number of inversions in the com- 
position 01 o 02 decreases is reminiscent of the nilCoxeter algebra. 

There is one idempotent I{S) in A{n,k) for each /c-element subset S of [n]; it is 
{S, S, ids). It is easy to see that the I(S) arc all the primitive idcmpotents in A{n, k). 
Let X(n, k) C A{n, k) be the subalgebra generated by the idempotents. 

We furthermore define a (co) differential on A{n,k). For a — {S,T,(p) in A{n,k), 
let lnv(0) be the set counted in inv(0): the set \ i < 3,(t>{3) < 0(0}- Fo'^ 

a e lnv(0), let 00- be defined by 



(t>a{k) = 



Note that inv(0o.) < inv(0), since the inversion was removed from lnv(0) and 
none are added. (However, more inversions might be removed.) Then define 




cr6lnv((/)) 
inv((/)CT )=inv(</)) — 1 

Note that inv provides a Z-grading on A{n,k). However, this grading is not the 
one we ultimately use. 

3.1.2. Geometric definition. There is an alternate description of the algebra A{n,k), 
in terms of strands. We represent a triple {S, T, 0) by a diagram with n dots on both 
the left and right (numbered from the bottom up), with a set of strands representing 
connecting the subsets S on the left and T on the right. The condition that i < (t){i) 
means that strands stay horizontal or move up as you move from left to right. For 
instance, the diagram 

5» ^5 



represents the algebra clement (534). 

It is a standard fact that inv (a) is the minimal number of crossings in any strand 
diagram. Accordingly, we may view ^(n, k) as strand diagrams as above, with no 
pair of strands crossing more than once, considered up to homotopy. 

We can define the product on ^(n, k) in these pictures using horizontal juxtapo- 
sition. The product a ■ b of two algebra elements is if the right side of a does not 
match the left side of 6; otherwise, we place the two diagrams next to each other and 
join them together. For instance, the algebra element above can be factored as 
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The condition that inv(a • b) = inv(a) + inv(fe) corresponds to declaring that if in the 
product two strands cross each other twice, we set the product to be 0: 



(3.2) 



0. 



The boundary operator da also has a natural graphical description. For any crossing 
in a strand diagram, we can consider smoothing it: 



The boundary of a strand diagram is the sum over all ways of smoothing one cross- 
ing of the diagram, where we again adopt the convention that a diagram with two 
crossings is 0. For instance, we have 





(3.3) 



d 



/5. 
4« 
3< 
2i 



• 4 

• 3 

• 2 




It is straightforward to check that this agrees with the earlier description. In com- 
binatorial terms, the terms in the boundary of an algebra element a correspond to 
the edges in the Hasse diagram of the Bruhat order on the symmetric group that 
start from the permutation corresponding to a; the strand-smoothing description is 
standard in that language. 

3.1.3. Reeb chords. There is one more description of A{n,k), relating it to the Reeb 
chords we will see from the moduli spaces. Fix an oriented circle Z with a set of n 
distinct points a = {oi, . . . , a„} C Z, together with a basepoint z E Z \ a.. Wc view 
Z as a contact 1-manifold, and a as a Legendrian submanifold of Z. A Reeb chord p 
in (Z \ 2;, a) is an immersed (and consequently embedded) arc m Z\z with endpoints 
in a, with orientation induced by the orientation on Z. The initial endpoint of p 
is denoted p~ and the final endpoint p"*". A set p = {pi, . . . of j Reeb chords 
is said to be consistent if p = {p]", . . . ,p~} and = {pf, . . . , Pj^} arc both sets 
with j elements (i.e., no two pi share initial or final endpoints). We adopt a two-line 
notation for consistent sets of Reeb chords so that, for instance, {53} is the set of 
chords {[1,5], [2, 3]}. 

A consistent set of Reeb chords p defines an algebra element ao(p) as follows. By a 
complement to p we mean a {k — |p|)-element subset 5*0 of {1, . . . , n} which is disjoint 
from p~ U p+. Define 



ao(p) := Yl {SoUp-,SoUp^ 



Pso; 



So complement 
to p 



where (f)So\so — id 0So(Pi~) — Pt ■ Geometrically, this corresponds to taking 
the sum over all ways of consistently adding horizontal strands to the set of strands 
connecting each p~ to pf . In particular, ao(/?) is defined to be zero if there is no 
consistent extension, for instance if |p| > /c, and ao(0) is the identity. For convenience. 



BORDERED HEEGAARD FLOER HOMOLOGY 



27 



also define ao(p) to be if p is not consistent. If ao(p) 7^ 0, we say that p is completable 
in A{n, k). 

The strands algebra A{n, k) is generated as an algebra by the elements ao(p) and 
the idempotents /(S"), with 5 C a and \S\ = k. In fact, the non-zero elements of the 
form I{S)ao{p) form a basis for A{n, k) as a F2-vector space. 

Definition 3.4, A pair of Reeb chords (p, cr) is said to be interleaved if < a" < 
p+ < They are said to be nested if < < < p+. An unordered pair of 
Reeb chords is said to be interleaved (respectively nested) if either possible ordering 
is interleaved (respectively nested). 

We can now give a definition of the product on A{n, k) in terms of these generators. 

Definition 3.5. If p and cr are Reeb chords such that p+ = a", we say that p and a 
are composable and define their join p l±) cr to be the Reeb chord [p~,cr+] obtained 
by concatenating the two chords. We extend these notions to sets of Reeb chords by 
defining p l±l cr to be obtained from the union p U cr by replacing every composable 
pair Pi E p and cr^ G cr by their join pi l±l o"j. If pi G p, let 



p2 



Pi, Oj composable for some Oj G cr 
p^ otherwise. 



Similarly define aj~ for G cr. For p and cr consistent sets of Reeb chords, we say 
that p and cr are composable if there are no double crossings in p W cr; precisely, if 
there is no pair pi & p and aj G cr so that p^ < cr^ , a~ < pf, and pf^ < a^. 

Lemma 3.6. For completable sets p, cr of Reeb chords, we have 



ao(p)ao(<T) 



ao(pl±lcr) p and cr composable 
otherwise. 



Proof. This follows directly from the definitions. □ 

On the other hand, there are two ways a term in the boundary operator can appear, 
depending on whether we smooth a crossing between two moving strands or between 
a moving strand and a horizontal strand. (Geometrically on the type A module, 
these appear respectively as odd shuffle curve ends and a join curve ends, as defined 
in Definition 5.39.) 

Definition 3.7. For a Reeb chord pi, a splitting of p is a pair of composable chords 
{P2, Ps) SO that pi = P2 l±l P3. For a set p of Reeb chords, a weak splitting of p is 
a set obtained from p by replacing a chord pi G p with two chords {p2,P3}, where 
(P2, Ps) is a splitting of pi. For a completable set p, a splitting of p is a weak splitting 
of p, replacing pi with {p2,P3}, which is completable and does not introduce double 
crossings, i.e., there is no chord P4 G p nested in pi and with P4 < pt = P3 < pt- 

For a set of Reeb chords p, a weak shuffle of pis a set obtained by replacing a nested 
pair {pi, P2) of chords in p with the corresponding interleaved pair {[Pi ,pt], [P2 'Pi^])- 
For a completable set p, a shuffi,e of p is a weak shuffle with nested pair {pi, P2) that 
does not introduce double crossings, i.e., there is no chord ps & p with p2 nested in ps 
and Ps nested in pi. 
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Lemma 3.8. For a completable set p of Reeb chords, we have 

p' a splitting p' a shuffle 

of p of p 

Proof. This follows directly from the definitions. □ 

See also Lemma 3.21 for alternate characterizations of composability, splittings, 
and shuffles in terms of grading. 

3.2. Matched circles and their algebra. We now turn to the algebra associated 
to a parametrized surface. We represent our boundary surfaces by matched circles. 

Definition 3.9. A matched circle is a triple (Z, a, M) of an oriented circle Z, Ak 
points a = {ai, . . . , 04^} in Z (as in Section 3.1.3), and a matching: a 2-to-l function 
M: a — > [2fc]. We require that performing surgery along the 2k pairs of points 
(viewed as 0-spheres) yields a single circle, rather than several disjoint circles. (For 
matched circles from Heegaard diagrams, this is a consequence of the homological 
linear independence condition from Section 4.) 

A pointed matched circle Z is a matched circle together with a basepoint z E Z\a. 
To each matched circle Z we associate an oriented surface F{Z), or just F, of genus k, 
by taking a disk with boundary Z (respecting the orientation), attaching oriented 2- 
dimensional 1-handles along the pairs specified by M, and fiUing the resulting bound- 
ary circles with another disk. Alternately, F may be obtained from a polygon with 
Ak sides, with the points a in the middle of the sides, by gluing pairs of sides specified 
by M in an orientation-preserving way. The last disk glued in is a neighborhood of 
the unique resulting vertex. 

The points a in a matched circle {Z, a, M) inherit a cyclic ordering from the ori- 
entation of Z; in a pointed matched circle, this cyclic ordering is lifted to an honest 
ordering, which we denote by <. 

We get pointed matched circles by splitting a pointed Heegaard diagram in two 
along a circle Z that does not intersect /3-circles, intersects each a-circle at most 
twice, and passes through the base point. The points a are the intersections with the 
a-circles, the matching M records which intersection points are on the same a-circle, 
and the orientation on Z is that inherited from the left (west, type A) side. See 
Figure 10. 

We win now define A{Z), our main algebra of interest. The algebra A{Z) decom- 
poses as a direct sum 

k 

A{Z) = ^A{Z,t) 

i=—k 

where A{Z., i) is a subalgebra of A{Ak, k — i). For each subset s of [2k] we have one 
idempotent J(s) in A{Z), given by 

(3.10) /(s) := Yi ^(^) I ^ a section of M over s }, 

where by a section of M over s we mean a subset of S that maps bijectively to s 
via M. That is, each element of s defines a pair of points in a; /(s) is the sum over 
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PA 
P3 
P2 
Pi 



Figure 10. Left: the orientation of a Heegaard surface, and the in- 
duced orientation of its boundary. Right: the induced ordering of a: in 
this figure, Pi < P2 < < Pa 

the 2l*l primitive idempotents in A{n, k) that pick one point out of each of these pairs. 
Let I{Z) be the algebra generated by the /(s), and define 

sC[2k],\s\=k 



to be the maximal idempotent in T{Z). Then A{Z) is the subalgebra of ^fto -^(4A;, i) 
generated (as an algebra) by T{Z) and by IaQ{p)I for every set of Reeb chords p. 
Let a(p) denote Iao{p)I, the projection of ao(p) to A{Z). 

It is easy to verify that A{Z) is closed under d. There is a convenient basis over F2 
with non-zero elements of the form I{s)a{p), for /(s) a primitive idempotent and p 
a consistent set of Reeb chords. In particular, T{Z) = A[Z) fl ^^^Z{^k,%). We set 

A{Z, %) = A{Z) n A{n, k-i) 
I{Z, i) = I{Z) n A{n, k-i). 
In two-line notation, we express the basic generators /(s)a(p) as 

[yl yt " - ] ■■= /({M(a:i), . . . , M(x.), M(^i), • • • , yl yt})- 

For instance, the element in Figure 11 is denoted [l^] or, equivalently, [!'']• 

Graphically, we will denote the matching M by drawing dotted arcs on the left and 
right of a strand diagram. We will draw the strands in an element A{Z) as usual, 
except that when we need to sum over different sections of sq we indicate strands that 
appear in half the terms with dashed lines. See Figure 11. 

The summands A{Z, i) C A{Z) for i 7^ will act trivially on the modules CFD{Y) 
and CFA{Y) defined in Sections 6 and 7. So, for this paper, only the subalgebra 
A{Z, 0) C A{Z) will be of interest. The other summands of A{Z) do play an impor- 
tant role in the case of disconnected boundary; see [23]. 
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p = • 






'J 




: 'J 


• 
• 



Figure 11. An element of A{Z) and its expansion as an element of 
^(4A;, fc). Here k=2 and so FiZ) is a surface of genus two. 

Remark 3.11. One can think of the index i in A{Z,i) as corresponding to spin*^- 
structures on the surface F{Z), compare [23]. For a 3-manifold Y with connected 
boundary dY ^ only the middle spin'^-structure on dY extends over Y . 

3.3. Gradings. Although the algebra A{n, k) has a Z-grading, for instance by the 
crossing number, it turns out that the subalgebra A{Z) has no Z-grading for a surface 
of genus at least two. 

Example 3.12. Consider the two algebra elements 




which are the identity outside of the torus portion of the diagram shown. On one 
hand, we have 



y-x = 




but on the other hand. 



dx = 



dx ■ y = 




d{dx ■ y) = y ■ X. 
This last equation cannot be coherent with any Z-grading. 

Instead, A{Z) has a grading in a non-commutative group. Gradings of a differential 
algebra A by a non-commutative group G are straightforward but not very standard. 
Briefly, it is a grading of A as an algebra by G together with a distinguished central 
element A G G so that for every homogeneous element a G A, we have gr(9a) = 
A~^gr(a). See Subsection 2.4 for the details of the algebraic setting. 

3.3.1. Grading on A{n, k). We start by giving a grading gr' of ^(n, k) with values in 
a non-commutative group G'{n), with the property that gr' is unchanged by adding 
horizontal strands. Let Z' = Z \ {z}. The group G'{n) can be abstractly defined as a 
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central extension by |Z of the relative homology group Hi{Z', a) (which is isomorphic 
to Z"~^). In particular, there is an exact sequence of groups 

IZ^G'in) Hi{Z',ai) 

where in the first map 1 maps to A (and 1/2 maps to an element A^/^). 

The Hi{Z',a.) component of the grading of an element a is given by its homology 
class [a], defined to be the element of the relative homology group Hi{Z',a) given by 
summing up the intervals corresponding to the strands: 



[a] ■.^J2is,<l>is)]. 



ses 

To define the central extension and the complete grading, we make some more 
definitions. For p E a and a G Hi{Z',a.), define the multiplicity m{a,p) of p in a 
to be the average multiplicity with which a covers the regions on either side of p. 
Concretely, m{[a],p) is given by counting with signs how many times a horizontal 
line at height p intersects the strand diagram for a, with the convention that an 
intersection at an endpoint counts as half of an intersection. We choose orientations 
so that m{[a],p) is non-negative for any pea and a e A{n, k). Extend m to a map 
Hi{Z',a) X ifo(a) ^ |Z bilinearly. 

For ai e Hi{Z'a), define 

(3.13) L{ai,a2) '■— m{a2,Sai) 

where 5 is the standard connecting homomorphism 5: Hi{Z',a) — > ifo(a). The map 
L can be thought of as the finking number of Sai and Sa2- Define G'{n) to be the 
group generated by pairs {k, a), where /c e |Z and a e Hi{Z', a), with multiplication 
given by 

(3.14) (ki, ai) ■ (k2, a2) := (ki + k2 + L(ai, a2), ai + a2). 

In an element g = {k,a) of G'{n), we refer to k as the Maslov component of g and a 
as the homological component of g. In these coordinates on G'{n), the distinguished 
central element is A = (1, 0). 

To sec that this is a good definition, we make L more explicit and prove some 
elementary properties. 

Lemma 3.15. If ai ^Yl'^ilPhPi+i] (^"^^ a2 = X) ^jbi^Pm]^ ^^en 

n-l 

L{ai, a2) = 2^ . 

i=l 

In particular, L{ai,a2) — —L{a2,ai). 

Note that Mjf i+i — Mj+if j can be interpreted as the determinant of a 2 x 2 submatrix 
of the matrix ( ^JJ Z Z ) • 
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Proof. Recall that (5[j9i, j9j+i] = pi^i—pi^ from which it follows that 5ai = Yl^=ii'^i~^~ 
Ui)pi, where we set Uq = Un = 0. Then 

L{ai, as) = 2^ 



i=l 

n 



i=l 

n 



i=l 

Uj-iVj - UjVi-i 

2 

i=l 



since the sum telescopes. □ 
Proposition 3.16. G'{n) is a group. 

Proof. The inverse of {k,a) is easily seen to be {—k, —a). We must also check that 
the product is associative: 

{{ki,ai) ■ {k2,a2)) ■ (^3,03) 

= {ki + k2 + k3 + L{ai, 02) + L{ai + 0:2, 0:3), ai + 0^2 + as) 

= {ki + k2 + k:i + L{ai, 02) + L{ai, 03) + L{a2, 03), ai + 02 + "3) 

where we use bihnearity of L. Associating in the opposite order gives the same 
result. □ 

The following lemma will be useful later. 

Lemma 3.17. The product of a sequence of elements in G'{n) is given by 

(/ci,ai) ■ ■ ■ {kn.an) = (^ki + '^L{ai,aj),^a^^. 

i i<j i 

Proof. As in the proof of Proposition 3.16, expand the right-associated product on 
the left hand side of the statement and use bilinearity of L. □ 

The map L is a 1-cocycle on Hi(Z',sl) which defines the central extension G'{n). 

Definition 3.18. The grading gr'(a) of an element a G A{n,k) with starting idem- 
potent S is 

i(a) := inv(a) — m([a], S) 
gr'(a) := (i(a), [a]). 

Note that 5[a] = T — S E Hq{sl), so by Lemma 3.15, we have m{[a],S) = m([a],T). 

Proposition 3.19. The function gr' defines a grading (in the sense of Definition 2.23) 
on A{n, k), with A = (1, 0). 

Proof. For the behavior of gr' under the action of d, observe that i{da) = i{a) — 1: 
neither 5* nor [a] is changed by 9, so m{\a\,S) is unchanged, and in the definition 
of i only the inv term changes. Thus with A = (1,0), we have gi'^da) = A~^gr'(a), 
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as desired. We also check that gr' is compatible with multiplication: if a is given by 
{S,T, 0i) and b is given by (T, U, 02), then 

[a-b] = [a] + [b] 

t{a ■ b) = inv(a ■ b) — m{[a] + [b], S) 

= inv(a) + inv(6) — m([a], S) — m([6], T) + m([6], T — S) 

= L{a) + L{b) +m{[b],5[a]) 

and so gr'(a ■ b) = gr'(a) • gr'(6). □ 

Proposition 3.20. For a consistent set p of Reeb chords, ao(p) is homogeneous. In 
particular, the grading gr' descends to a grading on the subalgebra A{Z). 

Proof. Observe that adding a horizontal strand at p G a to an algebra element a = 
{S,T,(j)) does not change [a] and changes inv(a) and m{[a], S) by the same amount, 
m{[a],p). Thus gr'(a) is unchanged by adding a horizontal strand (moving from 
A{n, k) to A{n, k + 1)). In particular the terms in the definition of ao(p) all have the 
same grading, proving the first statement. Since A{Z) is generated by elements of the 
form J(s)ao(p), and I{s) is clearly homogeneous, the second statement follows. □ 

In light of Proposition 3.20, there is an alternate characterization of composability 
(Definition 3.5) and splittings and shuffles (Definition 3.7). Define a partial ordering 
on G'{n) by comparing the Maslov components: (/ci,ai) < (^2,02) if ai = 0^2 and 
ki < k2. 

Lemma 3.21. Let p and a be completable sets of Reeb chords such that pWcr is also 
completable. 

(1) The pair {p,(t) is composable if and only if gr'(ao(p W cr)) = gr'(ao(p)) ■ 
gr'(ao(cr)). 

(2) A weak splitting p' of p is a splitting if and only ?/gr'(ao(p')) = gr'(ao(p)). 

(3) A weak shuffle p' of p is a shuffle if and only if gr'{ao{p')) = X^^ gr' {ao{p)) . 

In all cases, if equality does not hold then the left hand side has lower grading. 

Proof. Clear. □ 

3.3.2. Refined grading on A{Z). We can also construct a refined grading gr on A{Z) 
with values in a smaUer group G{Z). 

The group G{Z) can be abstractly defined as a central extension of Hi{F) ~ I?^. 
Again, there is a sequence of groups 

\Z ^ G{Z) 5. ifi(F) 

where 1 G maps to A G G{Z). This central extension may be described either 
via an exphcit 1-cocycle, which we will do a little later, or abstractly by giving 
commutators, which we do now. Let A be the image of 1 G in ^(2), and for 
g G G(>Z), let \g\ be its image in Hi{F), as indicated above. Then, for g,h e G{Z), 
we require 

(3.22) gh = %A2([^]n[^]). 

where fl is the homological intersection product IIi{F) x IIi{F) — > Hq{F) ~ Z. 
Equation (3.22) determines G{Z) uniquely. 
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G{Z) can also be given a topological interpretation as the group of homotopy classes 
of non-vanishing vector fields on F x [0, 1] with fixed behavior on the boundary. 

To define gr, first suppose that we have an element a of Hi{Z',a.) for which 
M^{6a) = 0; that is, for each pair p,q of points in a identified by M, the sum of 
the multiplicities of 6a at p and at q is 0. Then we can construct an element a of 
Hi{F{Z)) from a by embedding Z in F[Z) to make a a chain in F{Z), and then 
adding multiples of the cores of the 1-handles we attached in the construction of 
to form a cycle a. Indeed, we can identify Hi{F) as ker(M* o 5) inside Hi{Z', a). 

Let : Hi{F) — > Hi{Z', a) denote the inclusion map. Then, G{Z) is the subgroup 
of elements g G G'{Ak) for which [g] G Im(i^,): this subgroup is a Z-central extension 
of Hi{F). In fact, 

[g] n [h]=m{i,{[h]),6i,{[g])), 

which implies Equation (3.22). 

To define gr, pick an arbitrary base idempotent /(sq) G A{Z), and for each other 
idempotent /(s), pick a group element g{s,So) G G'{Ak) so that M^,6{[g{s, Sq)]) = 
s — Sq. Then define 

(3.23) gr(/(s)a(p)/(t)) := g{s, So) gr' {a{p))g{t, so)-\ 

Note that the homological part of gr is in the subgroup G{Z) C G'{Ak): 

M,5[gr(/(s)a(p)/(t))] = MJ[g{s, sq)] + MJ[a{p)] - MJ[g{t, sq)] 

= (s - So) + {t-s)-{t- So) 

= 0. 

It is elementary to verify that gr is a grading. 

Remark 3.24. An alternate way to construct the refined grading, which we employ in 
Section 10.1 for the case where F is a torus, is to use an equivariant map from G'{Ak) 
to G{Z) that fixes G{Z) as a subset of G'{Ak) (after extending scalars from Z to Q). 

4. Bordered Heegaard diagrams 

Bordered three-manifolds can be described by a suitable type of Heegaard diagram, 
which we call here bordered Heegaard diagrams (see Definition 4.2 below). Bordered 
Heegaard Floer homology is the homology group of a chain complex, whose genera- 
tors are combinatorially associated to the Heegaard diagram, and whose differentials 
count pseudo-holomorphic curves representing various homology classes connecting 
the generators. In the present section, we describe the bordered Heegaard diagrams 
for bordered three-manifolds. In Section 4.1, we define the notion, and discuss the 
relevant existence and uniqueness properties. In Section 4.2, we give some examples 
of bordered Heegaard diagrams, to give the reader a concrete picture. In Section 4.3, 
we describe the generators of the bordered Heegaard Floer complex. Moreover, we 
discuss the spin'^ structures associated to generators, and the homology classes con- 
necting them. As in the closed case, one cannot use an arbitrary bordered Heegaard 
diagram to define bordered Heegaard Floer homology: rather, one needs to use bor- 
dered diagrams satisfying certain combinatorial conditions ensuring that the sums 
encountered in the differentials are finite. In Subsection 4.4, we describe these crite- 
ria. Finally, in Subsection 4.5, we discuss how to glue bordered Heegaard diagrams to 
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obtain Heegaard diagrams for closed manifolds, and explain also how the generators 
of the theory transform. 

4.1. Bordered Heegaard diagrams: definition, existence, and uniqueness. 

Wc recall first the definition relevant for Heegaard Floer homology of closed three- 
manifolds: 

Definition 4.1. A pointed Heegaard diagram 7i is a quadruple (E, a,/3, z) consisting 
of 

• a compact, oriented surface E with no boundary, of some genus g, 

• two ^f-tuples a = {ai, . . . , ag} and /3 = . . . , Pg} of circles in E, with each 
the circles in each tuple disjoint, and 

• a point 2; in E \ (cK U /3), 

such that the a-circles and /3-circles intersect transversally and E \ a and E \ ^ are 
each connected. 

When discussing pointed Heegaard diagrams (and their bordered variants), we 
shghtly abuse notation, letting a denote both the set or tuple of a-curves and the 
union of the a-curves, and similarly for /3. This will not cause confusion. Note 
that the a-circles and /^-circles are each maximal collections of embedded circles with 
connected complement. An equivalent requirement to connectivity of the complement 
is that the o;, are homologically linearly independent in ifi(E), spanning a Lagrangian 
subspace, and Ukewise for the (3i. 

The above definition has the following analogue for bordered three-manifolds: 

Definition 4.2. For a bordered pointed Heegaard diagram, we modify the above 
definition to a quadruple {T,,a,f3,z) consisting of 

• a compact, oriented surface E with one boundary component, of some genus g; 

• a (7-tuple of pairwise-disjoint circles f3 = {Pi, . . . , Pg} in the interior of E; 

• a {g + A;)-tuple of pairwise-disjoint curves a in E, split into g — k circles 
a"^ = (cKi, . . . , 0£g_f.) in the interior of E and 2k arcs a" = (a", . . . , cEgfe) i^i ^ 
with boundary on 9E (and transverse to 9E); and 

• a point z in (9E) \ (a fl 9E), 

such that the intersections are transverse and E \ a and E \ ^9 are connected. 

The conditions on the numbers of /^-circles and a-circles and arcs again come natu- 
rally from requiring that the tuples be maximal collections of curves of the appropriate 
type with connected complement. Again an equivalent requirement to connectivity 
of the complement is that the Pi be homologically linearly independent in i?i(E) and 
that the ctj be homologically linearly independent in i7i(E,(9E). An Euler charac- 
teristic argument shows that E \ a is a planar surface with 2{g — A;) -|- 1 boundary 
components, exactly one of which meets the original boundary of E. Thus if we let N 
be the union of a collar neighborhood of dH and a tubular neighborhood of a", dN 
consist of two connected components (one of which is, of course, 9E). Let F denote 
the surface U U obtained by filling in the two boundary components; it will 
be the boundary of the 3-manifold. 

As in the Introduction, a curve Z in a pointed Heegaard diagram 7i that 

• intersects no /3-circles, 
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• intersects each a-circle at most twice, and 

• passes through the basepoint 

sphts H. into two bordered pointed Heegaard diagrams. 

The boundary of a bordered pointed Heegaard diagram naturally has the struc- 
ture of a pointed matched circle (9E,cE fl 9S,M, 2;), in the sense of Section 3. For 
convenience later, set a = ck fl 9S. 

The data (S,ck, /3) specifies a 3-manifold with boundary. One way to see this is to 
double (S,CK, /3), i.e., take two copies and glue them along their common boundary. 
The result is a Heegaard diagram with a Z,/2-action, fixing a circle. It specifies a closed 
3-manifold with a Z,/2-action, the fixed set of which is a null-homologous surface. The 
three-manifold with boundary Y = F(S, a, specified by (S, a, f3) is a fundamental 
domain for the Z/2-action. The boundary of Y is homeomorphic to the surface F 
defined above. In fact, the homeomorphism between dY and F is canonical up to 
isotopy. Since there is a canonical (up to isotopy) identification of F with a model 
surface of genus k, (E,a, /3) specifies not just a 3-manifold with boundary but rather 
a bordered 3-manifold, i.e., a 3-manifold with parameterized boundary. 

Notice that 5F(S,ck, /3) is also identified canonically (up to homotopy) with the 
surface specified by the matched circle (9II,ck fl 9S,M). 

Conversely, any 3-manifold with connected boundary is specified by some bordered 
Heegaard diagram. One way to see this is in terms of Morse theory (cf. [21, Section 
2.2]). 

Definition 4.3. Let Riemannian metric on Y and / a self-indexing Morse function. 
We say that the metric and the Morse function / are boundary compatible 

• The boundary of Y is geodesic. 

• V/|ay is tangent to dY. 

• f has a unique index and a unique index 3 critical point, both of which he 
on dY, and are the unique index and 2 critical points of flgy, respectively. 

• The index 1 critical points of /|gy are also index 1 critical points of /. 

(To construct such /, construct / in a collar neighborhood of dY, extend arbitrarily 
over the interior of Y, and then perturb in the interior of Y to obtain a Morse 
function.) Then take E = /~^(3/2), a the intersection of the ascending disks of the 
index 1 critical points of / with E, and f3 the intersection of the descending disks of 
the index 2 critical points of / with E. Note that / induces a Z/2-equivariant Morse 
function on Y Uq {—Y). 

We can furthermore pick the metric and Morse function on dY initially and then 
extend it to all of Y by the argument above. This allows us to construct a bordered 
Heegaard diagram for a bordered 3-manifold, not just a 3-manifold with boundary. 

It follows from the Morse theory description that any two bordered Heegaard di- 
agrams for the same bordered 3-manifold can be connected by (bordered) Heegaard 
moves: 

Proposition 4.4. Any two bordered Heegaard diagrams for the same bordered 3- 
manifold differ by a sequence of 

• isotonics of the a-curves and [3-circles, not crossing 

• handleslides of a-curves over a-circles, and 13 -circles over {3 -circles, and 
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• stabilizations and destabilizations in the interior o/S. 

Before turning to the proof of the Proposition 4.4, for which we follow closely the 
proof of [33, Proposition 2.2], we include two lemmas which will be useful for excluding 
stabihzing by index zero (or three) critical points (compare [33, Lemmas 2.3 and 2.4]). 

Lemma 4.5. Let F be a compact surface of genus h with a single boundary compo- 
nent. Let 7 = {71, . . . , 7/1} be an h-tuple of embedded, pairwise disjoint, simple closed 
curves so that F\j is a punctured disk. Suppose moreover that 6 is a simple closed 
curve in F which is disjoint from the 7. Then either 5 is null-homologous or there 
is some 7^ with the property that 5 is isotopic to a curve obtained by handlesliding 7^ 
across some collection of the •jj with j 7^ i. 

Proof. If we surger out 71, . . . , 7^, we replace F by the disk D with 2h marked points 
{pi,qi, . ■ ■ ,Ph,(lh} (where the pair of points {pi,qi} corresponds to the zero-sphere 
which replaced the circle 7^). Now, 6 can be viewed as a Jordan curve in the disk 
D. If 6 separates some Pi from its corresponding gj, then it is easy to see that 7 is 
isotopic to the curve gotten by handleshding 7^ over some collection of the 7^ with 
j 7^ i. Otherwise, S was null-homologous. □ 

Lemma 4.6. Let F be a compact surface of genus h with a single boundary component 
and {7i,...,7rf} a collection of embedded, pairwise disjoint, simple closed curves. 
Then any two h-tuples linearly-independent 7^ 's are related by a sequence of isotopies 
and handleslides. 

Proof. This is proved by induction on h. The case where h = is vacuously true. 
Next, suppose we have two subsets with an element in common, which we label 71. 
Surger out 71 to obtain a surface F' with one lower genus. Isotopies in F' which cross 
the two surgery points correspond to handleslides in F across 71. Thus, in this case, 
the proof follows from the induction hypothesis. Finally, consider the case where we 
have two disjoint subsets {71, . . . , jh} and {7/1+1, . . . , 72/1}- The curve jh+i cannot be 
not null-homologous, so after renumbering, we can obtain jh+i by handleshding 71 
over some of the {72, . . . , 'jh}, according to Lemma 4.5. Thus, we have reduced to the 
case where the two subsets are not disjoint. □ 

Proof of Proposition 4-4- The proof involves adapting standard handle calculus as 
in [33, Section 2.1]. 

Fix a Riemannian metric on Y and Morse function / on a collar neighborhood 
N{dY) of dV satisfying the conditions of Definition 4.3 on the open collar neighbor- 
hood. Any two bordered Heegaard diagrams TCq and Hi come from extensions /o and 
fi of / to a self-indexing Morse function on all of Y with no extra index or index 3 
critical points. We may connect /o and /i by a generic path ft of smooth functions, 
which are Morse functions for generic t. 

Although the ft will not in general be self-indexing, there are still no fiow lines from 
higher-index critical points to lower-index. To ft at generic t we can still associate a 
generahzed Heegaard diagram Ht, possibly with extra a- and /3-circles. 

While ft remains a Morse function, the Heegaard diagram changes by isotopy of the 
a- and /3-curves. When ft fails to be a Morse function, there is either a birth-death 
singularity involving a pair of critical points of adjacent index, or there is a fiow line 
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between two critical points of the same index. The possibilities, and the way the 
generalized Heegaard diagram changes, are: 

Index and 1 birth-death: A disjoint a-circle is added or deleted, without 
changing the span of the a-circles. 

Index 1 and 2 birth-death: The Heegaard diagram is stabilized or destabi- 
lized. 

Index 2 and 3 birth-death: A disjoint /3-circle is added or deleted, without 

changing the span of the /3-circles. 
Flow Hne between index 1 critical points: A handleslide of an a-circle or 

a-arc over an a-circle. Since our conditions imply that the descending disk of 

the index 1 critical points corresponding to a-arcs lie entirely on the boundary, 

we cannot have a handleslide over an a-arc. 
Flow line between index 2 critical points: A handleslide of a /3-circle over 

a /^-circle. 

Note also that the critical points on the boundary cannot be involved in any cancel- 
lations, since / was fixed on all of N{dY). 

Now, given any two bordered Heegaard diagrams Hq and Hi for Y, in view of the 
above remarks, we can stabilize TCq and TCi to obtain a pair of bordered Heegaard 
diagrams TC'q and H'l with of the same genus and with the following property. Each 
of TC'q and H'l can be extended by adding new a and /3 circles if necessary to form 
a pair of generalized bordered Heegaard diagrams TCq and respectively, which in 
turn can be connected by isotopies and handleslides (with the above constraints: i.e., 
a-arcs are allowed to shde over a-circles, but not vice versa). The proposition is 
proved then once we show that for each generalized Heegaard diagram H" of genus g, 
if Til and 7^2 are any two ordinary bordered Heegaard diagrams obtained from TC" 
by picking out g — k of the a-circles and g of the /3-circles, then Hi and H2 can be 
connected by handleshdes and isotopies. 

To this end, consider any two {g — A;)-tuples of the a-circles of H" chosen so that, 
they, along with the 2k a-arcs, span ifi(S,5S). The fact that these two {g — k)- 
tuples can be connected by isotopies and handleslides follows directly from Lemma 4.6, 
applied to the surface F = . . . , a2k}- It follows similarly that any two (^-tuples 

of the f3 circles which span -ffi(S) can be connected by handleshdes and isotopies. 
This completes the proof. □ 

Let (T,,cx,f3,z) be the result of attaching a cylindrical end to (S, cf, /3, 2), in the 
sense of symplectic field theory [6]. Topologically S = S\(9S, and a" = In 
due course, we will choose a conformal structure on S making it a punctured Riemann 
surface, and so that each is radial near the puncture. Abusing terminology, we 
will often also refer to (J2,cx,f3,z) as a pointed bordered Heegaard diagram. 

4.2. Examples of bordered Heegaard diagrams. Before proceeding to the Hee- 
gaard Floer homology, we give here a few examples of bordered Heegaard diagrams. 

Fix an oriented surface S, equipped with a (/-tuple of pairwise disjoint, homolog- 
ically independent curves, /3, and a g — 1-tuple of pairwise disjoint, homologically 
independent curves = {a^, . . . , af~^}. Then (E,q;'^,/3) specifies a Heegaard dia- 
gram for a three-manifold with torus boundary, and indeed any such three-manifold Y 
can be described by a Heegaard diagram of this type. To turn such a diagram into a 
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Figure 12. Bordered Heegaard diagram for the trefoil complement. 
This is based on the observation that +5 surgery on the trefoil is the 
lens space L(5, —1), with the knot forming the core of the sohd torus 
a Berge knot. The diagram is on a genus 2 surface, represented as a 
torus with a handle attached (at A). 

bordered Heegaard diagram, we proceed as follows. Fix an additional pair of circles 
7i and 72 in S so that: 

• 7i and 72 intersect, transversally, in a single point p and 

• both of the homology classes [71] and [72] are homologically independent from 

Let D be a disk around p which is disjoint from all the above curves, except for 71 
and 72, each of which it meets in a single arc. Then, the complement of D specifies 
a bordered Heegaard diagram for Y, for some parametrization of dY. A bordered 
Heegaard diagram for the trefoil complement is illustrated in Figure 12. (See also 
Section 10 for a further discussion of bordered three-manifolds with torus boundary.) 

It is easy to construct examples where the boundary has higher genus by taking 
boundary connect sums. Specifically, fix bordered, pointed Heegaard diagrams Hi = 
(T,i,ai, f3i, Zi) for with i = 1,2. Take the boundary connect sum of Si and S2 
along zi and Z2, i.e., attach a rectangle to Si U S2 by gluing two opposite sides 
to dTii and dT,2 along intervals containing zi and Z2. Introduce a new basepoint z 
supported in the rectangle. This procedure gives a bordered Heegaard diagram for 
the boundary connect sum of Yi with Y2. We illustrate this in Figure 13, where we 
form the boundary connect sum of two bordered Heegaard diagrams for genus one 
handlebodies, to obtain a bordered Heegaard diagram for a genus two handlebody. 

In fact, it is easy to see that any bordered Heegaard diagram in which there are no a 
circles necessarily represents a genus g handlebody. In Figure 14, we have illustrated 
a genus two handlebody with respect to a parameterization of the genus two surface 
which is different from the one used in Figure 13. 

4.3. Generators, homology classes and spin'^ structures. Fix a pointed bor- 
dered Heegaard diagram, specifying some three-manifold Y. 

Definition 4.7. By a generator we mean a ^f-element subset x = {xi, . . . , Xg} so that 
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Figure 13. Top: a bordered genus one handlebody. Bottom: 
boundary connect sum of two copies of the handlebody on top. 



the 




Figure 14. A bordered Heegaard diagram for a genus two handlebody, 
using a different parameterization of the boundary. 



• exactly one Xi lies on each /3-circle, 

• exactly one Xi lies on each a-circle and 

• at most one Xi lies on each a-arc. 

Let &{H) or 6(S,q;,/3) denote the set of generators. Given a generator x, let o(x) 
denote the set of a-arcs which are occupied by x, i.e., { z | x fl a" 7^ } C [2k]. 

Soon (Section 5 and later) we will be interested in holomorphic curves in S x xMt, 
where Is = [0, 1] is the unit interval with parameter s and Mj is M with parameter t. 
These curves have boundary on Q:x{l}xMt and /3x{0}x]Rj. These will be asymptotic 
to 5f-tuples of chords x x and y x at ±00, where x and y are generators. Each 
such curve carries a relative homology class, and we let 7r2(x, y) denote the set of 
these relative homology classes. More precisely, we make the following definition. 

Definition 4,8. Fix generators x and y. Let Is = [0, 1] and It = [—2, 2] be intervals. 
We work in the relative homology group 

H2{^ xlsx It, USf3U Sa) X It) U (Gx x {-2}) U {Gy x {2})), 

where 

Sol = a X {1} 

Sf3 = (3x {0} 

S9 = id^\z)xls 
Gx = X X 
Gy = y X Is. 



BORDERED HEEGAARD FLOER HOMOLOGY 



41 



Let 7r2(x, y), the homology classes from x to y, denote those elements of this group 
which map to the relative fundamental class of x x /g U y x under the composition 
of the boundary homomorphism and collapsing the remainder of the boundary. 

Remark 4.9. We use the notation 712 for this object to agree with the original conven- 
tions [33]. In the cyhndrical setting of Heegaard Floer homology this is a homology 
class rather than a homotopy class. 

Given a homology class B G 7r2(x, y), projecting to E gives a well-defined element 
of H2{T,, a U /3 U (9S), i.e., a hnear combination of the regions of S \ (ck U /3), which 
we call the domain of B. It is not hard to see that a homology class B is uniquely 
determined by its domain. Given any point p e S \ (ck U /3), the local multiplicity of 
5 at p is the local degree of the two-chain at the point p. 

Notice that concatenation (in the t factor) gives a product * : 7r2(x, y) x 7r2(y, w) 
7r2(x, w); this operation corresponds to addition of domains. If 7r2(x, y) is nonempty 
then concatenation makes 7r2(x, y) into a free, transitive 7r2(x, x)-set. Elements of 
7r2(x, x) are called periodic classes; their domains are periodic domains. 

Lemma 4.10. There is a natural group isomorphism 7r2(x, x) = H2(Y,dY). 

To see this, note that we can identify H2{Y, dY) with H2{T, x J^, Sq, U S*^ U Sg). 

We can use Lemma 4.10 to construct an action of H2{Y,dY) on 7r2(x, y) for any 
X and y via inclusion at the t = level. It is straightforward to see that this is a 
free, transitive action and gives a group homomorphism if we map the identity to the 
vertical strip. For details, see [21, Lemma 2.6.1]. We sometimes denote the image of 
B e 7r2(x,x) in H2{Y,dY) by [B]. 

We split up the boundary of the domain of B into three pieces, d°'{B), contained 
in CK, d^{B), contained in /3, and d^{B), contained in 5S. We orient them so that 
the oriented boundary of the domain of B is d"{B) — d^{B) + d^{B)\ in particular, 
this implies that d{d°'{B)) and d{d^{B)) are both equal to y — x relative to 9S. We 
will think of d^{B) as an element of Hi{dT., a). 

Definition 4.11. Let 7r2(x, y) denote the kernel of the map d^. Elements of vrf (x, y) 
are called provincial homology classes. 

In other words, a homology class B belongs to vrf (x, y) if and only if the domain 
of B does not include any of the regions adjacent to (9S. 

The concatenation maps obviously restrict to maps vrf (x, y) xvrf (y, w) — > vrf (x, w), 
again making vrf (x, y) into a free, transitive vrf (x, x)-set (when nonempty). Elements 
of 7rf(x, x) are called provincial periodic classes. 

Lemma 4.12. There is a natural isomorphism 7rf(x, x) = H2(Y). 

Again, the proof is straightforward and based on the fact that H2{Y) = H2{T,, S'q.U 
S'/g); see [21, Lemma 2.6.4]. Abusing notation, we may also sometimes denote the 
image of 5 e 7rf(x,x) in H2{Y) by [B]. 

Next we ask when 7r2(x, y) and 7rf(x, y) are nonempty. As in the closed case, the 
answer relates to spin"^ structures on Y. 

Choose a self-indexing Morse function / (and metric) on Y inducing the bordered 
Heegaard diagram (S,a, /3). Let x be a generator. Using V/, z and x we will 
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construct a non-vanishing vector field Vzi^); this reduces the structure group of TY 
from S0{3) to S0{2) = U{1), and composing with the inclusion U{1) U{2) = 
spin^(3) defines a spin'^ structure on Y. 

Each Xj G X lies on a fiow line 7^ of V/ from an index 1 critical point of / to an 
index 2 critical point of /. The point z lies on a flow line 7 from the index critical 
point of / to the index 3 critical point of /. Let B denote a regular neighborhood of 
7i U ■ ■ ■ U 7c, U 7. Since each flow line 7^ or 7 runs between critical points of opposite 
parity, it is possible to extend V/|y\B to a vector field t^(x) on Y so that i^(x) is 
non-vanishing on B. The vector field w^(x) stiU has exactly k zeroes, one for each a" 
not containing an Xj. All of these zeroes lie on dY, however, so one can modify t4(x) 
in a neighborhood of these zeroes to produce a non-vanishing vector field t4(x). This 
vector field t4(x) induces the spin'^ structure Szi'x.). It is routine to verify that Szi'x.) 
does not depend on the choices made in its construction. 

Notice that the restriction of Szi^.) to a collar neighborhood of dY depends only 
on o(x), and not on x itself. That is, for o a fc-element subset of {a^, . . . ,^2^}, there 
is an induced spin*^ structure Sz{o) on a coUar neighborhood of dY. Given x, let 
sl^^i'x) denote the relative spin'^ structure on {Y,nhd{dY)) induced by (-2, x), relative 
to 5^(0). 

Lemma 4.13. Given generators x and y, 7r2(x, y) ^ ^ if and only if Szi'x) = s^(y). 
Further, Trf (x, y) ^ ^ if and only if o{'x) = o(y) and sf^ix.) = sl^^iy). 

See [21, Lemmas 2.6.2 and 2.6.5] for the proof, which is a straightforward adaptation 
of the closed case. For s a spin'^ structure on Y, define G{H,s) C &{H) to be those 
generators x so that s^(x) = s. Similarly for s^^^ a relative spin'^ structure, define 
&{n,s"'^) to be those x so that sf{x) = s'^K 

4.4. Admissibility criteria. As in [33], we need certain additional hypothesis to 
ensure the definitions of the differentials involve only finite sums. We will have two 
different analogues of the traditional "weak admissibility" criterion, one of which we 
call provincial admissibility and the other of which we call simply admissibility. 

In Sections 6 and 7, provincial admissibility will be sufficient to define the invariants 
of bordered 3-manifolds. However, in order for the tensor product involved in gluing 
two bordered 3-manifolds to make sense, one of the two manifolds has to be admissible 
and not just provincially admissible. 

Definition 4.14. A bordered Heegaard diagram is caUed provincially admissible if 
every provincial periodic domain has both positive and negative coefficients. 

Definition 4.15. A pointed bordered Heegaard diagram is called admissible if every 
periodic domain has both positive and negative coefficients. 

Proposition 4.16. Every bordered Heegaard diagram is isotopic to an admissible 
bordered Heegaard diagram. Further, any two admissible bordered Heegaard diagrams 
can be connected though a sequence of Heegaard moves in which every intermediate 
Heegaard diagram is admissible. The same statements hold if "admissible" is replaced 
by "provincially admissible." 



Proof. This foUows by winding transverse to the /3-circles, as in the case of closed 
manifolds [33]. □ 
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As in the closed case, there are reformulations of the two admissibility criteria: 

Lemma 4.17. A pointed bordered Heegaard diagram (S,q;,/3) is admissible if and 
only if there is an area function A on'E such that A{P) = for any periodic domain P. 
A bordered Heegaard diagram (S,q;,/3) is provincially admissible if and only if there 
is an area function A onT. such that A{P) = for any provincial periodic domain P. 

Proof. The "only if" direction is immediate. For the "if" direction, proof follows 
exactly as in the closed case, see Lemma [33, 4.12]. For the reader's benefit, we recast 
the result here in terms of Farkas's lemma from the theory of convex sets [7]: 

Lemma 4.18. Let V be a vector space and {pi}f^i C V a finite set of vectors. Then 
either 

• there is a nonzero linear functional i & V* such that i{pi) > for all i or 

• there are constants Cj > such that J2iLi '^iPi = 0- 

Now, to prove the first statement, enumerate the regions . . . , Rn of S. Take 
V* to be the vector space generated by the periodic domains in S, and pi e V = V** 
to be evaluation at the i^^ region By assumption, there is no nonzero P e V* 
such that Pi{V) > for all i. Consequently, there are constants Cj > such that 
X^i^i CiPi = 0. But then setting the area of Ri to be Cj is the desired area function. 

The second statement follows by just the same reasoning, using only the provincial 
periodic domains. □ 

Proposition 4.19. Suppose that Ti. is provincially admissible, as in Definition 4.I4. 
Fix generators x, y G 6(7Y) and an element h G Hi{Z',a.). Then there are finitely 
many B G 7r2(x, y) such that d^B = h and all coefficients of B are non-negative. 

Proof. Let A be an area form as guaranteed by Lemma 4.17. If B, B' E 7r2(x, y) with 
d'^B = d^B' = h then B — B' is a provincial periodic domain. Consequently the areas 
A{B) and A{B') are equal. But there are only finitely many positive domains of any 
given area. □ 

Proposition 4.20. Suppose that Ti is admissible, as in Definition 4-15. There are 
finitely many generators x, y G &{'H) and B G 7r2(x, y) such that all coefficients of B 
are non-negative. 

Proof. There are only finitely many generators, so we may first fix x and y. Let A 
be an area form as guaranteed by Lemma 4.17. If B, B' G vr2(x, y) then 5 — 5' is a 
periodic domain. Consequently the areas A{B) and A{B') are equal. But there are 
only finitely many positive domains of any given area. □ 

4.5. Closed diagrams. Let Hi = (Si, cki, z) and 7^2 = (^2, ck2, /32, 2;) be two 
bordered Heegaard diagrams for two bordered 3-manifolds with boundary, (Yi,9Fi) 
and (y2,c^^2), with compatible marked boundaries: F = dYi = —dY2. Then we 
can form the closed three-manifold Y = YiUp Y2. This manifold naturally comes 
with a Heegaard diagram Ti = TiiUg H2, whose underlying surface is obtained as 
S = El U9 S2, equipped with curves a = cki Ug ck2 and j3 = fS^U and base point z. 

Fix generators xi G &{'Hi) and X2 G 6(7^2)- If the corresponding sets of occupied 
a-arcs are disjoint, i.e., o(xi) fl o(x2) = 0, then the union xi U X2 can be naturally 
viewed as a generator in (5(7i) for the Heegaard Floer complex of the closed mani- 
fold Y. 
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Lemma 4.21. Let (Hi, z) = {T,i,ai, f3i, z) and (7^2,-2) = (S2, 0=2, /32? -2) ^'^^ 
bordered Heegaard diagrams for the bordered three-manifolds {Yi,dYi) and {Y2,dY2), 
with compatible marked boundaries: F = dYi = —dY2. Given xi,yi G ©(TYi) and 
X2,y2 £ ©(7-^2); we have a natural identification of 7r2(xi U X2,yi U y2) with the 
subset o/7r2(xi,yi) x 7r2(x2,y2) consisting of Bi, B2 with d^{Bi) + d^{B2) = 0. 
Moreover, given p G S2 \ (ck U /3) and Bi G 7r2(xj,yj) for i = 1,2 which agree along 
the boundary, the local multiplicity of B2 at p coincides with the local multiplicity of 
the glued homology class in 7r2(xi Ux2,yi Uy2) (under the above identification) at the 
point p, now thought of as a point m S = Si U S2. 

Proof. The proof is straightforward. □ 

For Bi, B2 which agree along the boundary, let Bi \\ B2 be the homology class in 
7r2(xi U X2, yi U y2) guaranteed by Lemma 4.21. 

Finally, we give a criterion for when a closed Heegaard diagram is admissible. 

Lemma 4.22. Let Hi and H2 be two bordered Heegaard diagrams with dHi = —dH2- 
If Hi is admissible andH2 is provincially admissible, thenH = HiUqH2 is admissible. 

Proof. Let Bi[\B2 be a positive periodic domain for H. Since Hi is admissible, Bi = 
and so d^B2 = 0. Then since H2 is provincially admissible, B2 = 0. □ 

5. Moduli spaces 

Let H = (T,,cx,f3,z) be a pointed bordered Heegaard diagram representing a bor- 
dered 3-manifold Y. As mentioned in the Introduction, we want to count J-holo- 
morphic curves in S x [0, 1] x M to get invariants of Y. In this section we give the 
technical results concerning the moduh spaces of holomorphic curves that we use to 
construct the invariants CFD{H) and CFA{H). We begin with an outline of the main 
results that we will need and the ideas in the proof; the precise mathematics begins 
in Section 5.1 below. 

We count J-holomorphic curves^ 

u: {S,dS) ^ (S X [0,1] xR,{ax {1} x M) U (/3 x {0} x M)) 

where is a Riemann surface with boundary and punctures. Here we view E, the 
interior of S, as a Riemann surface with one puncture, denoted p. As in Section 4.3, 
the coordinate on the [0, 1] factor is denoted s and the coordinate on the M factor is 
denoted t. 

We view the manifold S x [0, 1] x M as having three different infinities: S x [0, 1] x 
{+00}, S X [0, 1] X {—00} and p x [0, 1] x M, which we refer to as +00, —00 and eoo 
respectively. (Here, e stands for "east".) The asymptotics of the holomorphic curves u 
we consider are: 

• At ±00, u is asymptotic to a ^f-tuple of chords of the form Xi x [0, 1] x {±00}, 
where x = {xi}f^^ is a generator in the sense of Definition 4.7. 

• At eoo, u is asymptotic to a finite collection of Reeb chords {pi x {(l,tj)}}. 
Here pi is a Reeb chord in the ideal contact boundary 9S (also called Z) with 
endpoints on a = ck fl Z (see Section 3.1.3). We refer to ti as the height of the 
chord Pi. 



With respect to an appropriate J; see Definition 5.1 below. 
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The set of east punctures of u is partially ordered by the heights of the corresponding 
Reeb chords. This induces an ordered partition P = {Pi, P2, . . . , Pe) of the east 
punctures, where each Pj consists of those punctures occurring at one particular 
height. (For CFD{H) we only need to consider discrete partitions P, where each Pj 
has only one puncture.) 

With this background, we consider the moduh space 

A<^(x,y;5^P) 

(Definition 5.8), which consists of curves from the decorated source S^, asymptotic to 
X at —00 and y and +00, in the homology class B (as in Section 4.3) and respecting 
the ordered partition P of the Reeb chords. Here the source surface S is decorated 
with labels describing its asymptotics (Definition 5.2). We also consider the reduced 
moduli space, its quotient 

X^(x, y; 5^ P) := ;W^(x, y; P)/M 

by translation in the t coordinate. 

These moduli spaces are smooth manifolds (Proposition 5.5) whose dimensions are 
easy to compute (Equation (5.7)). In fact, for an embedded curve the dimension is 
independent of the source S and depends only on the asymptotics and homology class 
of the curve (Section 5.5); this gives rise to the gradings on the algebra and on the 
modules. 

As is typical in symplectic geometry, our invariants are defined by looking only 
at those M^{'x.,y; S'^; P) which are 0-dimensional. To show that 9^ = and for 
proofs of invariance, we also need to consider 1-dimensional moduli spaces, and, in 
particular, we need appropriate compactifications. These are provided by the spaces 
(x, y; S'^; P) which include holomorphic combs. The idea is that, as in symplectic 
field theory, some parts of a holomorphic curve may go to infinity relative to other 
parts. In our case, this can result in a degeneration at ±00 or at eoo. When a 
curve degenerates at ±cxo, the result is two or more curves of the kind we have 
already discussed. A degeneration at eoo creates a new kind of object: a curve in 
Z X M X [0, 1] X M. Section 5.2 is devoted to discussing these curves at east infinity. 
This compactification is defined in Definition 5.18, and a schematic illustration of a 
holomorphic comb can be found in Figure 19. 

The main result we need for our purposes is a classification of the codimension 1 
degenerations (Section 5.4). Proposition 5.32 and Lemma 5.37 say that for the curves 
we consider, these degenerations come in four kinds: 

• Degenerating into a two-story building at ±00. These are exactly the kinds 
of degenerations that occur in Heegaard Floer homology for closed three- 
manifolds. 

• A boundary branch point of vr^ o m can go off to eoo, in the process splitting 
a Reeb chord in two. Below, this is referred to as degenerating a "join curve" 
at eoo. (From the point of view of the curve at eoo, two Reeb chords come 
together and merge as we travel further away from the main surface.) 

• A collapse in the ordering of P, i.e., the heights of two parts of P coming 
together. In the process, some "split curves" can degenerate at eoo. These 
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Figure 15. Examples of three kinds of codimension 1 degenerations. 
The large black dot represents a boundary branch point of tts ou. Left: 
degenerating into a two-story building. Center: degenerating a join 
curve. Right: degenerating a split curve. 



again correspond to boundary branch points of vr^ o m approaching eoo, but 
with different topology. 
• Degenerating a "shuffle curve" at east oo. This degeneration involves either 
an interior branch point or two boundary branch points approaching east oo, 
and is explained in more detail at the end of Section 5.2; see in particular 
Figure 18 for a domain in which a shuffle curve degenerates. This type of 
degeneration is not relevant for CFD, only for CFA. 

Figure 5 shows examples in which the first three kinds of degenerations occur. 

One would now like to assert that if ind(x, y; 5''^; P) = 2, then the space A1^(x, y; 
S"^; P) is a compact one-manifold with boundary given by aU holomorphic combs with 
the correct combinatorics to occur as one of the degenerations hsted above, and use 
the fact that a one-manifold has an even number of endpoints. 

Unfortunately, available gluing technology seems ill equipped to prove this asser- 
tion, the difficulty being with split and shuffle curve degenerations. (See Remarks 5.30 
and 5.38 for more discussion of this point.) Instead, we prove that the sum of the 
numbers of combs in moduh spaces with correct combinatorics to occur as one of the 
four types of degenerations listed above is zero modulo 2 (Theorem 5.41). This is all 
that we will need later to define the invariants. 

Fortified by this overview, we turn to the mathematics itself. 

5.1. Holomorphic curves in S x [0, 1] x M, In this subsection, we wfll define various 
moduli spaces of holomorphic curves in E x [0, 1] x M with names hke A^^(x, y; S^), 
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A<^(x, y; S"^; P) and A^^(x, y; 5*^; P). In Sections 6 and 7 we will use some of 
these moduli spaces (namely M^{'K,y; S'^; P)) to define our invariants of bordered 
3-manifolds. These are, consequently, the spaces in which we will ultimately be in- 
terested. However, it is easier to formulate several technical results by describing the 
spaces M^{-x, y; S^; P) as subspaces of A1^(x, y; S^) and A<'^(x, y; S^] P), which we 
introduce first. 

As before, let 7i be a pointed bordered Heegaard diagram of genus g representing 
a manifold Y with boundary of genus k. Choose a symplectic form tus on E, with 
respect to which the boundary of S is a cylindrical end. Let js be a complex structure 
on S compatible with ojy.- With respect to js, the boundary is a puncture, which 
we denote p. We will assume that the a-arcs are cylindrical near p in the following 
sense. Fix a punctured neighborhood Up of and a symplectic identification : 

— 1 1 

t/p — > S' X (0, oo) C T*S . Then we assume that both js and 0(a°nf/p) are invariant 
with respect to the M-translation action in x (0, oo). 

Let Eg be the result of filling in the puncture of S, so je induces an almost complex 
structure on Eg. 

We consider moduh spaces of holomorphic curves in S x [0, 1] x M. Let 

tte : S X [0, 1] X M ^ S, 

ttd: S X [0, 1] X M ^ [0, 1] x M, 

s: S X [0, 1] X M ^ [0, 1], and 

t: S X [0,1] X M ^ M 

denote the projections. We equip [0, 1] x M with the symplectic form uj^ := ds A dt 
and the complex structure with = §1, and equip S x [0, 1] x M with the split 

symplectic form 'k'^{ujy) + i^^{ojj]). Note also that there is an M-action on E x [0, 1] x M 
by translation on the t coordinate. 

Definition 5.1. We say an almost complex structure J on S x [0, 1] x M is admissible 
if the following conditions are satisfied: 

(1) The projection map ttid) is J-holomorphic. 

(2) For ^ and ^ the vector fields tangent to the fibers of tts induced by s and t 
respectively, = ^ (and consequently the fibers of tts are J-holomorphic). 

(3) The M-action is J-holomorphic. 

(4) The complex structure is split, i.e., J = js x jn, near p x [0, 1] x M. 

For example, the split complex structure js x Jd is admissible in the above sense. 
Fix now an admissible J; later, we will assume J is generic in certain senses. 

Definition 5.2. By a decorated source we mean: 

(1) A topological type of smooth (not nodal) Riemann surface S with boundary 
and punctures on the boundary. 

(2) A labehng of each puncture of S by one of +, — , or e. 

(3) A labehng of each e puncture of by a Reeb chord in {Z,a.), as defined in 
Section 3.1.3. 
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Given a decorated source S'^, let Se denote the result of filling in the e punctures 
of S. We will consider maps 

u: {S,dS) ^ (S X [0,1] X M, (a X {1} x M) U (/3 x {0} x M)) 

such that 

(1) The map u is (j, J)-holomorphic with respect to some almost complex struc- 
ture j on 5*. 

(2) The map u : 5 ^ S x [0, 1] x M is proper. 

(3) The map u extends to a proper map Ue'. S'g — > x [0, 1] x M. 

(4) The map has finite energy in the sense of Bourgeois, Ehashberg, Hofer, 
Wysocki and Zehnder [2]. 

(5) ttdom is a g-fo\d branched cover. In particular, ttdom is non-constant on every 
component of S. 

(6) At each — puncture q of S, lim^_,g(t o u){z) = — oo. 

(7) At each +-puncture q of S, \imz^g{t o u){z) = +oo. 

(8) At each e puncture q of S, lim^^^(7rs o u){z) is the Reeb chord p labehng q. 

(9) tte o M does not cover the region of S adjacent to z. 

(10) For each t G M and each i = 1, . . . , g, u~^{(3i x {0} x {t}) consists of exactly one 
point. Similarly, for each t G M and each i = 1, . . . , g — k, u~^{a'i x {1} x {t}) 
consists of exactly one point. 

We call Condition (10) vjeak boundary monotonicity. Sometimes later we will im- 
pose the following additional condition, which we call strong boundary monotonicity: 

(11) For each t G M and each i = 1, ... ,2k, M~^(a" x {1} x {t}) consists of at most 
one point. 

However, our moduli spaces are easiest to define if we do not initially impose this 
condition. 

It follows from the Conditions (I)-(IO) that at — oo, u is asymptotic to a ^f-tuple 
of chords of the form Xi x [0, 1], where G a n /3. By weak boundary monotonicity, 
the set X = {xi} has the property that exactly one point of x hes on each a-circle, 
and one point on each /3-circle. However, more than one point of x may lie on the 
same a-arc. We call such a ^f-tuple a generalized generator. If the strong boundary 
monotonicity condition is also satisfied then at most one Xi lies on each a-arc, and 
hence x is a generator in the sense of Section 4.3. Exactly analogous statements hold 
at +00. 

Any curve u satisfying Conditions (I)-(IO) belongs to some homology class [u] G 
7r2(x, y). (Here, 7r2(x, y) is the obvious generalization of the notion from Section 4.3 
to the case of generalized generators.) We collect these curves into moduh spaces: 

Definition 5.3. Given generahzed generators x and y and a homology class B G 
7r2(x,y), let 

denote the moduh space of curves satisfying Conditions (I)-(IO), with decorated 
source S^, asymptotic to x at — oo and y at +oo, in the homology class B. 
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Given u G A^^(x, y; S'^), for each puncture q of S labeled by e, let evg{u) = tou-g{q). 
This gives an evaluation map ev^: A1^(x, y; S'^) — > M. Set 

ev= JJ ev,: yW^(x,y;5^) 

where E{S'^) (or just E, when unambiguous) is the set of east punctures of S'^. 

We next use the evaluation maps to define certain subspaces of the A1'^(x, y; 5"^). 
Fix a partition P = {Pj} of E. By the partial diagonal Ap in we mean the 
subspace of defined by the set of equations {xp = Xg \ Pi e P, p,q & Pi}- That 
is, Ap is obtained by requiring all coordinates in each part Pi of P to be equal. Now, 
we use the cycle Ap to cut down the moduli spaces: 

Definition 5.4. Given generalized generators x and y, 5 G 7r2(x, y), a decorated 
source 5*^, and a partition P of the e punctures of 5'^, let 

A4^(x,y;S^P) := ev-^(Ap) C 7W^(x, y; ^^). 

Notice that 7W^(x, y;^^) is the special case of M^{-x,y; S^; P) when P is the 
discrete partition, with one element per part. 
We turn now to the meaning of genericity for J. 

Proposition 5.5. There is a dense set of admissible J with the property that the 
moduli spaces A1^(x, y; S^) are transversally cut out by the d-equations. Indeed, for 
any countable set {Mi} of submanifolds of M.^ , there is a dense set of admissible J 
which satisfy the further property that ev: 7Vf^(x, y; S'^) —>■ is transverse to all of 
the Mi. 

The proof is standard. See [28, Chapter 3] for a nice explanation in a slightly 
different context, or [20, Proposition 3.8] for the proof of the first half of the statement 
in this setting. 

In particular, by Proposition 5.5, we can choose J so that the moduli spaces 
M^{'K,y; S'^; P) are transversely cut out for all partitions P. We do so from now 
on. ^ 

The expected dimension of A^^(x, y; S*^; P) is not hard to calculate: 

Proposition 5.6. The expected dimension md{B , S'^ , P) of M^{'K,y; S'^; P) is 
(5.7) ind(i?, 5^ P)=g- x{S) + 2e{B) + \P\. 

Here \P\ denotes the number of parts in P and e{B) is the Euler measure of the 
domain of B. 

Here the Euler measure of a region in S \ (ck U /3) is its Euler characteristic minus 
1/4 the number of corners (intersections of a-curves and /3-curves or a-arcs and 5E), 
and is defined to be additive under union. It can be viewed as the spherical area or 
negative hyperbolic area of the region where the corners are right angles. 

Proposition 5.6 follows from the corresponding index formula for closed Heegaard 
Floer homology, [20, Formula (6)], by a standard doubling argument at the east 
punctures, cf. [1, Section 5]. (The formula [20, Formula (6)] itself follows from the 
Riemann-Roch theorem by another doubling argument.) See also [21, Proposition 
4.5.1] for more details. 
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Suppose u e A^^(x, y; S'^; P). Then the ^-coordinate of induces a partial ordering 
on the partition P. This combinatorial data allows us to divide Al^(x, y; S^; P) into 
different strata. 

Definition 5.8. Given x, y, and as above and an ordered partition P of the e 
punctures of 5*^, with P the corresponding unordered partition, let A^^(x, y; P) 
denote the (open) subset of A^^(x, y; 5*^; P) consisting of those holomorphic curves 
for which the ordering of P induced by t agrees with the ordering given in P. 

That is, for u e M^ix, y; 5^; P) and P = (Pi, . . . , P„), wc have u e M^{x, y; S^; 
P) if and only if for all i < i', q E Pi and q' G Pi' imphes t o u{q) <to u{q'). 

Note that given a partition P of E{S^), there is an associated set [P] of multi-sets 
of Reeb chords, given by replacing each puncture of S'^ in P by the associated Reeb 
chord. Similarly, for ordered partition P of E{S'^) there is an associated sequence [P] 
of multi-sets of Reeb chords. 

The M-action on S x [0, 1] x M by translation on M induces an M-action on each 

A^^(x,y; S^; P) and M^{x,y]S^; P). We denote this action by tr for P e R. The 
action is free except in the trivial case that consists of g disks with two boundary 
punctures each, and P = 0. Wc say that a curve is stable if it is not this trivial case. 
Wc are primarily interested in the quotient by this action: 

Definition 5.9. Given x, y, P, S^, and P or P as above, let 

M^(x, y; S^- P) := A^^(x, y; S^; P)/R 

M^(x, y; S^- P) := A^^(x, y; S^; P)/R. 

The expected dimension of Al'^(x, y; S""^; P) (except in the trivial case P = 0) is 
ind(P,,S%P) - 1. 

Although the evaluation maps cv^ (for g G P) do not descend to the quotient by 
translation, the difference between any two of them, evp — ev^, does descend. We 
denote this difference by 

eVp,g:>(^(x,y;5^P)^M. 
We can also combine all the evaluation maps into a single map 

ev: M^(x,y;,5^P) — ^ R^/R 
where R acts diagonally by translation on R-^. 

5.2. Holomorphic curves in Z x R x [0, 1] x R. In order to discuss the compact- 
ifications of the moduli spaces Al^(x, y; 5"^; P) and A4^(x, y; 5"^; P), we will need 
to consider certain holomorphic curves "at east oo," i.e., in Z x R x [0, 1] x R. We 
endow Z x M x [0, 1] x ]R with the obvious split symplectic form. Inside this space, 
we have Ak Lagrangian planes a x R x {1} x R. The space Z x R x [0, 1] x R has four 
different ends: the ends ±oo in the first R-factor, which we call east and west infinity 
respectively, and the ends ±cxo in the second R-factor, which wc call ±oo. Note that 
there is an (R x R)-action on Z x R x [0, 1] x R, by translation in the two R-factors. 
There are projection maps tt^, tto, s, and t, just as before. 

Fix a split complex structure J = js x jo on Z x R x [0, 1] x R. 
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Definition 5.10. By a hi- decorated source T we mean: 

(1) A topological type of smooth (not nodal) Riemann surface T with boundary 
and punctures on the boundary. 

(2) A labehng of each puncture of T by either e oi w (east or west), and 

(3) A labehng of each puncture of T by a Reeb chord p in [Z, a). 

Given a bi-decorated source T*^, we will consider maps 

v. {T,dT) ^ ((Z\2) X M X [0, 1] X M,a X M X {1} x M) 

satisfying the following conditions: 

(1) The map v is (j, J)-holomorphic with respect to some almost complex struc- 
ture j on S. 

(2) The map v is proper. 

(3) The map s o v maps dT to 1. 

(4) At each west puncture q of S labeled by a Reeb chord p, lim^^g tts o u{z) is 
p (Z Z X {— oo}. 

(5) At each east puncture g of S* labeled by a Reeb chord p, lim^^g tte o u{z) is 
pC Z X {+oo}. 

Note that each component of such a holomorphic curve necessarily maps to a single 
point under ttd by the maximum principal, since its boundary maps entirely to s = 1. 
Again, we coUect these holomorphic curves into moduli spaces: 

Definition 5.11. For T'^ a bi-decorated source let A/'(T^) denote the moduh space 
of holomorphic maps from T satisfying properties (l)-(5) above. 

A holomorphic map v is called stable if there are no infinitesimal automorphisms 
off. (If TTsot) is non-constant on each component of T, one can verify that T is stable 
iff it has a component which is not a twice-punctured disks.) We shah be interested 
in A/'(T^) only in the cases that the corresponding maps are stable. 

Suppose that g is a puncture of T^. Then there is an evaluation map evg : Af{T^) 
M given by evg{v) = lim^^g t o v{q). (Here, writing lim is somewhat silly, since toy is 
constant on each connected component of T^.) There are, consequently, evaluation 
maps 

ev^ := II ev,: SfiT'') ^ and 
eve:= n ev,:Ar(T")^M^(^") 

where W{T'^) or W is the set of west punctures of and E{T'^) or E is the set of 
east punctures. 

We define sub-moduli spaces of A/'(T^) by cutting-down by partial diagonals. 

Definition 5.12. Given a bi-decorated source and partitions and Pg of the 
west and east punctures of T^, respectively, let 

Ar(T^; P^, Pe) = (ev^ X eVe)-^(Ap„ x ApJ. 

If P^ is the discrete partition, we denote A/'(T^; P^, Pe) by A/'(T^; P^). 
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The moduli spaces A/'(T^) can be understood concretely. Indeed, they are deter- 
mined by the t-coordinates of the components of T, and a holomorphic map from 
to S, which gives tij: o v (which in turn is determined by local branching data 
over S). However, in general the moduli spaces Af(T^) are not transversally cut out. 
One situation in which they are — and indeed this is the case which is relevant for our 
applications — is the following: 

Proposition 5.13. Suppose is a decorated source such that all components ofT 
are topological disks. Then J\f{T^) is transversally cut out by the d equation for any 
split complex structure on Z x M. x [0,1] x M. 

Proof. This is proved by explicit computation of the cokernel of the (9-operator, which 
is identified with a certain sheaf cohomology group. See McDuff and Salamon [28, 
Section 3.3] for a nice exposition of these ideas in the absolute case. (The relative case 
can be deduced from the absolute case via a doubhng argument; see, for instance, 
Hofer, Lizan, and Sikorav [14, Section 4].) More details can also be found in [21, 
Lemma 4.1.2]. □ 

The (M X M)-translation action on Z x M x [0, 1] x M induces an (M x M)-action on 
A/'(T^) for any T^; if A/'(T^) is stable then (almost by definition) this (M x M)-action 
is free. As for the earher moduh spaces, we are primarily interested in the quotient 
space: 

Definition 5.14. Given a stable decorated source T^, let Ar(T^) = Af{T'^)/(R x R). 

Certain holomorphic curves in Z x M x [0, 1] x M will play a special role below. 
By a trivial component we mean a component of which is a topological disk with 
exactly two boundary punctures, one east and one west, and both labeled by the 
same Reeb chord. Holomorphic maps from such components are uninteresting. In 
particular, they are preserved by the M-translation action on Z xM.. 

A more interesting kind of component is a join component. This is a component 
of which is a topological disk with two west punctures and one east puncture. 
In counterclockwise order, suppose the punctures are labeled by (e, pe), {'w,pi) and 
{w,p2). (We will sometimes refer to the {w,pi) puncture as the top puncture of 
the join component, and the {w,p2) puncture as the bottom puncture.) Then there 
is a holomorphic map from this component if and only if pe = P2 W Pi- If such a 
holomorphic map exists, it is unique up to translation. A curve consisting entirely of 
one join component and some number of trivial components is called a join curve. 

Symmetrically, a split component is a component of which is a topological disk 
with two punctures labeled e and one labeled w. In counterclockwise order, suppose 
the punctures are labeled by {w,pw), (e,pi) and (e,p2). (We will sometimes refer 
to the (e,p2) puncture as the top puncture of the join component, and the (e,pi) 
puncture as the bottom puncture.) Then there is a holomorphic map from such this 
component if and only if Pw = Pi^ P2- Again, if such a holomorphic map exists, it is 
unique up to translation. A stable curve consisting entirely of some number of split 
components and some number of trivial components is called a split curve. (Note the 
definition is not symmetric with that of join curves.) 

The domains of these components are illustrated in Figure 16. Split and join 
components can arise from the degenerations in Figure 5. 
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Figure 16. Left: a trivial component. Center: a join component. 
Right: a split component. 
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Figure 17. Left: a shuffle-component. Right: a schematic of the 
image of an odd shuffle-component in 9S x M. 

Finally, there is one more complicated kind of curve which we must consider, a 
shuffle curve. A shuffle component is a topological disk with two e punctures and two 
w punctures, with cychc ordering (e,w,e, w) around the boundary. (A shuffle com- 
ponent is pictured in Figure 17, and an example where one degenerates off is shown 
in Figure 18.) The map from a shuffle component to Z x M has either one interior 
branch point or two boundary branch points. Suppose that in counterclockwise order, 
the punctures of a shuffle component are labeled (e, pi), (w, P2), (e, pa), (w, pf). Then 
the moduh space is nonempty if and only if Pi = pt ■, P2 = Pd, ^ Pt = pt '^^^ Pa = Pi ■ 
If a join curve admits a representative, exactly one of the foUowing cases occurs: 

• {pijPs} is nested and {p2,P4} is interleaved, or 

• {P2,P4} is nested and {pi,P3} is interleaved. 

(Recall the definition of interleaved and nested pairs of Reeb chords from Defini- 
tion 3.4.) In fact, we wfll see in Proposition 5.31 that the two cases are not symmetric 
for our purposes: when the first occurs in a degeneration, it occurs an odd number of 
times. When the second occurs, it occurs an even number of times. We will call the 
first case an odd shuffle component and the second case an even shuffle component, 
to remember the distinction. 

A shuffle curve is the union of a shuffle component and some number of trivial 
strips. 

5.3. Holomorphic combs. Just as the compactifications of moduli spaces in Morse 
theory involve not just fiow fines but broken fiow fines, in order to discuss the compact- 
ifications of the moduli spaces A^^(x, y; S^] P) we need to introduce a more general 
object than holomorphic curves. The idea is that, because of the non-compactness of 
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Figure 18. A domain in a Heegaard diagram where a shuffle compo- 
nent degenerates off. The domain is -B = Di + + -D3 + 20^ + Z^s G 
7r2(x, y), as indicated by the shading. There is a 1-parameter fam- 
ily of holomorphic curves in A^^(x, y; S"^; P) where P is the parti- 
tion {{pijPs}}. One end of this moduli space consists of a two- 
story holomorphic building connecting x to w via D2 and w to y via 
Di + D'i + 2D4 + D^. At the other end, either an interior branch point 
of vte o M (in region D4) or two boundary branch points of tts o m (be- 
tween D3 and D4 or between D4 and D5) approach 9S, resulting in the 
degeneration of a shuffle curve. 

the target space S x [0, 1] x M, holomorphic curves can degenerate into "holomorphic 
buildings" with several stories, as described by Ehashberg, Givental, and Hofer [6]. 
In our setting, however, there are two different kinds of infinities: ±00 and eoo. This 
leads us to the notion of holomorphic combs. 

By a simple holomorphic comb we mean a pair of holomorphic maps (m, v) where u 
maps to S X [0, 1] x M and v maps to Z x M x [0, 1] x M, and such that the asymptotics 
of u at east 00 match with the asymptotics of v at west 00. More precisely: 

Definition 5.15. A simple holomorphic comb is a pair {u,v) with u G A4^{'x,-y; S^) 
and V G A/'(r^) for some sources S'^ and T^, together with a one-to-one correspon- 
dence between E{S'^) and Vr(T^), preserving the labeling by Reeb chords, and such 

that ev(M) = eYyj{v) inside M^(^')/M ^ M^(^^)/M. 

More generally, we also want to allow the components at east 00 to degenerate 
further: 

Definition 5.16. A holomorphic story is a sequence {u,vi, . . . ,Vk) (for some k > 0) 
where, for some B, S'^, and Tf', u G A<^(x, y; S"""), Vi G J^{T^), {u,Vi) is a simple 
holomorphic comb (if k > 1), there is a correspondence between E{T^) and W{T^]) 
for i = — 1 which preserves the labehngs by Reeb chords, and eve(fi) = 

ev^(t;,+i) in M^(^^)/M ^ 

We also need to allow degeneration at ±00: 



^Xj, Xj+i 



J /I 
for 



Definition 5.17. A holomorphic comb of height is a sequence 
j = 1, . . . ,N, of holomorphic stories with uj a stable curve in M. 
some sequence of generalized generators xi, . . . ,X7v+i. We admit the case A^ = 0, 
the trivial holomorphic comb from xi to xi, which corresponds to a trivial (unstable) 
holomorphic curve. 
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Figure 19. A schematic of a height 2 holomorphic comb. 

See Figure 19 for a schematic illustration of a height 2 holomorphic comb. 

Finally, to compactify our moduli spaces, we will also need to drop Condition (1) 
of Definition 5.2, and allow our holomorphic curves to have nodal sources. If we want 
to exphcitly allow nodes, we will refer to such combs as nodal holomorphic combs; if 
we want to explicitly rule out nodal combs, we will refer to smooth combs. When the 
distinction is unimportant, we will simply talk about holomorphic combs. 

Note that a (nodal) holomorphic comb U = {{uj,Vj^i, . . . ,Vj^kj)}jLi naturally rep- 
resents a homology class B in 7r2(xi, xat+i), where xi and xtv+i are the first and last 
generators involved. (Specifically, B = Bi * ■ ■ ■ * B^, where Bj is the domain of Uj. 
The Vij are irrelevant to this homology class.) Further, U is asymptotic to a well- 
defined set of Reeb chords at (far) east oo: these are the asymptotics at east infinity 
of the Vj^kj ■ 

Next, we turn to what it means for a sequence of holomorphic curves to converge 
to a holomorphic comb or, more generally, for a sequence of holomorphic combs to 
converge to another holomorphic comb. This is a simple adaptation of definitions for 
holomorphic curves converging to holomorphic buildings in [6]; the reader is referred 
to [21, Section 4.2] for some more discussion of this point. 

Given a simple holomorphic comb {u, v) with S'^ and the decorated sources of u 
and V respectively, there is a natural way to (pre) glue and to form a decorated 
source S"^ [\ the surface S" ^ T is obtained by identifying small neighborhoods 
of the east punctures of S with neighborhoods of the corresponding west punctures 
of T. (Note that this is a purely topological operation, not involving any differential 
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equations. We use the term "preglue" to distinguish from gluing of holomorphic 
curves.) The eoo punctures of and ±00 punctures of carry over to decorate 
gt> ^ jno rjij^g pregluing of sources extends in an obvious way to general smooth 
holomorphic combs. The construction also extends to nodal holomorphic combs: 
there is a canonical way to deform away the nodes in the source to produce a smooth 
Riemann surface. 

From these constructions we can produce a compactification of A^'^(x, y; S'^). 

Definition 5.18. We make the following definitions. 

• M^{'K,y; S'^) is the space of all (possibly nodal) holomorphic combs whose 
preglued surfaces are S^, in the homology class B, with asymptotics x at —00, 
y at +00. 

• M^{s, y; S^) is the closure of A^^(x, y; S^) in ^^(x, y; S^). 

• Forp, g G E{S'^)^ ^p,q- •^'^(x, y, S"^) [—00,00] is the extension of evp^^. 

• A^^(x, y; S*^; P) is the space of all holomorphic combs respecting the parti- 
tion P. Formally, we set 

AGP 

• A7^(x, y; S''; P) is the closure of A^^(x, y; S^; P) in M^(x, y; P). 

• 7W^(x, y; 5^ P) is the closure of A^^(x, y; 5^ P) in M^(x, y; S"; P). 

The space 7W^(x, y; S''^; P) is often a proper subset of A1^(x, y; S*^; P), as the 
next example illustrates. (Because of difficulties with transversality at east 00, 

A^-^(x, y; S^) may also be a proper subset of A1^(x, y; S^).) 

Example 5.19. Consider the portion of a Heegaard diagram shown in the left of Fig- 
ure 20, and let be the decorated source shown on the right of Figure 20. (We 
number the east punctures of for convenience in referring to them.) Let P de- 
note the partition {{1,3}, {2,4}}. The space A^^(x, y; S^) is then homeomorphic to 
M X (0, 00) X M X (0, 00), via the map 

(evi, evi - ev2, eva, evs - ev4). 

The space A1-^(x, y; S^; P) is the subspace xi = X3, X2 = ^4 of Mx (0, 00) xMx (0, 00). 

Now, consider the compactifications. In the compactification, when (evi — ev2) 
the curve degenerates a split component at east 00, and similarly when (evs — ev4) 
0. If (evi — ev2) — > and (ev3 — ev4) — * 0, there are two split components at east 00. 
There is a one-parameter family of these curves at east 00, given by the relative 
M-coordinate of the branch point under tts. Consequently the part of the space 
7W^(x, y; S^) with (evi — ev2) and (evs — €¥4) small has the form shown in Figure 21, 

and A1^(x, y; S'^; P) is the subspace pictured. By contrast, A^^(x, y; 5''^; P) contains 
the entire stratum in which two split components have degenerated. 

Next, we turn to the technical results justifying the definitions of the moduh spaces 
7W^(x,y;^^P). 
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Figure 20. An example illustrating that A<-^(x, y; S"^; P) may be a 

proper subset of A1^(x, y; S'^;P). Left: a portion of a Heegaard dia- 
gram. The domain of interest is shaded in gray. Right: the decorated 
source S'^. 



ev3 — ev4) = 
evi — ev2) > 



(evi - ev2) = 
(ev3 — ev4) = 



At (x, y; 5^) is everything in front 
of the walls. 



, coordinate (evi — evs) 

—B 

Part of (x,y; S^; P) 
but not ofM^(x,y; S^; P) 

(evi - evs) - 



M^ix, y; S^;P) 



(evi - ev2) = 
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Figure 21. An illustration of various moduli spaces for the Heegaard 
diagram from Figure 20. The colored "walls" form the boundary of 
A^^(x, y; S''^), the open part of which one visualizes as the empty space 
in front of the walls. The subspace where evi = ev3 is the gray hor- 
izontal plane. The moduli space A^-^(x, y; S''^; P) is a thick, squiggly 

hne segment; the space A^^(x, y; S*^; P) is a "T" formed by that line 
segment and an arc in dM^{'K,y; S'^). 
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Proposition 5.20. The spaces Ai^{'x,y; S^) are compact. That is, suppose that 
{Un} is a sequence of holomorphic combs in a fixed homology class, with a fixed 
preglued topological source. Then {Un} has a subsequence which converges to a (pos- 
sibly nodal) holomorphic comb U , in the same homology class as the Un. Similarly, 
A4^(x,y;5"^;P) andM'^{yi,y;S^;P) are compact. 

Proof. Compactness for A^^(x,y;5'^) is proved in [21, Proposition 4.2.1]; for the 
reader's convenience, we repeat the proof here, more or less verbatim. The argument 
is essentially soft; we deduce compactness in our setting from results of Bourgeouis, 
Eliashbcrg, Hofcr, Wysocki, and Zchnder [2]. 

To ease notation, we will restrict our attention to the case of a sequence {-u" : S'"- 
E X [0, 1] X of holomorphic curves in A1^(x, y; S'^), rather than a sequence of 

general holomorphic combs. 

By [2, Theorem 10.1], we can find a subsequence of for which ttdom" converges 
to some multi-story holomorphic building. (Actually, [2, Theorem 10.1] is stated in 
the absolute case, i.e., for curves without boundary. See Section 10.3 of that paper 
for discussion of generalization to the relative case.) From now on, let denote 
this subsequence. Note that in the process of finding the subsequence, marked points 
are added to the sources 5"" to stabihze each component of the limit source. Call the 
limit of ttd o u'^ by 

{TTBOUa^r. 5a,i ^ [0, 1] X 

here, Ui denotes the i^^ story of the hmit. (Note that Ua,i is not defined yet, only 

Fix a neighborhood Up of the puncture p in E so that the almost complex structure J 
is split, J = jj: X jo, over the closure Up of Up. Also, choose Up small enough that 
UpDfB = 0. Then ttso-u/^ restricted to (tt^ o?i")"^(f/p) form a sequence of holomorphic 
curves with Lagrangian boundary conditions on dUp U (a fl Up). Consequently, by [2, 
Theorem 10.2], we can find a convergent subsequence. (Again, more marked points 
are added to stabilize the sources.) Again, call the subsequence {u"}. Let 

{tts o Ub,i : Sb,i ^ f/p C E, TTs o Vb,ij : Tb^ij ^ 9E x R} 

denote the limit. We explain the indexing. Forgetting the new marked points 
and collapsing unstable components gives a map from the source of the limit curve 
(Ui Sb,i) U (Uij Tb^i,]) to \J.- Sa,i. This defines the index i on Sb,i and Tb^ij. The index j 
comes from the story structure on E. 

So far, the maps Ub^i and Vb,ij are not defined, only their projections tts o m;, ^ and 
T^T. o However, by the same considerations used to define the index i, the map 
T^noua^i is naturally defined on {Sb,i,Tb,i,j}. Set Ub,i = nj:oub,iX7r]ooUa,i, and similarly 
for Vb,i,j. 

Turning to the rest of E, let 

Ln {ttd o ((tts o u'^y^dUp))} . 

By considering a slightly larger neighborhood Vp D Up, one sees that {Ln} forms a 
convergent sequence of smooth (real) curves in [0,1] x M. Then, {?v"|(^j^ou")-i(s\(7p)} 
forms a sequence of holomorphic curves in E x [0, 1] x M with Lagrangian boundary 
conditions (a x {1} x M) U (/3 x {0} x M) U {dUp x L„). The compactness theorem [2, 
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Theorem 10.2] now applies to give a convergent subsequence of the M"|(7rson)-i(E\(7p), 
with hmit Mc,i- 

Now observe that the map Ub^i (which lives over Up) and the map Mc,j (which lives 
over S\f/p) fit together to form a smooth curve j. (Again, this follows by considering 
the neighborhood Vp D Up.) We are left, then, with the subsequence m" converging 
to the holomorphic comb {ud,i,Vb,ij}, as desired. 

This proves compactness of A^^(x, y; S"^). Finally, the other spaces, A^^(x, y; 

S^), A^^(x, y; S"; P), and M^(x, y; S^; P), are closed subspaces of M^(x, y; 5^) by 
definition, and hence compact. □ 

We next turn to gluing results, which show that the space A^^(x, y; S'^; P) is well- 
behaved near some of the simplest holomorphic combs. 

Proposition 5.21. Let {ui, U2) be a two-story holomorphic building with ui G M.^^ (x, 
y ; S^; Pi) and U2 G Ai^^{y, w; ; P2) ■ Then for sufficiently small open neighborhoods 
Ui of Ui and U2 of U2, there is an open neighborhood of {ui,U2) in J\4^^*^^{'x,w, 
t] 5*2 ; -Pi U P2) which is homeomorphic to f/i x f/2 x [0, 1). 

Proposition 5.22. Let {u,v) be a simple holomorphic comb with u G A^'^(x, y; 5'^) 
and V G Af{T^; Pe). Let m = \E{S'')\ = \W(T^)\. Assume that the moduli spaces 
{'x,-y; S'^) and Af{T^] Pe) are transversally cut out at u and v respectively, and 
that ev: A^^(x,y;5^) ^ M™/M and ev^: Af{T^]Pe) are transverse at 

{u,v). Then, for sufficiently small open neighborhoods Uu of u and U^ ofv, there is 
an open neighborhood of {u,v) in A1'^(x, y; S''* t] T^;Pe) which is homeomorphic to 
(f/„ x,,U,) X [0,1). 

Proof of Propositions 5.21 and 5.22. The results follow by standard arguments. In- 
deed, since each puncture of a holomorphic curve in our setting is mapped either to 
±cx3 or to east or west 00, the fact that we have two kinds of infinities is irrelevant to 
a local statement of this kind. The only complication to the usual arguments, then, 
is that the asymptotics at east and west infinity are degenerate. Thus, the proof can 
be obtained by adapting [1, Section 5.3] to the relative case or [20, Proposition A.l] 
to the Morse-Bott case. □ 

In the proof of Proposition 5.29 we will use the following generalization of Propo- 
sition 5.22 to non-simple one-story holomorphic combs: 

Proposition 5.23. Let {u,Vi, . . . ,Vk) be a height 1 holomorphic comb, with u G 
M^i^.y.S"), Vi G U{T^) for i = l,...,k-l, and Vk G Af{T^;Pe). Let rm = 
\W{Tf')\. Assume that all the moduli spaces are transversally cut out, and that the 
map 

M^{^, y; S^) X 7V(Tf ) x ■ ■ ■ x Ar(Tf ; P^) M'"^ x M"^i x M'"^ x M'"^ x ■ ■ ■ x M'"^' x M'^'= 
{u,vi,..., Vk) ^ {ev{u),ev^{vi),eveivi),ev.^{v2), eve{vk-i),ev^{vk)) 

is transverse to the diagonal { (xi,Xi, . . . ,Xk,Xk) \ Xi G M'^' }. Then, for sufficiently 
small open neighborhoods Uu of u and f/^- of Vi, there is an open neighborhood of 
(m, f 1, . . . , Vk) in Ai^i^, y; S'^ \\ t] • • • t] T^; P^) which is homeomorphic to {Uu Xev 

^ev ■ ■ ■ ^ev f^ffc) ^ [0, 1) . 



60 



LIPSHITZ, OZSVATH, AND THURSTON 



Again, the proof is essentially standard. 

As mentioned at the beginning of this section, we cannot prove that the compact- 
ified moduli spaces are manifolds with corners in general. We will get around this 
difficulty by proving that certain evaluation maps are degree one, in an appropriate 
sense, at the corners; this will be enough for the results in Section 5.4. Before stating 
the propositions, we make some definitions. 

Definition 5.24, Let v G M{T^), and (m, f) a simple holomorphic comb. A smeared 
neighborhood of {u, v) in A^'^(x, y; S'^; P) is an open neighborhood of 

{ {u, v') I v' G Ar(r^), (w, v') G M^(x, y; S^- P) }. 

There is an exactly analogous notion of a smeared neighborhood of {u, v) in A^^(x, y; 
S'-P). 

Definition 5.25. Given a continuous map f : X ^ Y oi topological spaces and a 
point p G F, we say / is proper near p if there is an open neighborhood U 3 p such 
that f\f-i(u)- f~^{U) — ^ f/ is proper. 

We will use the following weak notion of stratified spaces. 

Definition 5.26. An n-dimensional stratified space is a topological space X written 
as a union of strata {Xj}"^Q, where Xj is a smooth z-dimensional manifold, and 
the closure of Xk is contained in IJi<fe-^i- We typically suppress the strata from 
the notation. Let X and Y be stratified spaces. A stratified map f : X ^ Y is 
continuous map with the property that the preimage of any stratum in C F is a 
union of connected components of strata Xj of X, and the restriction of / to each 
stratum of Xj, thought of as a map into Fj, is a smooth map. 

Definition 5.27. Let X be a stratified space so that the top stratum is a smooth 
m-manifold, and let / : X — »• be a stratified map so that f~^ ((0, cxd)™) is the top 
stratum of X. Let p G M™, and assume / is proper near p. We say that / is odd 
degree near p if there is an open neighborhood U of p such that for any regular value 
p' e U n (0, oo)"^, f^^{p') consists of an odd number of points. 

Lemma 5.28. Let X be a stratified space such that: 

• Each stratum of X is a smooth manifold. 

• The union of the top two strata of X form an m-manifold with boundary. 

Let / : X ^ M™ be a stratified map which is proper near 0. Assume that f^^ ((0, oo)'") 
is the top stratum of X. Then 

(1) If p,p' G (0, oo)™ near are regular values of f then \ f^^{p)\ = \f^^{p')\ 
(mod 2). 

(2) If the restriction of f to the preimage of some facet W^^-^ ofM.^ is odd degree 
near G M™^^ then f is odd degree near G M™. 

Proof. Let f/ be a neighborhood of over which / is proper. Let V = f^^ [U n R"^). 
Then V — > ([/ fl (0, oo)™) is a proper map. So part (1) follows from standard 
degree theory. 

For part (2), let p G M™"^ be a regular value of the restriction of /, and let 
B C M™~^ be a ball neighborhood of p small enough that is a covering map. 
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Write f~^{B) = SiII- ■ ■ILB2i+i'-, each Bi is a (/c — l)-ball. For each i choose a (fc — 1)- 
ball B[ in the top stratum of X with dB[ = dBi. Note that by our assumptions on /, 
/(Int(-Bj)) is entirely contained in (0, oo)"^. So f{Bi\JB[) is a (singular) (/c — l)-sphere 
in M^, and for p' G (0, 00)*" sufficiently close to p, the sphere f{Bi U B[) has winding 
number 1 around p. It follows that / has degree 2£ + 1 at regular values near p. 
Choosing p close enough to gives the result. □ 

Proposition 5.29. Suppose that {u,v) is a simple holomorphic comb in A^^(x, y; 
S^; P). Assume that the source of v is a split curve and that there are two parts 
Pi and P2 of P such that, for each split component ofT^, its bottom puncture belongs 
to Pi and its top puncture belongs to P2. Assume that ind(-B, S'^, P) = 2. 

Let qi G P2 and q2 G Pi be the top and bottom punctures, respectively, on one of 
the split components of T^. Then, for generic J, there is a smeared neighborhood U 
of {u,v) in A4^ {'x,-y; S'^; P) so that the evaluation map evg^^^j • ^ ~^ ^+ proper 
near and odd degree near 0. 

Proof. To see the ev is proper near on U, note that evg^ is clearly proper on the 
closure U of U. By examining the topology of S*^, we see that U \ U is mapped to 
strictly positive values by evg^^^j- 

Let the split components of T"^ be T^^ iov i = 1, . . . , N. For notational convenience, 
we will assume that T'^ has no trivial strips, so that the only parts of P are Pi and P2. 
Let P' be the partition P with P2 split into the discrete partition; that is, P' has 
N + 1 parts, one of which is Pi and all others consisting of a single puncture. We will 
show that there is a smeared neighborhood U' of {u,v) in A^^(x, y; S''^; P') so that 
the evaluation map ev : U' — > is odd degree near in the sense of Definition 5.27. 
(We see that ev is proper near as before.) This suffices, since for generic J, the map 
ev from A1^(x, y; S'^; P') is transverse to the diagonal in (0, 00)^ by Proposition 5.5. 

By Proposition 5.23, we can make a smeared neighborhood U of {u,v) inside 
7W^(x,y;5^;P') into a stratified space of a particularly nice kind; in particular, 
the union of the top two strata is an iV-manifold with boundary. The codimension 1 
strata of U (of dimension N — 1) consist of simple holomorphic combs {u',v'), where 
v' is a split curve with no more than N split components. Higher codimension strata 
of U are more complicated one-story holomorphic combs. 

Let us call such a neighborhood inside an iV-dimensional compactified moduli 
space A^'^(x, y; S^;P') a split neighborhood: namely, a split neighborhood is an open 
set containing the entire stratum of simple combs {u,v), where f is a split curve with 
N split components, with all bottom punctures of v belonging to the same part of P' 
and all top punctures belonging to different parts. 

We will show by induction on N that ev on a split neighborhood has odd degree 
near 0. For X = 1, by Proposition 5.22 we have a map from [0, 1) to IR+ mapping to 
which is proper near 0; such a map automatically has odd degree near 0. For N > 1, 
note that the preimage of the interior of a facet of M.^ consists of holomorphic curves 
{u',v'), where v has a single split component; thus, u' lives in a split neighborhood U' 
of a smaller moduh space, of dimension N — 1. By induction, ev on U' has odd degree 
near 0, and so by Lemma 5.28, ev on f/ also has odd degree near 0. □ 

Remark 5.30. It would be convenient to extend Proposition 5.5 to the compactified 
moduli spaces, and in particular to assert that for height 1 holomorphic combs, say. 
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the extension of ev to A1^(x, y; S"^) is transverse to the partial diagonals Ap. In par- 
ticular, this would ehminate the need for the cumbersome Propositions 5.29 and 5.31. 
Such a statement would require a smooth structure on the A1^(x, y; S^), which we 
have not constructed. Moreover, the vahdity of the statement would depend strongly 
on the smooth structure: in the language of Hofer [13], it depends on the gluing pro- 
file. (In fact, for the exponential gluing profile advocated there, the extension of ev 
would generally not be transverse to Ap.) 

We conclude this section with a result on shuffle curves. It states that, when 
they occur, odd shuffle curves appear in the boundary of 7Vl^(x, y; S''^; P) (with 
ind(i?, S^, P) = 2) an odd number of times, and even shuffle curves appear an even 
number of times. 

Proposition 5.31. Fix a generic J. Let {u,v) G A^^(x, y; S*^; P) be a simple holo- 
morphic comb with v a shuffle curve. Assume that the two e punctures qi and 
qj of the shuffle component belong to the same part Pi of P. Assume also that 
ind(P,5^P) = 2. 

(1) Ifv is an odd shuffle curve then there is a smeared neighborhood U of {u,v) in 
7W^(x,y; S^; P) so thatU\dM^{^,y; P) is homeomorphic to lJ^rr^[0, 1) 
(for some m E N). 

(2) Ifv is an even shuffle curve then there is a smeared neighborhood U of {u, v) in 
7W^(x, y; S^; P) so that U\dM^{^, y; P) is homeomorphic to lJ?rr^[0, 1) 
(for some m E N). 

Proof. First some notation: let Oi, . . . , 04 be the endpoints of the Reeb chords on the 
shuffle component, ordered so that ai < ■ • • < 04. Let pij {{i,j} C {1, . . • ,4}) denote 
the Reeb chord from to aj. Let denote the source of v 

The two cases are simflar; we first prove case (1). In this case, the e punctures of the 
shuffle component of are labeled by and p23- The w punctures are labeled by 
Pi3 and P24- The moduli space A/'(T^) has a natural compactification A/'(T^) which is 
homeomorphic to [0, 1]. (The parameter is obtained by moving the branch point(s); 
see Figure 22 for a schematic iUustration.) By our transversality (Propositions 5.5 
and 5.13) and gluing (Proposition 5.22) results, any curve in A/'(T^) can be glued 
to u to obtain a curve in A1^(x, y; S'^). 

To see when there exist such curves in 7W^(x, y; S'^; P) we consider the ends of the 
moduli space Af{T^). The two ends correspond to holomorphic combs {u,vi,V2) and 
(m, f3, ^4). The curves vi, . . . ,V4 are as foUows: 

• f 1 is a split curve with one split component, labeled by {w,pi3), (e,pi2) and 
(e, P23), together with a trivial component labeled by (e,p24) and {w,p24,). 

• f2 is a join curve, with a join component labeled by {w,p24), (tf,Pi2) and 
(e, P14), together with a trivial component labeled by (e,p23) and (w,p23). 

• U3 is a split curve with one split component, labeled by (w,p24), (e,p23) and 
(e, P34), together with a trivial component labeled by (e,pi3) and (w,pi3). 

• f2 is a join curve, with a join component labeled by (w,pi3), {w,pu) and 
(e, P14), together with a trivial component labeled by (e,p23) and (w,p23). 

See Figure 22. 

Suppose one glues Vi to u, with some gluing parameter ei. Then in the resulting 
curve the Reeb chord P23 wfll be above pi2. If one then glues V2 to the result, with 
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Figure 22. The one-parameter family of maps v from an odd shuffle 
component. The dark dots denote interior branch points, and the dark 
semi-dots denote boundary branch points. The two ends of the moduh 
space are shown on the left and the right, respectively. At the bottom, 
the two ends are sketched in the style of Figure 17. The corresponding 
pictures for an even shuffle component are obtained by reflection. 



some gluing parameter €2 <^ ei, in the resulting curve the Reeb chord P23 wfll be 
above P14. 

By contrast, suppose one glues V3, to m, with some gluing parameter ei. Then in 
the resulting curve the Reeb chord P34 wfll be above p23- If one then glues V2 to the 
result, with some gluing parameter €2 -C ei, in the resulting curve the Reeb chord pu 
wfll be above p23- 

So, since the two Reeb chords switched order as we moved from one end of Ar(T^) 
to the other, for given e there is algebraically one curve v' E M so that gluing u with v' 
with gluing parameter e gives a curve with pi4 and P23 at the same height — i.e., an 
element of 7Vl'^(x, y; S"*; P). Part (1) of the proposition foflows. 

Part (2) foflows by a similar analysis. In this case, the e punctures of the shuffle 
component are labeled by pi3 and P24, and the w punctures are labeled by pi4 and P23. 
A schematic fllustration ofAf(T^) may be obtained by turning Figure 22 upside down. 
An analysis as above shows that at both ends of A/", the Reeb chord P24 is above P13. 



64 



LIPSHITZ, OZSVATH, AND THURSTON 



This implies that, algebraically, there are zero curves in A^^(x, y; 5*^; P) for a given 
gluing parameter. □ 

5.4. Degenerations of holomorphic curves. To construct our invariants we need 
the following result on degenerations of 1-dimensional moduli spaces. Let 

dM^i^, y; S'; P) := 7W^(x, y; S^; P) \ A<^(x, y; S'; P). 

Proposition 5.32. Suppose that Ai^ {'x,-y; S'^; P) is 1-dimensional. Then for generic 
J every holomorphic comb in 9A^^(x, y; S''^; P) has one of the following forms: 

(1) a two-story holomorphic building {ui,U2); 

(2) a simple holomorphic comb {u, v) where v is a join curve; 

(3) a simple holomorphic comb {u, v) where v is a shuffle curve; 

(4) a one-story holomorphic comb {u,vi, . . . ,Vk) such that each vi is a split curve, 
and, furthermore, the result t] • • • t] of pregluing the sources of Vi, . . . ,Vk 
is also a split curve; or 

(5) a boundary degeneration, i.e., a nodal holomorphic curve obtained by col- 
lapsing an arc or arcs in S'^ with boundary on dS^, so that every connected 
component of the complement of the collapsing arcs contains a puncture labeled 
+ or — . 

(Recall the definitions of join curves, split curves and shuffle curves from the end 
of Section 5.2; in particular, a join curve or a shuffle curve has only one non-trivial 
component, while a split curve may have arbitrarily many.) 

Note that in the case of boundary degenerations it foUows further that each compo- 
nent of the resulting curve has noou non-constant on each connected component — and 
hence, for generic J, is transversally cut out. 

Proof of Proposition 5.32. To begin with, some general remarks. Since 7r2(S) = 0, 
7r2(S, ck) = and 7r2(S, (3) = 0, no disks or spheres can bubble off. As usual, Deligne- 
Mumford type degenerations, in which a closed circle or circles degenerate, are codi- 
mension 2, and hence do not occur in these moduli spaces. By contrast, boundary 
degenerations, in which an arc with boundary on dS pinches, can occur in codi- 
mension 1; this is case (5) above. The statement that every component contains a 
puncture labeled + or — follows from the homological linear independence of the 
a-curves and of the /^-curves. 

Next, suppose we have a simple holomorphic comb (m, v) in dAd^i^x., y; 5''^; P). Let 
S^' and T^' denote the sources of m and v respectively, and let m be |Vr(T^')|. 

The curve v induces a partition P' of W^(T^'), by specifying that p and q belong to 
the same part if they have the same t-coordinate in v. Then, u G A^^(x, y; S^'] P') 
(using the identification of £{3"') and W{T^')). 

Notice that \P'\ < \P\. Also notice that x{S') = x{S) - x{T') + m. Since every 
component of T' must have a west puncture, x{T') < m, with equality if and only T' 
is a disjoint union of topological disks with one west puncture per component. 

Since, by hypothesis, the expected dimension of A^^(x, y; 5*^; P) is 1, by For- 
mula (5.7) we have 

ind(P, 5^ P)=g- x{S) + 2e(P) + |P| = 2. 
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Figure 23. A putative annulus at east oo. Any near enough curve has 
a boundary component with no punctures, which violates the maximum 
modulus principle. 

Now, 

ind(5, S"-', P')=g- x{S') + 2e(5) + \P'\ 

= 9- X{S) + x{T') - m + 2e{B) + \P'\ 
= 2-\P\ +x{T') - m+ \P'\. 

Since \P'\ < \P\ and x{T') < m, we therefore have md{B, S"' , P') < 2. 

Suppose that ind(5, 5^', P') = 2. Then x{T') = m and \P\ = \P'\. Conse- 
quently, T' consists entirely of topological disks, each with a single puncture la- 
beled w. It follows from Propositions 5.13 and 5.22 that v can be glued to m, and so 
ind(S, S*^, P) > md{B, S'^', P'), contradicting the hypothesis. 

Next, suppose that ind(-B, S'^', P') = 1. There are now two cases: 

• \P\ = \P'\ and xiT') = m — 1. In this case, either T' consists of m — 1 
topological disks and one topological annulus, with two boundary punctures 
each, or just m — 1 topological disks. It is easy to see that the former does not 
occur: the image in Z x M of the annular component of T' is a strip with a 
slit in the middle. (See Figure 23.) Any curve close enough to this comb will 
still have this slit and so would be forced, by the maximum modulus theorem, 
to have a component on which ttd o « is constant. 

By contrast, the case that T' consists of m — 1 topological disks can occur. 
In this case, all but one of these disks has one w puncture, and one has two w 
punctures. We claim that none of the disks has two consecutive e punctures 
(not separated by a w puncture). Indeed, any two consecutive e punctures will 
have different heights in any curve with source S^'\]T'^'. But this contradicts 
the fact that \P\ = \P'\. It follows that m — 2 of the disks in T^' are trivial 
components and the remaining disk is either a join component or a shuffle 
component. 
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• \P'\ = |P| — 1 and x(T') = m. In this case, T' consists of m topological 
disks, each with a single west puncture. On first glance, it appears each disk 
may have an arbitrary number of east punctures. However, by Propositions 
5.5, 5.13 and 5.22, we can glue m to f in A^(x, y;S'^) (though perhaps not 
in A^(x, y; S'^;P)). It is then easy to see that the east punctures on a single 
component of T' will have different t-coordinates in all of the glued curves. It 
follows that if any component of T' has more than two east punctures then 
\P\ — \P'\ > 1, a contradiction. Therefore T'^' is a split curve, as in Case (4) 
of the statement. 

If ind(E, S^', P') < then, by Proposition 5.5, the moduli space A<^(x, y; S""'; P') 
is empty. 

Next, consider a general one-story holomorphic comb (m, ui, . . . , Vi). The arguments 
above then imply that the bi-decorated source t] ■ ■ ■ t] Tf' obtained by pregluing 
the sources of f i, . . . , is a join curve or a split curve. 

Finally, consider a general holomorphic comb U in (x, y; P). It follows from 
Formula (5.7) that each story of U drops the expected dimension by 1, so there are at 
most two stories. Further, each story individually has index 1, so by the arguments 
above cannot have any components at east oo. □ 

The first four kinds of degenerations will be involved in the definitions of the in- 
variants, in Sections 6 and 7. So we now show that boundary degenerations can not 
occur in certain parts of the moduh spaces. We first show that strong boundary 
monotonicity depends only on the asymptotics of the moduli space. 

Lemma 5.33. Let u G A^(x, y; 5''^; P). Let a be an arc in dS mapped by u to 
aj X {1} X M for some i. Then t o u\a : a ^ M ?5 monotonic. 

Proof. This is immediate from the fact that ttd o m is holomorphic and has image 
contained in [0, 1] x M. □ 

Definition 5.34. Let x be a generalized generator and let p = (p^, . . . , p„) be a 
sequence of multi-sets of Reeb chords. Define 

o(x,p) := (o(x)UM(p+))\M(p-) 

where o(x) and the union and difference are interpreted in terms of multi-sets, i.e., sets 
whose members may be repeated. (The idea is that o(x, p) represents the occupied 
a-arcs, with multiphcities, starting with x and passing through the Reeb chords p.) 
Let be the subsequence (pj, . . . , Pj) of p. {Hi > j the subsequence is empty.) We 
say that the pair (x, p) is strongly boundary monotonic if the following two conditions 
are satisfied: 

• For each i = 0, ...,n, the multi-set o(x, pj^^jj) is a /c-element subset of [2k] 
with no repeated elements. 

• For each M{p~) and M{pl) (as multi-sets) have no elements with multi- 
phcity bigger than 1. 

This is equivalent to the following conditions. 

• The generalized generator x is a generator. 

• M(pr^i) C o(x,P[i_^]) and M(p+ J is disjoint from o(x, p^i^^j) \ M(pr^J. 
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Since this definition depends only on o(x), we can also speak of the pair (o, p) being 
strongly boundary monotonic. 

Remark 5.35. It is clear from the original definition in terms of occupied a-arcs that 
strong boundary monotonicity is a closed condition on the compactified moduh spaces. 

Lemma 5.36. // (x, p) is strongly boundary monotonic and u G A^^(x, y; S''^; P) 
with [P] = p, then u is strongly boundary monotonic. 

Proof. This is immediate from Lemma 5.33. □ 

Lemma 5.37. Suppose that (x, p) is strongly boundary monotonic. Then the moduli 
spaces A^'^(x, y; S^] P) with [P] = p do not contain any boundary degenerations. 

Proof. Suppose that a sequence Uj G 7W^(x, y; S^; P) converges to nodal curve where 
an arc a <Z S has pinched. Let da = {d^a,d^a}, u' = limj^ooWj, and S^' the 
source of u'. Certainly vr^ o Uj{d+a) and vr^ o Uj{d_a) are contained in either the 
same a-curve or the same /3-curve; for definiteness, assume tts o Uj{da) C a". Also, 
limj^oo^ o Uj{d+a) = limj^oot o Uj{d-a). If d+a and d-a do not lie on the same 
component of dS then for j large enough, uj would violate the strong boundary 
monotonicity condition. So, let b denote the arc on dS connecting d+a and d-a, and 
b' the corresponding arc in S'. Then tou' takes the same value on the two endpoints 
of b', so tou' I b' must assume a maximum or minimum value somewhere in the interior 
of b'. It follows that t o u'\b' is constant. Hence, nn o u' is constant on the component 
of 5" containing b'. But this contradicts the fact from Proposition 5.32 that every 
component of S'^' has a puncture labeled + or — . □ 

Remark 5.38. At this point, we would hke to assert that if strong boundary mono- 
tonicity is satisfied then M {'x,y] S'^; P) is a compact 1-manifold with boundary, 
and dM^{'K, y; 5*^; P) consists of exactly the following pieces: two-story holomorphic 
buildings, degenerating a join curve, or degenerating a split curve. The difficulty 
with this statement is the case of shuffle curves and split curves with many split 
components: in these cases, the transversality needed by Proposition 5.22 is absent. 
One would hke to assert, for instance, that simple combs {u',v') in A^-^(x, y; S'^; P) \ 
A^^(x, y; S^] P) are isolated. The maps u' are, indeed, isolated, but this is not obvi- 
ous for the components v' at east oo. (This is related to the fact that the evaluation 
map from A^^(x, y; S*"*; P) coUapses strata coming from nontrivial moduh at east oo.) 

However, all we wfll need later is that the sum of the number of elements of the 
moduli spaces occurring as the boundaries of A^^(x, y; S^] P) (when the latter space 
is one dimensional) is zero modulo two. This weaker statement is Theorem 5.41 below. 

We now define formally various moduli spaces that can appear at the end of one- 
dimensional spaces, as fllustrated in Figure 25. 

Definition 5.39. Fix a one dimensional moduli space A1^(x, y; S*^; P) (or M. for 
short) satisfying strong boundary monotonicity. 

A two-story end of M is an element of A1-^i(x, w; ; Pi) x M^'^{w,y]Sl]P2), 
where w G 6(H), Pi G 7r2(x, w) and B2 G 7r2(w,y) are such that B = Bi* B2, and 
S'^ = Si[\ S2 is a way of splitting S'^ in two which divides the ordered partition P as 
Pi < P2. 
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Figure 24. A picture of the expected behavior of A<(x, y; S"^; P) C 
M{^,y;S^) (left) and a behavior of M{^,y; S"; P) C yW(x,y;5'^) 
which we have not ruled out (right). The reader might compare with 
Figure 21. 

A join curve end of M. at level i is an element of A^-^(x, y; S'^'; P'), where S'^' 
and P' are obtained in the following way. Pick an east puncture q of 5"* in the i^^ 
part of P and a decomposition Pq = Pb- Then the decorated source S'^' is any 
source with a pair of punctures a and b labeled by pa and pb, and such that S"^ is 
obtained from S^' by pregluing a join component to S^' at the punctures a and b. 
The partition P' is obtained from P by replacing q with {a, b} in the i^^ part. 

A odd (respectively even) shuffle curve end of M. at level i is an element of 
A^^(x, y; S''^'; P'), where S^' and P' are obtained in the following way. Pick east 
punctures qi and q2 of contained in the i^^ part of P, and so that the corre- 
sponding Reeb chords are nested (respectively interleaved). Then S^' is any source 
together with punctures q[ and q'2 such that is obtained from S^' by pregluing an 
odd (respectively even) shuffle component to S^' at the punctures q[ and The 
partition P' is obtained from P by replacing {^1,^2} with {q'i,q'2\ in the 1^^ part. 

A collision of levels i and i + 1 m is an element of A^^(x, y; S^'; (Pi, . . . , Pj l±l 
Pj+i, . . . , Pn)) with i satisfying 1 < i < n and S'^' is obtained from 5''^ by contracting 
arcs on •95''^ connecting punctures labeled by composable pairs of Reeb chords from 
Pi and Pj+i. (We are using here the notion of composable and the definition of l+l 
from Definition 3.5.) 

We wfll see that homological linear independence of the a-curves often prevents 
collisions of two levels: 

Definition 5.40. We say that two sets of Reeb chords Pj and p^^^ are weakly com- 
posable if for all pj G Pi and pk G Pj+i, if M{p^) = M{p~^) then Pj' = p^- 

Note that if two sets of Reeb chords are composable in the sense of Section 3.1.3 
then they are weakly composable, but the converse is false. 

We are now ready to state the theorem we will use to prove all the algebraic 
properties of our modules. 
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Figure 25. Schematics and examples of the four kinds of degenera- 
tions of Theorem 5.41. Far left: degenerating into a two-story building. 
Center left: degenerating a join curve. Center right: degenerating a 
split curve. Far right: degenerating a shuffle curve. 

Theorem 5.41. Suppose that (x, p) is strongly boundary monotonic. Fix y, B E 
7r2(x,y), 5^ and P so that [P] = p and ind(5, S% P) = 2. Let M = M^{^,y;S^; 
P) . Then the total number of all 

(1) two-story ends of M., 

(2) join curve ends of M., 

(3) odd shuffle curve ends of M., and 

(4) collision of levels i and i + 1 in M. 

is even. Moreover, in Case (4) the parts Pi and Pj+i are weakly composable. 

Proof Let t/<e denote the open subset of A^^(x, y; 5''^; P) where two parts of P have 
height difference < e. Let f/ghuf denote the union of a smeared neighborhood of each 
shuffle curve end in A^^(x, y; S'^; P). It foUows from the results above that 

Ml^pped = M^i^. y; P) \ iu<e u t/,huf) 

is a compact 1-manifold with boundary (smoothness following from Proposition 5.5, 
compactness from Proposition 5.20), the boundary of which consists of the following 
pieces: 

• Two-story holomorphic buildings (mi,M2). For e smaU enough, the number 
of these correspond exactly to the number of two-story ends of M. (This is 
ensured by Proposition 5.21). 

• Simple holomorphic combs {u,v) with v a join curve. For e small enough 
the number of these boundary components is the number of join curve ends of 
M. (This is an application of Proposition 5.22, with transversality hypotheses 
ensured by Propositions 5.5 and 5.13) 

• An even number of points for each even shuffle curve end, and an odd number 
of points for each odd shuffle curve end. (This is an application of Proposi- 
tion 5.31.) 

• The subspace of A^^(x, y; P) where two parts differ in height by e. By Propo- 
sitions 5.29 (if at least one split curve degenerates) and 5.5 (if no split curves 
degenerate), for e small enough the number of boundary points of this form 
agrees, modulo 2, with the number of colhsions of two levels from 5^. The 
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fact that the levels must be weakly composable follows from strong boundary 
monotonicity. 

We have accounted for all the boundary components, in view of Proposition 5.32, 
combined with Lemma 5.37 (which excludes possible boundary degenerations). 

In the above list, in the first two cases, e should be small enough that no degen- 
erations of this kind occur in \ -^^^ropped' ti^a third case, e should be small 
enough that f/<e is disjoint from Ughuf- In the fourth case, e should be small enough 
for Proposition 5.29 to apply. □ 

Remark 5.42. We will see in Lemma 5.56 that for moduli spaces of embedded curves, 
the only collisions which occur are ones in which the colliding parts are composable 
(as defined in Section 3.1.3) and not merely weakly composable, as well as similar 
restrictions on the join curve and shuffle curve ends. 

5.5. More on expected dimensions. Recall from Proposition 5.6 (Formula (5.7)) 
that the expected dimension of A4'^(x, y; S"^; P) depends on the topology of the source 
curve. Our aim here is to study an index formula which depends on the source curve 
only through its homology class B and its asymptotics P. We establish two key 
properties of this index: 

• In cases where we have an embedded source curve representing the homol- 
ogy class, this formula agrees with our earlier index formula (according to 
Proposition 5.47 below). 

• The index is additive under juxtapositions (Proposition 5.53). 

A fundamental consequence of the index formula is the following: 

• For coUisions of levels occurring in the boundaries of two-dimensional, strongly 
boundary monotonic moduli spaces, the colliding levels are composable, rather 
than just weakly composable (Lemma 5.56). 

This last property is the justification for setting double crossings of strands to zero 
in the algebra associated to a surface. 

Before stating the index formula, we recaU and extend some definitions from Sec- 
tion 3.3.1. For ai,a2 G Hi{Z',Si), recall that L{ai,a2) = m{a2,Sai) is the "linking" 
of ai and 0^2 • Concretely, if the are represented by single Reeb chords pi, we have 

'1/2 ifp+ = P2 

-1/2 ifp^ = pr 

L{[pi], [p2]) = {0 if pi n p2 = or pi C P2 or p2 C pi or pi = p2 

1 a p^ <P2 <pt < pt 

-1 if p^ < p^ < p+ < p+. 

(Recall the definition of < from Section 3.2.) Also recaU that for a G A{n^ k) with 
starting idempotent S, L{a) = inv(a) — m{[a],S) is the Maslov component of the 
grading of a. We can again express this more concretely for algebra elements expressed 
as Reeb chords. 

Lemma 5.43. For p a set of Reeb chords so that a{p) 7^ 0, 



L{a{p)) = - J2 \H[pi]Ap2 

{pi,P2}Cp 
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Proof. Recall from the proof of Proposition 3.20 that t(a) is unchanged under adding 
horizontal strands; thus we may pretend that the only strands in a(p) are those coming 
from the Reeb chords in p. Both terms in t(a(p)), namely inv(a(p)) and m([p],p~), 
can be written as sums over pairs of Reeb chords or single chords. A single chord 
contributes —1/2 to m([p],p~), while a straightforward case analysis shows that the 
contribution to the sum from a pair of chords is —1 if they are interleaved, —1/2 if 
the endpoints abut, and otherwise, as in the statement. □ 

We will shorten notation and write L{pi, P2) for L{[pi], [p2]) and for L{a{p)). 
Also, for a strongly boundary monotonic sequence of sets of Reeb chords p = (p^, . . . , 
p^), define t(p) by 

(5.44) i{p)■.= Y,^{P^) + Y.LiP^^P,)■ 

i i<j 

Lemma 5.45. For p a strongly boundary monotonic sequence of Reeb chords, t{p) 
is the Maslov component of gT'{a{p{)) ■ ■ ■gr'(a(p^)). 

Proof. Clear from the definitions and Lemma 3.17. □ 

Finally, for x G ck fl /3 and B a domain, define nx{B) to be the average of the 
local multiphcities of B in the four regions surrounding x, and for x G 6(7i), define 

Definition 5.46. We say that a pair {B,p) with B G 7r2(x, y) and p a sequence 
of sets of Reeb chords is compatible if the homology classes on the boundary agree, 
[p] = d^B, and (x, p) is strongly boundary monotonic. For such a pair, define the 
embedded Euler characteristic^ embedded index, and embedded moduli space by 

Xemh{B, p) := g + e{B) - n^{B) - ny{B) - i(p) 
ind(5, p) := e{B) + n^{B) + ny{B) + |p| + i{p) 

-M''(x,y;p):= U A^^(x,y;5^P). 

[P]=p 

Define A^^(x, y; p) similarly. 

Justification for this terminology is given by the following proposition. 

Proposition 5.47. Suppose that A4^{'x,-y; S^; P) admits a holomorphic representa- 
tive u. Then 

(5.48) x(5)=Xcmb(5,[P]) 

if and only if u is embedded. When u is embedded, we also have 

(5.49) ind(5, 5^ P) = md{B, [P]). 

Proof. We imitate the proof of [20, Proposition 4.2], to which the reader is referred 
for a more leisurely account. We prove that if m is embedded, the Euler characteristic 
is as stated; the other direction, and the index formula, are immediate consequences. 
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Fix an embedded holomorphic curve u e A^^(x,y;5^;P). Let br(u) denote the 
ramification number of tts o u. (Here, boundary branch points contribute 1/2.) By 
the Riemann-Hurwitz formula, 

X{S) = e{S) + g/2 + c/2 = e{B) - hi^u) + g/2 + c/2 

where c = |Pj| is the total number of Reeb chords (e punctures). So, to compute 
x{,S) we only need to compute br(M). 

Let tr{u) denote a copy of u translated by R units in the M-direction. We will 
prove the result by comparing u ■ tr{u) for R small and R large. 

Assume now that the partition P is discrete, i.e., each part Pi consists of a single 
puncture labeled by pi, we will return to the general case at the end of the proof. 
Since u is embedded (including near the boundary), for small e the curves u and t^{u) 
intersect only near where u is tangent to d/dt, i.e., at branch points of u. Since u 
and Te(M) are J-holomorphic, their algebraic intersection number is br(M). (Here and 
later, intersections along the boundary count for 1/2.) 

On the other hand, for R large, the number of intersections of u and tr{u) is 
u ■ tr{u) = ny^{B) + ny{B) — g/2. We will show that 

(5.50) u-T^{u) -u - tr{u) = ^ L{pi, pj). 

i<j 

and so 

x{S) = e{B)-hT{u)+g/2 + \P\/2 
= e{B)-u-T,{u)+g/2+\P\/2 
= e{B) - u ■ tr{u) + ^7/2 - ^(Pi, P,) + |i^|/2 

= g + e{B) - n^{B) - UyiB) - l{P) 

as desired. 

It follows from a simple Schwartz reflection argument that the intersection number 
u ■ Tr{u) can only change when an e puncture of Tr{u), mapped to pi, say, passes an 
e puncture of u, mapped to p2, say. Call this change —L'{pi, P2); that is, L'{pi,p2) is 
the number of double points which disappear when pi goes from below p2 to above p2- 
We claim that L'{pi, P2) is universal, depending only on pi and p2, and not on u itself. 
Equation (5.50) wiU then follow from a few model computations. 

To see that L'(pi,p2) is universal we employ a doubhng argument, which also 
computes L'(pi,p2). That is, we construct a new Heegaard diagram with boundary 
(S', cx', f3' , z), which we glue to E along the boundary. We also construct holomorphic 
curves U2 and ui which can be glued to u and Tr{u) respectively, yielding curves UU2 
and Tr{u)ui, respectively. Since the number of intersections between uu2 and Tr{u)ui 
is topological, remaining constant under deformations ofuu2 and Tr{u)ui, the number 
L'{pi,P2) is equal to the number of double points which appear when ui is shd up 
relative to U2- 

In fact, it suffices to construct E', ui, U2 and so on locally near pi U p2- The 
constructions of E', ui and U2 can then be made to depend only on pi and p2, not on 
the curve u itself. This implies that L'(pi,p2) depends only on pi and p2. 
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Our model curves will have the domains shown in Figure 26. We distinguish 6 
different cases of how pi and p2 can overlap. 

(1) pf = P2- In this case, L'{pi,p2) = 1/2. We choose the curves ui and U2 to 
consist of one strip each, as indicated in Figure 26 (upper left). When sliding 
Ui up past U2, one boundary double point appears. 

(2) pj" = In this case, L'(pi,p2) = —1/2. This case is the same as case (1), 
with the roles of Ui and U2 exchanged. 

(3) pi is nested inside p2 or vice-versa. In this case, L' = 0. Indeed, taking ui 
and U2 to consist of one strip each, as indicated in Figure 26 (upper right), 
there are no intersection points between ui and U2 no matter how they are 
slid. (A degenerate sub-case is when pi = p2.) 

(4) pi and p2 are disjoint. In this case, L'(pi,p2) = 0. Taking ui and U2 to each 
consist of a single strip, as in Figure 26 (lower left) again gives no intersection 
points, no matter how they are slid. 

(5) (pi,P2) is interleaved, with Pi < P2 < Pi < pt ■ Iii this case, L'(pi,p2) = 1. 
Take Ui and U2 to consist of a single strip each, as in Figure 26 (lower right). 
Then if M2 is slid much higher than ui, there are no intersection points, while 
if M2 is much lower than mi, there is a single interior intersection point. 

(6) (p2,Pi) is interleaved, with P2<Pi<P2^ Pi - Iii this case, L' = —1. This is 
the same as case the previous case, with the roles of ui and U2 reversed. 

This completes the proof in the case that P is a discrete partition. In the general 
case, it is not true that br(u) is equal to the intersection number of u with t^{u) for 
e small. That is, there may be intersection points of u and t^{u) which run off to 
east cx) as e — i> 0. This phenomenon is a simple variant of the change in number of 
double points studied above, and it follows from the model computations used above 
that 

M-r,(u) -br(n) = ^ \L{pa, pb)\. 

* {Pa,Pb}<^Pi 

Otherwise, the argument proceeds as before. The result follows from Lemma 5.43. □ 

Since Proposition 5.47 assumed the existence of a holomorphic curve, it is not 
obvious that ind(i?, p) is additive. To prove this, we will adapt Sarkar's proof of the 
same fact in the non-bordered case [38, Theorem 3.2] to our situation. We start with 
a definition and some lemmas. 

Suppose a is an oriented sub-arc of a, with endpoints in an/3, and h is an oriented 
sub-arc of /3, with endpoints in a n /3. We define the jittered intersection number 
a-b as follows. Let asw, O'SE, cinw, and a^E denote the four translates of a shown in 
Figure 27. The endpoints of these translates are disjoint from /3, and the translates 
do not intersect a (1 f3. The translates inherit orientations from the orientations of 
a and b. Consequently, the intersection numbers asw ■ b, . . . ,aNE ■ b are well defined. 
Define 

a-b = - (asw " b + asE ■ b + a^w " b + a^E ■ b) . 

Note that, instead of jittering a we could have jittered b with the same result. We 
extend the definition of a ■ 6 bilinearly to cellular 1-chains a contained in a and b 
contained in /3. We define b - a analogously. We also define a - a' for a and a' both 
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Figure 26. The domains of model curves used to compute inv'. Top 
left: case (1). Case (2) is obtained by switching pi and p2- Top right: 
case (3). Bottom left: case (4). Bottom right: case (5). Case (6) is 
obtained by switching pi and p2- In the top two pictures, a schematic 
for ui{dSi),U2{dS2) C ck x {1} x M is also shown. 



a 



NW 



NE 



-> a- 



sw 



SE 



b 

ab=l 
ba=-l 



b 

ab=-l 
ba=l 



Figure 27. Left: the four translates asw, clse, clnw, and qne of an 
arc a. Right: conventions for intersection numbers. 

contained in cx (or f3) in exactly the same way. (This definition is analogous to the 
definitions of nx(-B) for Proposition 5.47 and m{a, P) in Section 3.3.1.) 

The following lemma is due to Sarkar [38, Section 3]. For the reader's convenience 
we repeat the proof here. 

Lemma 5.51. The jittered intersection number a ■ b has the following properties: 

(1) a ■ b = —b ■ a. 

(2) If a and a' are both contained in cx then a - a' = 0. 

For the remaining items, let B G 7r2(x, y), a = d"{B), b = d^{B), B' E 7r2(y,w), 
a' = 9" (5'), andb' = d^{B'). 

(3) n^{B) -ny{B) = a-b. 

(4) n^{B') - ny{B') = a' ■ b and ny{B) - n^{B) =a-b'. 

(5) // B and B' are provincial then a ■ b' + b ■ a' = 0. 

Proof Properties (1) and (2) are obvious. 
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Figure 28. Parts (3) and (4) of the proof of Lemma 5.51. Left: 
part (3). The arrows show the orientations of a and b from dB. Notice 
that a-bsE = —1 and ny^^ = ny^^sE — {ci-bsE)- Right: part (4). The hori- 
zontal arrow indicates the orientation induced by dB\ the vertical arrow 
the orientation induced by dB. Notice that a' ■ hsE = — 1 = riy^^sE — 
nw,SE- 



To understand Property (3), assume for simplicity that a and b are embedded arcs, 
and consider the path bsE- The multiphcity of B at the starting point of bsE is 
nygj^{B). Each time bsE crosses a, the multiphcity of B increases by 1, for intersec- 
tions contributing positively to a ■ 6, or decreases by 1, for intersections contributing 
negatively to a ■ 6. Consequently, at the ending point of bsE, the multiplicity ny^^s 
riygj^ + ■ ^SE and so ny^^^^B) — nyg^{B) = a ■ bsE- Averaging over the four possible 
directions gives the result. Property (4) is proved similarly to Property (3), using b' 
instead of b. See Figure 28 for an example of these two properties. 

Finally, Property (5) follows from the fact that a — b and a' — b' are null-homologous 
1-chains, so (a — 6) ■ (a' — b') = 0. But by bilinearity and Property (2), this reduces 
to a ■ 6' + 6 ■ a' = 0. □ 

We can extend Property (5) of Lemma 5.51 to non-provincial domains, as well. 

Lemma 5.52. With notation as in Lemma 5.51, for arbitrary B and B' , we have 
a-b' + b-a' = L{d^B,d^B'). 

Proof. We now have that a — 6 + d^B and a' — 6' + d^B' are null-homologous 1-chains, 
so their cap product in homology is 0. We can relate this to an extension of the 
jittered intersection product by, for instance, treating dT, as an extra /3-circle. The 
terms that do not vanish identically are 

(a - 6 + d^B) ■ (a' - b' + d^B') = -a ■ b' - b ■ a' + a ■ d^B' + d^B ■ a' = 0. 

Almost by definition, a-d^B' = \m{d^B\ 6{d^B)) and d^B-a' = -\m{d^B, 6{d^B')). 
Both of these terms are equal to ^L{d^B^d^B'), as desired. □ 

Proposition 5.53. The index is additive in the following sense. Let B G 7r2(x, y) 
and B' G 7r2(y, w), and let p and p he sequences of sets of Reeb chords with [p] = d^B 
and [p'] = d^B'. Then md{B, p) + ind(5', p) = md{B * B', {p, p)) 

(Here, {p,p) denotes the sequence obtained by simply concatenating p and p.) 
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Proof. It is clear that terms e{B) and \p\ of Definition 5.46 are additive. Thus, we 
must show that 

n^{B) + ny{B) + + n^{B') + l{p) + i(p ) 

= n^{B + 5') + n^{B + 5') + .((p, p'))- 

On the other hand, we have 

[n^{B') - ny{B')] - [n^^B) - n^{B)] = a' ■ b - a ■ b' 

= a' -b + b-a' - L{d^B, d^B') 

= ^(p) + ^(p) - l{{p,p)), 

where the first equality uses property (4) of Lemma 5.51, the second uses Lemma 5.52, 
and the third uses property (1) and the definition of l. This is equivalent to what we 
were trying to show. □ 

We finish this section with two lemmas relating to which holomorphic curves occur 
in the boundary of moduh spaces of embedded curves. 

The first lemma states that, as usual, the maximal index parts of the moduh space 
come from embedded curves. Together with additivity of ind(i?, p) (Proposition 5.53) 
this implies that if a sequence of embedded holomorphic curves converges to a multi- 
story holomorphic building then all of the stories are embedded — a fact we will use 
in Propositions 6.6 and 7.8, for instance. 

Lemma 5.54. Suppose that 7Vl-^(x, y; 5"^; P) is nonempty for some generic almost 
complex structure J. Then x{S'^) ^ Xemb{B, [P]), and consequently md{B,S^,P) < 
ind(S, [P]). The same is true if M-^i^K., y; S^] P) admits a holomorphic representative 
in some generic 1-parameter family of almost complex structures. 

Proof. It follows from standard gluing arguments that interior double points can 
be resolved, decreasing the Euler characteristic by 2 and increasing the expected 
dimension by 2. (Alternately, this lemma can be proved by imitating the proof of 
Proposition 5.47 for a curve with double points.) □ 

Corollary 5.55. Fix a generic almost complex structure J. Suppose that {B, p) has 
ind(-B, p) = 2. Then the two-story building which occur in the boundary of the embed- 
ded moduli space A^-^(x, y;p) (as in Theorem 5.4-1, say) are embedded. Equivalently, 
if {ui,U2) is such a two-story building, with Sf the source ofui, Bi the homology class 
of Bi and Pi the ordered partition associated to Ui then: 

• X{S\) = X.m^{B,,Pi) 

• iYld{Bi,Pi) = 1. 

Proof. This follows from Lemma 5.54 and the fact that moduh spaces of negative 
expected dimension (ind < 0) are empty (Proposition 5.5). □ 

The second lemma states that when two levels collide in a sequence of embed- 
ded curves, the corresponding parts of a partition must be composable (as in Sec- 
tion 3.1.3), and not merely weakly composable (Definition 5.40). Similar statements 
hold for splittings and shuffles. 
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Lemma 5.56. Let (x, p) satisfy the strong boundary monotonicity condition, and 
B G 7r2(x, y) be compatible with p. Suppose that ind(i?, p) = 2. Suppose there is a 
holomorphic comb {u,v) in 9A^^(x, y;p), and let p be the sequence of sets of Reeb 
chords appearing as asymptotics of u. Then 

(1) if two levels p^ and p^j^-y collide in u, Pj and p^^^ are composable; 

(2) if u is a join curve end at level i, p[ is a splitting of p^; and 

(3) if u is an odd shuffle curve end at level i, p'j is a shuffle of p^. 

Proof. For the first statement, by Theorem 5.41 we know that Pj and p^^i are weakly 
composable. By Lemma 3.21, if p^ and p^^^ are weakly composable but not compos- 
able, then gr'(a(piWp^+i)) < gr'(a(pi)) gr'(a(pi+i)), so, by Lemma 5.45, i(p) < l{p). 
Therefore md(-B, p ) < md{B, p) + (|p | — |p|) = 1. Thus the embedded moduh space 
A1^(x, y; p) has negative expected dimension and is therefore empty. 

Similarly, a join curve end at level i gives a weak splitting of Pj by definition. 
By Lemma 3.21, for a weak splitting that is not a splitting we have gr'(a(p-)) < 
gr' (a(pj)) — 1. This imphes that ind(-B,p) < 1, so again A^'^(x, y;p') has negative 
expected dimension. 

The case of odd shuffle curve ends is simflar. □ 

Remark 5.57. A simflar analysis shows that even shuffle curve ends on the boundary 
of a 1-dimensional embedded moduh space all have negative expected dimension . 
We do not use that, as we already showed in case 2 of Proposition 5.31 that such 
curves appear an even number of times on the boundary of any moduli space. 

6. Type D modules 

We now turn to defining the type D module CFD{7i) associated to 7i, a bor- 
dered Heegaard diagram, using the work on the structure of the moduh spaces from 
Section 5. 

6.1. Definition of type D module. Let 7i be a bordered Heegaard diagram for 
a three-manifold Y (in the sense of Definition 4.2), and let Z be the reverse of 
the pointed matched circle (in the sense of Definition 3.9) appearing on the boundary 
of ?i = (E, a, z). That is, Z is (Z, aflSS, M, 2;), where Z := — (9S has its orientation 
reversed (and in particular, the Reeb chords run in the opposite direction). Let A{Z) 
be the associated algebra, as in Section 3. We wifl also abbreviate A{Z) by just A 
when it causes no confusion. 

Our aim here is to define CFD{H) as a left module over A = A{Z). 

Let &{H) be the set the generators of 7i, as defined in Definition 4.7: subsets of 
ctf] f3 with 

• g elements in afl, 

• exactly one element on each f3 circle, 

• exactly one element on each a circle, and 

• at most one element on each a arc. 

Let X{T-C) be the F2-vector space spanned by &{H). Recafl from Section 4.3 that, 
for X G &{Ti.), o(x) C [2k] is the set of a-arcs occupied by x. Define /d(x) to be 
/([2/c] \ o(x)); that is, the idempotent corresponding to the complement of o(x). We 
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can now define an action of the sub-algebra of idempotents X inside A on X(H) via 



(6.1) lis) 



I{s) = Ini^) 
otherwise, 



where s is a fc-element subset of [2k], as in Formula (3.10). In particular, the sum- 
mands A{Z,i) oi A{Z) act trivially on CFD{n) for i ^ 0. 
As an F2 vector space, CFD{H) is 

CFD{n) ■.= A(»jX{n). 

The module structure on CFD{7i) is quite simple; it is defined by 

(6.2) a ■ (6(g)x) := {ah) (g) x. 

The differential on CFD(H), on the other hand, involves counting moduli spaces 
A1^(x, y; p), where p is a sequence (pi, . . . , pk) of Reeb chords. (Here we are using p 
both for a sequence of Reeb chords and for the corresponding sequence of one-element 
sets of Reeb chords.) Recall that a(pj) is the element of A associated to pi, as in 
Section 3.2. For pa sequence of Reeb chords, let a(p) be the product a(pi) ■ ■ ■ a{pk), 
and let — p be the sequence (— pi, . . . , —pk) of Reeb chords with reversed orientation, 
i.e., if p is a Reeb chord on dH, — p is a Reeb chord on Z, which is —dH. 

Definition 6.3. For x, y G &{H) and B E 7r2(x, y), define 



"x,y 



J2 #(A<^(x,y;p-'))a(-p-). 

{p\md{B,p)=l} 



Here there is also an imphcit condition that {B,p) is compatible (i.e., that (x,p) is 
strongly boundary monotonic and d^B = [p]); we will often omit such conditions. 
Compactness of the moduh spaces A^^(x, y; p) implies that the sum defining a^y is 

finite. We now complete the definition of CFD(H) by defining 

y66(W) Be7r2(x,y) 

and extend via linearity and the Leibniz rule to all of CFD{H) by 9(ax) := (9a)x + 
a(dx). 

Remark 6.4. The map 61 : X{H) ^ A^j X{H) given by 

6i{x) := d{I(^x) 

defines a type D structure over A with base ring I on X{H), in the sense of Def- 
inition 2.12. (The compatibility relation is equivalent to Proposition 6.6 below.) 
Similarly Theorem 6.23 shows that this type D structure is homotopy invariant as a 
type D structure, not just as a module. 

Lemma 6.5. IfH is provincially admissible, then the sum in the definition of dii. on 
CFD{H) is finite for every x. If TC is admissible, the resulting type D structure is 
bounded in the sense of Definition 2.14- 
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Proof. Since the fibers of tt^ are holomorphic, the intersections of any pseudo-holo- 
morphic curve with a fiber are positive and so the domain of a holomorphic curve is 
positive. From Proposition 4.19 we then see that ii H is provincially admissible, for 
a given x, y, and p the union over B of 0-dimensional moduli spaces A^^(x, y; p) is 
finite. There are only finitely many possible generators y and algebra elements a E A; 
furthermore, for any given a there are only finitely many ways to write it as a product 
of Reeb chords, and so only finitely many possible p. The first statement then follows. 

If 7i is admissible, then by Proposition 4.20, there are only finitely many non-empty 
A^^(x, y;/?); in particular the dimension of any such moduli space is bounded, say 
by A^. Then, in the language of Definition 2.14, 5Ar+2(x) = for all x. □ 

Proposition 6.6. The boundary operator d on CFD{H) satisfies d"^ = 0. 

The proof of Proposition 6.6 involves a number of pieces, some of which we give as 
lemmas. The impatient reader is encouraged to skip to the examples after the proof, 
which illustrate the most important cases which arise in the verification that d'^ = 0. 

In our first lemma, we look at which ordered lists of Reeb chords p actually con- 
tribute to the boundary operator. 

Lemma 6.7. Suppose that (x, p) is strongly boundary monotonic and lD{'x.)a{—p) ^ 
0. Then for each i, M{p-) ^ M{pf). 

(See also Lemma 9.6.) 

Proof. Recall from Definition 5.34 that strong boundary monotonicity says that there 
is a sequence of subsets oi = o(x, p[i_j]) so that Oj = (oi_i \ {M(p,~)}) U {M{pl)}. 
On the other hand, let hi = /£)(x)a(— p[i j]). If hi ^ 0, there is a unique idempotent 
/(sj) so that bil{si) ^ 0; in particular sq = = [2k] \ o(x). We also have Sj = 

\ {M(p+)}) U{M(pj~)}, using the fact that reversing the orientation switches the 
endpoints p~ and pf, so M((— pj)~) = M{pf). From this it follows by induction that 
Si is the complement of Oj for all i. But then we have M{p~) G Oj (by strong boundary 
monotonicity) and M{pf) G Si (since bia{—pi) ^ 0), so M{p~) ^ M{pf). □ 

The next two lemmas identify how some of the terms in Theorem 5.41 relate to the 
algebraic framework. Specifically, a term in c?^x can come either from aiy appearing 
in c?x and appearing in dy, contributing aia2Z to c?^x, or from ay appearing in 
9x and a' appearing in da, contributing a'y to 9^x. In either case there is a geometric 
interpretation. 

Lemma 6.8. For x,w,y G 6(7i), Bi G 7r2(x, w), and B2 G 7r2(w,y), vje have 



"'x,w"'w,y 



E #[-M''Kx,w;p-'i)xA^^^(w,y;p-'2)]a(-p-'). 

{p\md{B,f>)=2} p=(Pi,P2) 



Proof. Clear. □ 
Lemma 6.9. For x, y G ©(7i) and B G 7r2(x, y), vje have 

^"x,y= Yl #A<^(x,y;(pi,...,PiWpi+i,...,p„))a(-p). 

{p\md{B,p)=2} Pi>Pi+i 

composable 
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Proof. By definition, 

«x,y= XI [#-^^(x,y;p)] a(-pi)---a(-p^). 

{p I ind(B,p)=l} 

and so 

d<y = E E [#-^''(^' y; p)] ■ ■ ■ (^(«(-pO)) ■ ■ ■ <-Pm) 

{p\\nd{B,p)=l} i 

= E E E [#-^^(^'y'P)] «(-Pl)■■■«(-Pi)«(-Pfc)■■■«(-P"^)• 

{p| ind(_B,p)=l} i Pi=P]^Pk 

To see this, note that if pj and are composable (in that order), then —pj and —pk 
are not composable; thus, 

^{a{-p^)) = a{-pj)a{-pk). 

{a,b \ pi=pj\i)pk} 

Now, from the definition of ind(-B,p) (Definition 5.46), if pi = pj l±l pk then 

ind(5, (pi, ...,pj,pk,..., Pm)) = ind(5, (pi, . . . , p^, . . . , p„)) + 1 = 2. 

(By contrast, ind(i?,p) = ind(i?, (pi, . . . ,pk,Pj, ■ ■ ■ ,Pm))-) The result follows by rein- 
dexing the sum to run over p^ = (pi, . . . , pj, p^, . . . , p^)- □ 

Proof of Proposition 6. 6. Roughly, the proof proceeds by considering the boundaries 
of the index 1 moduh spaces. More precisely, we appeal to Theorem 5.41. 
Observe that 



92 (ax) = d 



(9a)x + a i ^ ax,wW j 



((92a)x + 2((9a)(9x) + a 



^(9ax,w)wj + ( ^ ^ ax,waw,yy J 



w y 



where here a^^ = J2b ^^,y suffices to show that for all x and y, 

<9(ax,y) + E '^x.wCtw.y = 0. 
w 

(This is already implicit in Lemma 2.13.) 

Fix generators x and y. Fix also B G 7r2(x, y), and an algebra element a. Fix a 
factorization a = a{—p) of a such that md{B,p) = 2. (This index condition in fact 
depends only on a.) By Theorem 5.41, applied to (x, y, i?,p) and the union, over 
all sources S'^ with xiS) = Xemb(-S,p), of A^-^(x, y; S''^; P), the sum of the following 
terms is equal to zero: 

(1) The number of two-story ends, i.e., the number of elements of 

A^^nx,w;pi) X A^^^(w,y;p2) 
where B = Bi * B2 and p = (pi,p2). 
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(2) The number of join curve ends, i.e., the number of elements of 
-^^(x, y; (pi, . . . , Pi-i, {pj, Pfc}, Pi+i, . . . , Pn)) 



where pi = pj W pfc. 

(3) The number of spht curve ends (necessarily with one split component), i.e., 
the number of elements of 



where p+ = p^^^. 

(4) The number of other colhsions of levels, i.e., the number of elements of 

-^^(x, y; (pi, . . . , Pi-i, {pi, pi+i}, Pi+2, • • • , Pn)) 
where p+ ^ pr^^. 

(Both the third and fourth contributions come from the fourth case of Theorem 5.41. 
Shuffle curve ends cannot happen when the partition is discrete.) 

By Lemma 6.8, the first term corresponds to a^^^a^^y, and by Lemma 6.9 

the third term corresponds to J2b ^^^,y ^i^^ show that the remaining two terms 
cancel against each other. 

For the fourth term, there are several cases that cannot contribute: 

• M{p~) = M{p1j^^) or M{pf) = M{pI_^^). This never occurs by Lemma 6.7 
and strong boundary monotonicity. 

• M{pf) = M(p^j^) and pf ^ P^^i- This would have a boundary degeneration, 
violating Lemma 5.37. 

• M{p~) = M{pf_^-i) and p^ 7^ Pi+i- In this case, a(— pj)a(— p^+i) = 0. 

• (pj,pj+i) are interleaved (in that order). This degeneration does not occur 
in codimension one for embedded curves. More precisely, then the sets {pi} 
and {pi+i} are not composable by Definition 3.5, so by Lemma 5.56 this 
degeneration cannot occur. 

• (pj+i,pi) are interleaved. Then a(— pj)a(— p^+i) = as there are double cross- 
ing strands. 

The remaining possibilities are 

(4a) pl = pfj^^. These are exactly the moduh spaces which occur in Case (2), 
for the factorization a(— pi) ■ ■ ■ a(— (pi W Pi+i)) ■ ■ ■ a{—p„) of a. So, these two 
contributions to d'^ cancel. 



(4b) {M{p-),M{pl)} n {M{p;^^),M{pl_^^)} = 0, with {pi,pi+i} nested (in either 



order) or disjoint. In this case, the same degeneration also occurs for the 
factorization a(— pi) ■ ■ ■ a(— pj+i)a(— pj) ■ ■ ■ a(— p„) of a (also in Case (4b)). So, 
these two contributions to d'^ cancel. 



The most interesting points in the proof of Proposition 6.6 are seen in the following 
examples, fllustrated in Figure 29. We put the boundary of S on the right to visually 
indicate that the orientation of 9S is reversed in the algebra. 



X, y; (pi, . . . , Pi_i, Pi W pi+i, pi+2, . . . , Pn)) 



This completes the proof. 



□ 
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Example 6.10. On the left of Figure 29 is a piece of a diagram with four generators. 
The complex CFD of this piece satisfies the relations 

d{a,c}= [l]{a,d}+[l]{e,c}. 
d{e, c} = {b, d}. 
d{a,d}=[l]{b,d}. 

The fact that 9^ = follows from the relations in the algebra, more specifically 

[J]'[i] = [i]- 

This illustrates Case (1) in the proof of Proposition 6.6 (at the two two-story ends of 
the moduh space), as well as the cancellation of Case (2) and Case (4a) (when the 
boundary branch point goes out to 9S). The reader may also want to compare with 
Figure 5. 

Example 6.11. In the center of Figure 29, we have 

d{a,c}=[l^]{b,c}+[l^]{a,d}. 
d{b,c}=[r]{b,d}. 
d{a,d}= [l']{b,d}. 

The fact that d'^ = follows from the fact that ct({ 4 }) and a({ 2 }) commute in the 
algebra — or, more precisely, because 

This is the self-cancellation of Case (4b) of the proof of Proposition 6.6. 
Example 6.12. On the right of Figure 29, we have 

d{a}=[r]{b}+[l']{c}. 

d{b}=[l']{c}. 
Here, d'^ = because of a differential in the algebra: 

d[V] = [U] = [V] ■ [I']- 

This illustrates Case (3) of the proof of Proposition 6.6, or equivalently Lemma 6.9. 

6.2. Twisted coefficients. As with the original Heegaard Floer homology [32, Sec- 
tion 8], there are versions of CFD{H) with twisted coefficients. We describe the 
twist by H2{Y,dY). Recall from Lemma 4.10 that, for any x G &{H), 7r2(x, x) = 
H2{Y,dY). For each spin'^ structure s on F, pick a base generator xq G 6(7Y, 3). 
(For spin'^ structures s without any generators, the twisted chain complex is 0.) Let 
&{H,s) be the set of elements of the form e^x, where x G &{H^s) and B G 7r2(xo,x). 
Let X(7i, s) be the F2 vector space spanned by &{H,s). There is an action oiI{Z) 
on X(7i, s), where 

/(.).e^x:=|" '('^ = W 
otherwise 
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Figure 29. Local illustrations of possible contributions 
in the type D module. Left: a family of curves with one end 
story building and the other end a join curve end. Center: a 
of curves with a two-story building at one end and a collision 
levels (not resulting in any split curves) at the other. Right: a 
of curves with a two-story building at one end and a collision 
levels, degenerating a split curve, at the other. 
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as in Equation (6.1). As a module over define the twisted chain complex CFDiH, s; 
H2{y,dY)) (or just CFD (n,s)) to be A(S)xX{n,s). There is a natural action of 
H2{Y,dY) on CFD iH, s), by composition with the corresponding periodic domain: 
For a e H2{Y,dY) corresponding to 5 G 7r2(x, x), define 



As in the untwisted case, the action of A on CFD jH, s) is given by left multiplica- 
tion: 

a - (biS) e^x) := (ab) (g) e^x. 
For the boundary operator, we now distinguish the diff'erent homotopy classes: 

9(e^"x):= Y: E <y^""*"y- 

yee{'H,s) Be7r2(x,y) 

The proof of Proposition 6.6 carries through, as does Theorem 6.23 below. 

6.3. Gradings. We now turn to defining a grading on CFD{H). As described in 
Definition 2.26, this grading gr' takes values in a set G'^{H,s) (depending on a spin'^ 
structure s) with a left action of the grading group G'{Ak). We will also define a 
refinement gr of the grading taking values in a set with an action of the smaller group 
G{Z). 

As with the algebra A{Z)^ the group G'{Ak) is to be interpreted as the group 
associated to Z, which is —dH. In particular, in the definition of the product on 

[ki, ai) ■ {k2, 02) := (^1 + + L{ai, 02), "i + "2) 
(from Equation (3.14)), the correction term L{-,-) is the negative of what it would 
be without this orientation reversal. To distinguish between the two possibilities, we 
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write Lz{-, ■) for the correction term from the orientation for Z, and Lgjii--, ■) for the 
correction term with respect to the orientation induced by Ti. 
We start by defining a grading on domains. 

Definition 6.13. For x,y G e{H) and B G 7r2(x,y), define g'{B) G G\Ak) by 

(6.14) g\B) := (-e(5) - n^{B) - n^{B), d\B)). 

Lemma 6.15. For Bi G 7r2(x, y) and B2 G 7r2(y,z), vje have 

g\B^)g'{B2)=g\B,*B2). 

Proof. This is obvious for the homological component. For the Maslov component, 
as in the proof of Proposition 5.53, the Euler number e{B) is additive, and by 
Lemma 5.52 the failure of additivity of — rix and —riy matches the correction term 
Lz{d^{Bi),d^{B2)) in the group structure. □ 

For pa sequence of Reeb chords, let gr'(p) be the product YYi^i S^' i'^ipd) ■ (If 
a{p) ^ 0, then gr'(p) = gr'(a(p)). 

Lemma 6.16. For a compatible pair {B,p), we have g' (B) gr' {— p) = (— ind(-B, p), 0). 

Proof. The homological component of g'{B) is the negative of the homological com- 
ponent of gr'(— p), since all the boundary intervals are reversed in the latter. Thus 
the homological component of the result is 0, and the correction term to the Maslov 
component of the product vanishes. The Maslov component of g'{B) is —e{B) — 
riy^^B) — ny{B) by definition. On the other hand, if p = (pi, . . . ,p„) then 

gr'(-p) = (-i,-N)---(-|,-[Pn]) 

= (-t + E^^(-N'-N),-EN) 

i<j i 

= (-t-E^^^(N'N),-EN) 

i<j i 
i 

where we use Lemma 3.17, bilinearity of L, and the definition of l (Equation (5.44)). 
Thus, by Definition 5.46, the Maslov component of the product is —md{B,p}. □ 

This grading on domains is related to the grading on the modules as follows. 

Proposition 6.17. For each spin'^ structure s on Y there is a map 

unique up to left translation by an element of G'{Ak), so that, for x, y G ©(7Y,s), 
B G 7r2(x, y), and Bq G 7r2(xo, x), 

(6.18) ^'(S)gr'(e^»x)=gr'(e^*^"y). 

Similarly, there is a set Cj^iTi^s) with a left action of G'^Ak) and a map 

gr': G{n,5)^G'o{n,5) 
so that, /orx, y G ©(7Y,s) and B G 7r2(x, y), 

(6.19) (7'(5)gr'(x)=gr'(y). 
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Furthermore, G'jj(H,s) and gr' are canonical up to translation by G'{4:k). 
Before proving this proposition, we check that it suffices. 

Proposition 6.20. //gr' is a grading on CFD (respectively, on CFD ) so that Propo- 
sition 6.17 is satisfied, then CFD (respectively, CFD ) is a graded differential module 
in the sense of Definition 2.26. 

Proof. Suppose (i?,p) is a compatible pair with ind(i?,p) = 1, so that A^^(x, y;/?) 
has expected dimension 1 and there may be a term a(— p)y in 9x. Then 

gr'(a(-p)y) = gr'(-p) gr'(y) 
= A-igr'(x), 

as desired. (Here, the second equahty uses Lemma 6.16 and the third equahty uses 
Proposition 6.17.) The proof for CFD is similar. □ 

Proof of Proposition 6.17. For CFD CH, s), we simply define 

gr'(e^x) := g'{B). 

Equation (6.18) is a restatement of Lemma 6.15. Uniqueness is immediate. 

For the untwisted theory, the presence of periodic domains means that we can not 
just define the relative grading of x and y to be g'{B) for an arbitrary B G 7r2(x, y), as 
the different possible domains B have different gradings. Instead, we define a grading 
with values in the left cosets of an appropriate subgroup of G'{Ak). 

For a generator x G G(7i), set -P(x) to be the subgroup of G'{Ak) generated by 
g'{B) for B G 7r2(x, x). Now pick a base generator xq G &{H,s) and define 

(6.21) G'ij{n,5) := G'(4A;)/P(xo). 

(If 5 has no generator in the diagram, we have to change the Heegaard diagram in 
order to find an appropriate representative xq; however, in this case the Heegaard- 
Floer homology in this spin'^ structure is manifestly 0, so the precise definition of the 
grading set is not very relevant.) For an arbitrary x in &{TC,s), let B be an arbitrary 
element of 7r2(x, xq) and set 

gr'(x) := g'iB)-Pi^o). 

It is immediate from Lemma 6.15 that this definition is independent of the choice 
of S and satisfies Equation (6.19). 

Finally, if we pick a different base generator Xq G ©(?i,s), we see that -P(xo) = 
g'{Bo)~^P{-xo)g'{Bo) for any Bq G 7r2(xo,XQ), and that the grading of an element x 
with respect to Xg is gr' {-K)g'{Bo). □ 

Note that Equation (6.21) generahzes the fact that for closed 3-manifolds the grad- 
ings in a non-torsion spin'^ structure take values in a quotient of Z. 

Finally, we turn to the refinement gr of gr'. Recall from Section 3.3.2 that we have 
chosen a base idempotent Iq G A{Z) and for every other minimal idempotent I{s) 
we have chosen an element g{s, Sq) G G'{Ak) so that M^,{[g{s, Sq)]) = s — Sq. Assume 
for convenience that /(xq) = Iq. Then, for B G 7r2(x, y) define 

(6.22) giB) = ^7(/(x), So)g' iB)giIiy), So)-'. 



86 



LIPSHITZ, OZSVATH, AND THURSTON 



Note that g{Bi * B2) = g{Bi) * g{B2). Define a grading on CFD with respect to the 
grading G{Z) on A{Z) by 

gr(e^x) = g{B). 

Define a grading on CFD{H) with respect to G{Z) by 

GD{n,3) = G/P{^o) 
gr(x) = ^?(5)P(xo) 

where B G 7r2(x, xq) is any domain. It is easy to deduce from the properties of gr' 
that gr is, in fact, a grading. 

6.4. Invariance. 

Theorem 6.23. Up to homotopy equivalence, the differential module CFD(H) de- 
pends only on the bordered three-manifold Y specified by the provincially admissible 
pointed bordered Heegaard diagram Ti. That is, ifH' is another provincially admissible 
pointed bordered Heegaard diagram for Y, then CFDiTi) and CFD{7i') are homotopy 
equivalent A{Z) -modules. 

For the most part the proof of Theorem 6.23 is a simple adaptation of the techniques 
for closed 3-manifolds [33] (as modified for the cyhndrical case in [20], say). In partic- 
ular, the proof proceeds by showing that each of the three kinds of Heegaard moves 
from Proposition 4.4 induces a homotopy equivalence. (We also use Proposition 4.16 
to ensure that all of the intermediate diagrams are provincially admissible.) 

There are essentially two new issues. The first, and easier, is that we must keep 
track of the algebra elements which occur as coefficients in the maps. We will illustrate 
how this is done by defining the chain map induced by deformation of the almost 
complex structure. The second, more serious, issue is that the traditional proof of 
handleshde invariance uses "triangle maps," the general definitions of which are subtle 
for bordered Heegaard diagrams. We will explain how to circumvent this difficulty by 
proving invariance when handlesliding an a-arc over an a-circle (the hardest case). 
These two issues having been explained, the reader should have no difficulty adapting 
the rest of the invariance proof to our setting. For instance, the proof of isotopy 
invariance is similar to the proof of invariance under change of complex structure, but 
notationally shghtly more complicated. The reader may also consult [21, Chapters 6 
and 7] for a few more details in a similar setting. 

6.4.1. The chain map for change of complex structure. Recall that the moduh spaces 
A^^(x, y; S'^; P) from Section 5 depended on a choice of a generic, admissible almost 
complex structure J on S x [0, 1] x M, and consequently the differential module 

CFD{H) also depends on this choice; to make this choice exphcit, we will write 

CFD{H; J). As is usual in Floer homology theories, one proves independence of the 
almost complex structure by constructing "continuation maps," and proving that they 
are chain homotopy equivalences, see for example [8]. More specifically, let Jo and 
Ji be two generic, admissible almost complex structures on S x [0, 1] x M, and let c^o 
and di denote the boundary operators on CFD{H; Jq) and CFD{H:, Jq), respectively. 
Call a (smooth) path {J^ | r G [0,1]} of almost complex structures from Jq to Ji 
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admissible if each Jr is admissible. To a generic (in a sense to be made precise 
presently) admissible path between Jq and Ji we will associate a map 

F-^^ : CFD{H; Jo) ^ CFD{n; Ji). 
To the path Jr we can associate a single almost complex structure J on S x [0, 1] x M 

by 

{Ji\{x,s,t) if t > 1 
Jt\{x,s,t) ifO<t<l 
Jo\{x,s,t) if t < 0. 

(Here J\{x,s,t) means the map J on the tangent space at x G S, s G [0, 1], and t G M.) 
Note that J is obviously not M-translation invariant. 

For B G 7r2(x, y), let A1^(x, y; S'^; P; J) denote the moduh spaces of holomorphic 
curves defined in Definition 5.8 with respect to the almost complex structure J. For 
generic J, these moduli spaces are all transversely cut out, as in Proposition 5.5. For 
p a sequence of sets of Reeb chords so that (x, p) is strongly boundary monotonic 
and B is compatible with p, define the embedded moduli space by 

(6.25) ^^(x,y;p;J):= |J M''{^,y; S^; P; J). 

Since we do not divide by M-translation, so we will primarily be interested in index 
moduli spaces, not the index 1 ones. 
Then define the map F-^'' by 

F''(^)= EE E #(-M^(x,y;p;J))a(-p)y, 

yeeCH) B67r2(x,y) {p | ind(B,p)=0} 

and extend F-^' to all of CFD{H]Jo) by F'^'-(ax) = aF-^'-^x). Compactness and 
provincial admissibility imply that this sum is finite, as in Lemma 6.5. 

The next task is to show that F-^'' is a chain map. We will use the following analogue 
Theorem 5.41 for almost complex structures which are not translation invariant. The 
statement is more general than we need for present purposes, as we will also use it to 
prove invariance of the type A module in Section 7.4. 

Proposition 6.26. Suppose that (x, p) satisfies the strong boundary monotonicity 
condition. Fix y, B E 7r2(x, y), S'^, and P such that [P] = p and md{B , , P) = 1. 
Then the total number of all 

(1) two-story ends, with either 

(a) a Jo-holomorphic curve followed by a J -holomorphic curve or 

(b) a J -holomorphic curve followed by a Ji-holomorphic curve; 

(2) join curve ends; 

(3) odd shuffle curve ends; and 

(4) collision of two levels Pi and Pj+i from P , where Pi and P^+i are weakly 
composable 

is even. 
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(Recall the definition of two-story ends, join curve ends, odd or even shuffle curve 
ends, and colhsions of two levels from Definition 5.39. As indicated, two-story ends 
come in two fiavors: elements of A^f (x, w; Si; Pi, Jq) x M^^{w,y; S2; J) or elements 
of M^' (x, w; S^; A; J) X M^^ (w, y; S^; Ji), where B = Bi*B2 and 5^ = S'^ [\ S!^ as 
before.) 

Proof. The proof is almost exactly the same as the proof of Theorem 5.41. □ 

Proposition 6.27. The map F^'' is a degree chain map, i.e., dioP-^' +P-^'-odo = 0. 

Proof. The proof is almost exactly the same as the proof of Proposition 6.6. First, 
observe that 

di o F-^-(ax) + F-^^ o 9o(ax) = ((9a)F^'-(x) + adi o F^'-(x) + aP-^"- o 9o(x) + {da)P-^^{x.). 

So, it sufflces to prove that di oF'^''(x) + P-^'' O(9o(x) = for any generator x G &{T-C). 

Now, as in the proof of Proposition 6.6, for given x, y, B and p = (pi, . . . ,p„). 
Proposition 6.26 implies that the sum of the following terms is zero: 

(1) The number of two-story buildings of the form 

;W^nx,w;pi; Jo) x^^2(w,y;p2; J) 

where B = Bi * B2 and p = (pi,p2). 

(2) The number of two-story buildings of the form 

M""' (x, w; pi; J) X M""' (w, y; p^; Ji) 

where B = Bi * B2 and p = (pi, P2). 

(3) The number of join curve ends, i.e., the number of elements of 

-^^(x, y; (pi, . . . , pi-i, {pj, Pfc}, Pi+i, ■■■,Pn);J) 

where pi = pj W pk. 

(4) The number of split curve ends, i.e., the number of elements of 

-^^(x, y; (pi, . . . , Pi-i, pi W pi+i, pi+2, . . . , pn); J) 
where p+ = pr^^. 

(5) The number of other collisions of levels, i.e., the number of elements of 

-^^(x, y; (pi, . . . , pi-i, {pi, pi+i}, pi+2 ...,pn);J) 
where p+ pr^^. 

The first term corresponds to F"^' o (9o(x). The second corresponds to those terms 
in di o F'^*(x) coming from applying di to the resulting generators w G (5(7i). The 
fourth term corresponds to those terms in di o P-^^ (x) coming from the differential on 
the algebra A. The third and fifth terms cancel in pairs, exactly as in the proof of 
Proposition 6.6. 

The fact that we count curves with ind(i?, p) = implies that P'^'' is a degree 
map, following the arguments of Proposition 6.20. □ 

One can similarly use a path of almost complex structures from Ji to Jq to define 
a chain map CPD{H; Ji) — > CPD{H; Jq). The proof that these maps are mutually 
inverse chain homotopy equivalences is obtained by adapting the standard arguments 
in exactly analogous manners to the above, and we leave this to the interested reader. 
(Some more details are given in the type A case in Section 7.4.1.) 
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CFDi^,a",/^, z) 




Figure 30. The "triangle" A (left), and the labeling inducing Fa^a',i3 (right). 



6.4.2. Handlesliding an a-arc over an a-circle. Let (T,,a,f3,z) denote an pointed 
bordered Heegaard diagram, which we assume to be admissible for convenience. 
Write a = {a", . . . , a2fc, Provisionally, let a1'^ denote the result of 
performing a handleslide of a1 over al, and = {al'^ ,a2, ■ ■ ■ ,(yg_i^}- Assume 
that the Heegaard diagram {T,, a.^ , f3, z) is also admissible. We want to show that 
CFD{T.,cx,f3, z) and CFD{J2,o.^ , f3, z) are chain homotopy equivalent. 
As is traditional, we will produce a chain map Ff^ ^^H p: CFD(T,, , f3, z) — > 

CFD{T., cx, f3, z) by counting holomorphic triangles in (S, a, a-^, /3, z). That is, let A 
denote a disk with three boundary punctures. Label the edges of A by ei, 62 and 63, 
counterclockwise, and let Vij denote the puncture between Cj and e^; see Figure 30. 
To define F^^^^h we will count holomorphic maps 

u: {T,dT) ^ (S X A,(a X ei) U (a^ x 62) U (/3 x 63)) 

which do not cover z. 

The we use are actually a slight modification of the above, as shown in Fig- 
ure 31. Obtain af^ from by performing a small Hamiltonian perturbation, so 
that a^'^ intersects af transversely in two points, is disjoint from all other a-curves, 
and intersects 13 j transversally close to 13 j fl a?. For i = 2, . . . , 2/c, a • ' is an isotopic 
translate of a", intersecting a" transversely in a single point, and such that there are 
two short Reeb chords in running from to a". The isotopy is chosen small 
enough that a^'^ is disjoint from all other a-curves and intersects I3j transversally 
close to j3j n a". Obtain a{ by handlesliding a" over a\ and then performing an 
isotopy so that a^'^ intersects a" transversely in a single point, and such that there 
are two short Reeb chords in 9S running from a1'^ to a". We also arrange that a^^ 
is disjoint from all other a-curves and intersects the I3j transversally at points close 
to 13 j n [al \Ja\). Also define a-^ to be the set ol^ fl 9S. There is a natural bijection 
between a and a^. 

Most of the notions from Section 5 generalize in a completely straightforward man- 
ner to the setting of triangles. Following Definition 5.1, we fix an almost complex 
structure J on S x A such that 

(1) The projection map tta : S x A — >^ A is (J, jA)-holomorphic. 
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Figure 31. The curves a and a. in S. One canonical generator 9 is 
marked. The annulus i?" i is shaded. The branch cut corresponding to 
a possible holomorphic curve is also indicated by a thick arc. 

(2) The fibers of the projection map tts: S x A ^ S are J-holomorphic. 

(3) The complex structure is split near px A. (Recall that p is the puncture of S). 

(4) For each puncture Vij of A, choose a neighborhood Uij which is biholomorphic 
to [0, 1] X [0, cxd), and such a biholomorphism. Then, there is an action of IR+ 
on S X Uij. We require that these actions be J-holomorphic. 

We call such a J admissible. Notice that the restrictions of an admissible complex 
structure J on S x A to S x Uij induce three admissible structures Jjj on S x [0, 1] x M. 

Similarly, we can define decorated sources for maps to S x A, which we denote T^: 
a decorated source is an oriented surfaces with boundary and punctures, together 
with a labehng of each puncture by an element of {f 1,2, ^2,3, ^s.b ^ind a further 
labehng of each e puncture either by a Reeb chord with endpoints in a or by a Reeb 
chord with endpoints in a-^. Notice that we do not allow punctures to be labeled by 
Reeb chords between one point in a and one point in a^ or vice versa. 

Given a decorated source we consider maps 

u: {T,dT) ^ (S X A,(cK X ei) U (a^ x 63) U (/3 x 63)) 

satisfying the obvious analogues of Conditions (l)-(ll) from Section 5.1. Such holo- 
morphic curves are asymptotic to a generator x for (T,,(x,f3,z) at ^31 and a gener- 
ator y for (S, CK^, /3, 2;) at ^2,3. The asymptotics at Vi^2, however, are more subtle. 
At each puncture of mapped to vi^2, u is either asymptotic to a point in ck fl cx^ 
(in the interior of S), or is asymptotic to a Reeb chord in dH running from a to a^. 
In defining the map Fa^^H we will use curves with only the former kind of asymp- 
totics, but in proving that F^ ^h^ is a chain map we will need to consider curves 
with the latter asymptotics. Such asymptotics present certain technical issues, as we 
will discuss below. 
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For each /c-element subset o of {1, ... , 2k} there is a distinguished g-element subset 
of CK n a.^, denoted Gq. The set Go contains the unique intersection point between 
and a^'^ for i G o, as well as the higher graded intersection point^ between and 
a^'^ for each i = 1, . . . , g — k. Like curves in S x [0, 1] x M, curves in E x A carry 
(relative) homology classes, in a manner analogous to Definition 4.8. Let 7r2(x, y,Go) 
denote the set of homology classes connecting x, y, and Go. For a homology class B 
in 7r2(x, y, Go) we can consider its domain, the multiphcities with which 7rs(_B) covers 
each region in the complement of ck U cx.^ U f3. The map taking a homology class 
to its domain is again injective. Let A^^(x, y, Go; T^) denote the moduli space of 
holomorphic curves asymptotic to x at fa i, y at ^2,3 and Go at fi 2, with decorated 
source and in the homology class B. 

Along ei (respectively 62) a curve u G A^^(x, y, Go; T"^) is asymptotic to a collec- 
tion of Reeb chords in (Z, a) (respectively (Z, a^)). The orientation on ci (respec- 
tively 62) induces a partial order of these collections of Reeb chords. Thus, given 
ordered partitions P and of Reeb chords in {Z, a) and {Z, a^) respectively, we 
may consider the subspace 

A<^(x, y, Go; T^; P, P") C A^^(x, y, Go; T^) 

consisting of those holomorphic curves so that the induced ordered partitions of the 
Reeb chords along ei and 62 are given by P and P^ respectively. 
The expected dimension of A^^(x, y, Go; T^; P, P^) is 

(6.28) ind(P, T^,P,P^) = |-x(T) + 2e(P) + |P| + |P^|. 

(The proof is similar to the proof of Proposition 5.6. See [20, p. 1018] for the closed 
case.) Like Formula (5.7), Formula (6.28) depends on the topology of T^, and not 
just on the homology class and asymptotics. However, as was the case for embedded 
curves in S x [0, 1] x M, the Euler characteristic of an embedded curve in S x A 
is determined by the homology class and asymptotics. To state the formula in a 
convenient form, first note that for any generator x G ©(S,q;,/3), there is a nearby 
generator x' G 6(S,q;^,/3) (but not vice versa), as well as a canonical homology 
class Tx in 712 (x, x', Go(x)), the union of a number of small triangles (supported in the 
isotopy region) and possibly an annulus with boundary on a^, a"'^, and a^. 
Lemma 6.29. Any homology class B G 7r2(x, y, Go) can be written uniquely as 

for some B^ ^^h G 7r2(Go(x), Go) and B^h^/s G 7r2(x',y). 

Here *i,j2 is the natural operation of attaching a homology class in (S, a, , z) to 
a homology class in (E, a, ck^, /3, z) at the corner V12 of A, and likewise ^^23 is the 
operation of attaching a homology class in (S, ck^, /3, z) at the corner ^23 of A. 

Proof. This is an elementary computation in homology. We use the fact that the 
space of triply-periodic domains in (S, ck, ck^, /3, z) (and therefore 7r2(x, y, Go)) is 
isomorphic to the second homology of F x [0, 1] minus g — k disjoint copies of 5"^ In 
particular, it is isomorphic to 7r2(x',y) © vr2(Go(x), Go). □ 

^That is, the intersection point such that there are two holomorphic maps ([0, 1] xM, {1} x M, {0} x 
M) (E, a, a^) mapping —00 to Q. 
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For B E 7r2(x, y, 60), let R{B) G 7r2(x',y) be the domain BaH^f3 whose existence is 
guaranteed by Lemma 6.29. 

Lemma 6.30. // A^^(x, y, 60; T^; P, P-^) contains an embedded curve u then 

X(T)=Xemb(0(5),p), 

where p = ([P], [P^]), where we identify Reeb chords in {Z,a.) and {Z,a^). 

Proof. Applying the Riemann-Hurwitz formula to tta shows that the Euler charac- 
teristic of T is (7 — br(7rA o u), where br denotes the total branching multiplicity. 
The curve u tautologically corresponds (in the sense of L Smith [41]) to a triangle 
0: A — i> Sym^(E); see, for instance, [20, Section 13]. Then, br(7rA o u) = (p ■ D, the 
intersection number of and the diagonal D in Sym^(Zl). 

This intersection number clearly depends only on the relative homotopy class of 
the map 0, which in turn is determined by P, [P], and [P^]- This already proves that 
x{T) is determined by (P, [P], [P"^]). Further, one can deform without changing 
■ Z) to a (non-holomorphic) curve 0' of the form 

0' = 0x * 4>a,ocH * 4>ocH,f3, 

where * denotes concatenation and the homology classes of 0x, 0i and 02 are the 
homology classes Tx, P^.a^ and B^h,^ from Lemma 6.29. 

All of the intersections of 0' and D correspond to intersections of 0ciH,/3 and D. 
Arrange that 4>a«,i3 is holomorphic near its boundary and near 0Q,jf ^nP. The curve 
4>aH^i3 tautologically corresponds to a smooth curve 

u: {S,dS ^ (S X [0,1] X R,{a^ x {1} x M) U (/3 x {0} x M)), 

holomorphic near the boundary. The proof of Proposition 5.47 then applies to com- 
pute x{S) as Xcmb {BaH,f3,p)- It follows that x{T) = Xomb(Paff,/35 p) as well. □ 

See also Sarkar [38]. 

Now, for X G 6(S,q;,/3), y G 6(S,Q;^,/3), B G 7r2(x',y), and p a sequence of 
Reeb chords so that (P, p) is compatible, define 

^^(x,y,e;p):= [j [j ^^'(x, y, e„(x,p,); T^; A, ^2). 

P=(Pl.P2) [P]=p^,[P«"]=p2 

Finally, we set 

y P67r2(x',y) {p I md(B,p)=0} 

As before, if both (S,q;,/3, z) and {T.,a^,f3) is provincially admissible this sum is 
finite, as the 0-dimensional moduli spaces are compact. 

Proposition 6.31. Fa,aH^p is a chain map, i.e., an A-module homomorphism. 

Proof. The arguments in Proposition 5.20 — essentially, considering the curves 11^:0 u 
and tta o M separately — show that the moduh spaces A^^(x, y, 60; T^; Pi, P2) admit 
natural compactifications. Other than degenerations at V12, which we will discuss 
presently, the limit curves are natural analogues of the holomorphic combs introduced 
in Section 5.3. 
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In particular, in one-dimensional families, holomorphic triangles can degenerate in 
the following ways: 

(1) two-story buildings; 

(2) join curve ends; 

(3) split curve ends; 

(4) other colhsions of two levels; 

(5) degenerations at Vi2. 

The first four kinds of degenerations are, by now, routine. The first corresponds to 
FoL,a« ,f5 ° di^'s) and part of 9 o -^^^^^^^(x). The third kind corresponds to the rest 
of 9 o -Fq, Q,i/,/3(x). The fourth kind cancels with itself and the second kind, in pairs. 
What remains is to study the fifth kind of degeneration — degenerations at f 12. 

Degenerations at V12 result in a pair of curves {ut,us), where ut is a holomorphic 
triangle as before (with possibly more general asymptotics), and us is a curve 

Us : {S, dS) — ^ (S X [0, 1] X M, CK^ X {1} X M U a X {0} X M), 

asymptotic to 60 at —00. By inspecting the diagram, we see that us can have the 
following pieces: 

(1) Bigons contained entirely in the interior of S. 

(2) Bigons touching 9S. 

(3) Annuli, with one boundary component on al'^ and aj, and the other boundary 
component on a"'^ and al (and touching 

(4) Trivial strips. 

Further, generically all but one of the components will be trivial strips. 

It is standard that the degenerations of type (1) cancel in pairs: for each such bigon 
there is a matching bigon with the same endpoints. Whenever one bigon degenerates, 
one can glue the matching bigon to ut, giving another end of the moduli space. We 
would like to see that the other contributions behave similarly. 

On the other hand, the bigons touching dT, go out "diagonally" to infinity, which 
at first sight causes problems in proving the appropriate gluing. That is, the bigons 
are holomorphic maps from a disk with two punctures on the boundary. One of the 
punctures maps via no to +00 in [0, 1] x M and via tts to the puncture of S. (The other 
puncture maps to a point in 9o x {—00}, one of our standard kinds of asymptotics.) 
If we look at the image in M x M, where one M is the t coordinate and the other 
is the coordinate on the cylindrical end of S, the curve is indeed heading out on a 
diagonal. In general, gluing at such a diagonal infinity would require a new — and 
rather novel — gluing theorem. 

For these particular curves, however, a general result turns out not to be needed. 
First let us see how these degenerations can occur. For i e [2A;], let Ri^e {i = 1,2) 
be the two regions that can degenerate that touch 9S, a^, and a"'^. (These are 
all bigons except for, say, -Ri,i, which is an annulus that we will treat presently.) 
When Ri^i appears as a degeneration, the original curve necessarily has a Reeb chord, 
either from a" to or from a"' to aj' for some j G [2A;]. The remaining triangle 
map after the degeneration then has a puncture running from aj to a"'^ or from af 

to We wish to show that we can glue on an appropriate u'g, with domain Rj/', 

which we suppose to be a bigon. See Figure 32. 
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- a,H 



_ a,H 




- a,H 



Figure 32. An illustration of a boundary bigon degenerating, and a 
different being glued on the other side. 




Figure 33. An illustration of straightening-out a2a,H, corresponding 
to the gluing in Figure 32. 



Consider the result of filhng in the puncture so that S becomes a closed Riemann 
surface. Call the result Eg. The various a"; and a^'^ meet at the puncture p, in 
general with a corner. 

Let Up be a small disk in Sg around p, and let U'g and Ut be the components of 
(tts oM'g)~^(f/p) and {'n'-£OUT)~^{Up) containing the punctures to be glued. The image 
of U'g and Ut in Up is a circular sector, which can be straightened by applying a power 
map as illustrated in Figure 33. By the local nature of gluing arguments, this reduces 
the gluing problem above to the usual gluing problem from (closed) Heegaard Floer 
homology: the Reeb chords from U'g and Ut are now just an intersection point. 

Thus, for every triangle map with a single Reeb chord running from a" to a"'^, we 
can glue on either Ri^e or Rj/', so these two ends of the moduh space cancel (assuming 
neither is the annular region). Note that this kind of degeneration corresponds to an 
a-a-Reeb chord mapped to ei turning into an a-a^-Reeb chord mapped to Vi2, 
which in turn becomes an a^-a'^-Reeb chord after we glue (or vice-versa). That is, 
an endpoint of A^'^(x, y, 6o; T^; -P[i,i], -P[i+i,n]) is being canceled against an endpoint 

We now turn to the case when one of the regions involved is the annular region 
i?i 1. By the curve-straightening argument used in the case of mirror bigons, these de- 
generating holomorphic annuli correspond to index 1 holomorphic annuli in a certain 
Heegaard diagram. These annuli are completely studied in [33, Lemma 9.4], where it 
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Figure 34. The curves a, and cx' in S. The curves in ex are solid, 
those in ol^ are dashed, and those in a' are dotted. 

is proved that the algebraic count of such annuh is 1. It follows that this annulus can 
be glued on, just as with the bigons. This completes the proof. 

Finally, note that for each spin'^ structure s, we can identify G"^(S, ck, /3, s) and 
G'^(S, CK^, /3, s) by picking a base generator xq G ©(S, ck, /3, s) and the corresponding 
base generator Xq G ©(S, ck, /3,s). Then the fact that we sum over curves with 
ind(_B, /o) = implies that we preserve the grading, as before. □ 

To show that -Fct,ct«^,/3 is an isomorphism, we wish to construct a chain map the 
other way and a chain homotopy to the identity. A count of triangles in (S, ck^, ck, f3) 
does not work as desired, as the Reeb chords on the boundary go the wrong way. 
Instead we define a third set of circles, which we denote cx' . Obtain a^'' from by 
performing a small Hamiltonian perturbation, so that a1 intersects each of a^'^ and 
al'' transversely in two points and is disjoint from all other curves in ck U cx^ . Let 
al'' be an isotopic translate of a", intersecting each of a" and a^'^ in a single point, 
and such that there are two short Reeb chords in 5S running from a^'' to a"'^ (and 
hence two slightly longer Reeb chords running from a^'' to a"^). The isotopy is chosen 
small enough that is disjoint from all other curves in ckUck^. See Figure 34. Now 
there is a chain map F^^h defined using (S, ol^ , cx' , f3, z), in exactly the same way 
that Fa^aH,i3 was defined using (T,,cx,cx^ , f3, z). 

We next consider the map Fa^a/ defined in the same way as -Fa,afl^,/3 but with cx' 
in place of cx^ . 

Proposition 6.32. The map Fa^ct',/3 is an A-module isomorphism. 

Proof. The proof that Fa^a',i3 is a chain map is parallel to, but marginally easier than, 
the proof of Proposition 6.31, the only difference being that the discussion of annuli 
is irrelevant here. 
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Next we argue that Fa,a',i3 is in fact an isomorphism. The proof, which makes 
use of the energy filtration, is a straightforward analogue of the proof for closed 
3-manifolds [33, Proposition 9.8]. We will use the following standard lemma. 

Lemma 6.33. Let F: A B be a map of filtered groups which is decomposed as a 
sum F = Fq + i where Fq is a filtration-preserving isomorphism and £ has strictly 
lower order than Fq. Suppose that the filtration on B is bounded below. Then F is 
an isomorphism of groups. 

Choose an area form Area on S such that if D is a periodic domain in (S,q;,/3) 
then Area(D) = 0. (The existence of Area is guaranteed by Lemma 4.17.) Arrange 
also that periodic domains in (S, ck, ol') have area 0, and that the boundary bigons all 
have the same area. It follows that for D a periodic domain in (S, ck', Area(D) = 
as well. 

For each spin'^ structure s on F, we define a map from (5(E, a, /3, s) = {x G 
6(S,q;,/3) I s^(x) = s} to M. Choose one generator Xo G 6(S,q;,/3,s) and declare 
jF(xo) = 0. Then, for any other x G 6(S,q;,/3, s) pick Axo,x ^ 7i'2(xo,x) and define 
jF(x) = — Area(Axo,x)- Since periodic domains have area 0, JF(x) is independent of 
the choice of Axo,x- More generally, for a G ^ such that ax ^ 0, define J^{a-x) = J?^(x). 
Since holomorphic curves have positive domains, the map induces a filtration on 
CFZ)(S,CK,/3). 

There is an obvious identification between 6(S,q;,/3,s) and S(S, a', /3,s). As be- 
fore, let x' denote the generator corresponding to x, and let Tx G 7r2(x, x', 6o(x)) be 
the canonical small triangle. Define a map T'^: ©(S, ck', /3, s) — > M in the same 
way as JF, still using the area form Area but using Xq in place of xq. Define 
T': ©(E,ck',/3,s) ^ M by J^' = J^-Area(TxJ. By extending J^' by J^'(ay) = J^'(y), 
we get a filtration JF' on CFD{T., ct' , f3). 

To see that Faa',i3 respects the filtrations JF and JF', suppose there is a term 
ay in -Fq, q,^^(x), and thus a positive domain B G 7r2(x, y', 6o), and pick a domain 
^xo,x £ 7i"2(xo, x). Then, for an appropriate o' = o(xo) and domain Ag^o' G vr2(6o, Qo'), 
the domain Axo,x + B — Tx^ — Ao^o' connects Xq and y'. Our assumptions guarantee 
that Area(y4o^o') = 0, so 

r(y') = - Area(Axo,x) - Area(5) < ^(x) 

as desired. 

Now, if we choose Area so that for all x the triangle Tx is the unique triangle of 
minimal area connecting x, y' and Go for any y' and o (this is easily accomphshed), 
then the top order part of Fa,a',f3 with respect to JF and JF' is simply the map x i-^ x'. 
In particular, the top order part of Fa,,a',i3 is a group isomorphism. 

Consequently, it follows from Lemma 6.33 that the ^-module homomorphism 
Fa,a',i3 is an F2 vector space isomorphism CFD{Y^,ol, (3, z) CFDCE^a' , f3, z), and 
hence also a ^-module isomorphism. □ 

Remark 6.34. We could weaken our assumptions and prove handleslide invariance 
for Heegaard diagrams H that are provincially admissible (rather than admissible) 
by being slightly more clever in the choice of filtration JF, as follows. Pick a map 
/: ifi(Z',a) — i> M so that for any periodic domain B, f {d^ B) + Aiea.{B) = 0. (This is 
possible for any provincially admissible diagram.) Then define JF(x) = Area(Axo,x) + 
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Figure 35. Two compositions of triangles, as degenerations of a rectangle. 

/((?^74xQ,x), and make similar other adjustments. Alternatively, we can do an isotopy 
to make Ti admissible, do the handleshde, and then do an inverse isotopy. 

Proposition 6.35. The map Fa a',/3 is chain homotopic to F^h o Fq, q.^^^. 

Proof. The proof is in two steps. First, the composition FaH a',(3 ° Fa^aH,i3 is a count 
of pairs of triangles, in (S, ck, ck^, /3, 2;) and (S, ck^, ck', /3, 2;). This map is chain 
homotopic to counting pairs of triangles in {T,, a, a' , f3, z) and (S, ck, ck^, ck', z), via 
a chain homotopy counting (index —1) rectangles. (See Figure 35 for a schematic 
illustration.) The reader unfamiliar with such arguments is directed to any of [33, 
Theorem 8.16], [20, Proposition 10.29] or [21, Lemma 7.2.5]. The only new types of 
degeneration are curves in either (T,,a,(x^ , z) or (T,,cx^ , z) touching (9S, either 
small bigons or annuh. As in Proposition 6.31, these degenerations cancel against 
themselves. 

Second, a direct computation shows that the only rigid triangles in (S, cx, cx^ , ck', z) 
asymptotic to Qo,aH,a and Qo,a',oiH at two of the corners are asymptotic to Qo,a,a' 
at the third corner — and that there is algebraically a single such triangle. Again, 
the reader is directed to [33, Lemma 9.7] for details — the proof there applies without 
change in our case. □ 

Corollary 6.36. The A-modules CFD{T.,ct, f3, z) and CFD{E, ct^ , f3, z) are homo- 
topy equivalent (over A). 

Proof. If we arrange that cx' and cx are close enough then the obvious identification 
of generators of CFD{T,^ cx^ f3^ z) and CFD{T,,cx' , (3, z) induces an isomorphism of 
^-modules (because all of the moduli spaces counted in the definitions of d are the 
same). Hence, by Propositions 6.32 and 6.35, the composition F^h a',13 o Fa^a",f3 is 
chain homotopic to an automorphism of CFD(T., cx, f3, z). 
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Choose a fourth set of curves a.^'' isotopic to and define another map -Fq,',q.h,/^^: 

CFD{T.,ol', f3, z) CFD{'Z,OL^'',f3,z). The same argument shows that Ff^> f^H,,^^o 

FaH^a' is chain homotopic to an automorphism of CFD{T., a.^ , f3, z). The result 
follows. □ 

7. Type A modules 

We now turn to defining the type A module CFA{7i) associated to a bordered 
Heegaard diagram 7i. This uses more of the moduli spaces from Section 5 than the 
type D module does; in particular non-trivial partitions appear. 

7.1. Definition. Fix a pointed bordered Heegaard diagram H = {T., a, f3, z), satis- 
fying the provincial admissibility criterion of Definition 4.14. The module CFA{7i) 
is a right (^oo-) ^(2)-module, where Z is the pointed matched circle dH. Unlike 
CFD, which is essentially free over A, much of the data of the Heegaard diagram is 
encoded in the multiplication on CFA(H), as well as in certain higher products. 

The module CFA{H), also denoted simply CFA, is generated over F2 by the set of 
generators &{H). Given x e 6(H), define /^(x) := /(o(x)). (Recall that o(x) C [2k] 

is the set of a-arcs occupied by x.) We define a right action of T on CFA{H) by 



X ■ /(.) 



X Ia{^)=I{s) 
otherwise. 



Note that, as promised in Section 3.2, this imphes that the summands A{Z,i) of 

A{Z) act trivially on CFA{n) for i ^ 0. 

Recall from Section 3.1.3 that to a set p of Reeb chords we associate an algebra 
element a{p). 

Lemma 7.1. For x G ©(7-^) and p a sequence of sets of Reeb chords, (x, p) is strongly 
boundary monotonic (Definition 5.34) (^i^d only if the tensor product 

o(x) ®j a{p^) ■ ■ • a{p„) 

is not zero. 

Proof. Both statements are equivalent to saying that there is a sequence of subsets 
Oi C [2k] with oo = o(x) and I{oi-i)a{pj)I{oi) 7^ 0. □ 

As explained in Definition 2.3, an ^oo-module structure on CFA is a compatible 
family of maps 

m„+i : 'CFA 02 A 01 ■ ■ ■ 1^)1 A ^ 'CFA. 

In particular, in view of Lemma 7.1, since the tensor products are over X, it suffices 
to define 

m„+i(x,a(pi),...,a(p„)) 

when (x, P]^, . . . , p„) is strongly boundary monotonic. (In the following sections we 
will use commas to separate the tensor factors in the argument to m„+i and similar 
maps.) 
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Definition 7.2. For (x, p) strongly boundary monotonic, define 



m„+i(x,a(pi),. . . ,a(p„)) 



J2 E #(-M''(x,y;Pi,...,pJ)y 



yee{W) BG7r2(x,y) 
md(_B,p)=l 



m2(x, 1) 

m„+i(x, 



X 







n > I. 



Extend this action multilinearly (over X) to all of A. 

Remark 7.3. The value of m„+i when one of the arguments is 1 can be made more 
natural by allowing the corresponding Pj to be empty (since a(0) = 1). The corre- 
sponding moduli spaces should be interpreted as having a choice of height ti, and 
no other conditions at tf, such moduli spaces are never 0-dimensional (and so do not 
contribute to m„+i) unless the original curve was not stable. 

Lemma 7.4. Suppose that H is provincially admissible. Fix generators x and y and 
a consistent sequence p of sets of Reeb chords. Then there are at most finitely many 
B G 7r2(x, y) such that A^^(x, y; p) is nonempty. 

Proof. As in Lemma 6.5, this is immediate from Proposition 4.19 and the fact that 
if a domain admits a holomorphic representative then all of its coefficients must be 
non-negative. □ 

Remark 7.5. Notice that the operation mi: CFA — > CFA is the differential obtained 
by counting only provincial holomorphic curves, i.e., curves which do not approach 



Remark 7.6. In Section 8 we will show that for special kinds of diagrams (the obvious 

analogues of "nice diagrams" from [39]) the nii vanish for z > 2, so CFA is an ordinary 
(not ^oo) differential module. However, it is not clear how to prove invariance if one 
restricts only to nice diagrams. Further, in spite of the added analytic and algebraic 
complications, it is often easier to compute with a diagram which is not nice, as 
general diagrams often have a much smaller set of generators &{7i). 

We will sometimes use the alternate notation mi(x) = 9x and m2(x, a) = x ■ a. 

7.2. Compatibility with algebra. In this section we will prove that CFA{H) is 
an ^oo-module over A. Recall from Definition 2.3 that the basic relation for an 
^oo-module (over an ^oo-algebra over F2) is 




i+j=n+l 




i+j=n+l e=i 
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For the algebra A, the fii vanish for i > 2. Therefore, we must check that 
0= ^ mi(mj(x, ai, . . . ,aj_i), . . . ,an-i) 

i+j=n-\-l 
n-1 

(7.7) + 'Ti„(x, ai, . . . , dtti, a„_i) 

n-2 

^n-i(x, Oi, . . . , a^a^+i, . . . , Ctn-l)- 

Proposition 7.8. The data {CFA{H), {rrii}^^) forms an Aoo-module over A. 

We give the proof shortly. In fact, the most interesting points in the proof of 
Proposition 7.8 can be seen in the following examples. (The reader may wish to 
compare Examples 7.9-7.11 with Examples 6.10-6.12.) 

Example 7.9. In the left of Figure 36 is a piece of a diagram with four generators. 
The nontrivial multiplications in the corresponding module CPA are 

d{h, d} = {c, e} 

{a, 4 ■ [P] = {a,c} 

{e,c}-[P]={a,c} 

{6,4- [i^] ={a,4 

{6,4-[y]={a,c} 

There is an compatibility equation 

m,{d{h,d}-[l^])+m2{{h,d}-d[l^]) = Q, 

bearing in mind that ^[g ^] = [23]- Geometrically, this corresponds to considering 
the two-dimensional moduh space of curves from {6, d} to {a, c} where the Reeb chord 
from 2 to 3 is encountered before the Reeb chord from 1 to 2. This moduli space has 
two ends, one of which is a two-story building, and the other of which is a join curve 
end. 

Example 7.10. In the center of Figure 36 is a piece of a diagram with four generators. 
The nontrivial products are 

{h,d}.[l^]={a,d} 
{6,c}- [14] ={a,c} 
{a,d} ■[V]= {a,c} 
{6,4- ={6,c} 
{h,d}-[\l\={a,c}. 
Here, associativity follows from the fact that 



BORDERED HEEGAARD FLOER HOMOLOGY 



101 





a 




c 


b 










d 


e 





as 











c 






d 




a 






b 







^as 



4 
3 
2 
1 

V 







a 




b 




c 





as 



Figure 36. Local illustrations of terms occurring the ^oo- 
compatibility relation for CPA. The moduli spaces are the same 
as the moduli spaces in Figure 29 in Section 6.1, but the algebraic 
interpretations of the phenomena are different for CPA than for CFD. 



This cancellation can be seen geometrically as follows. Consider the two-dimensional 
moduli space connecting {b, d} to {a, c} where the Reeb chord from 3 to 4 is encoun- 
tered before the one from 1 to 2, then this moduli space has two ends, one of which 
is a two story building, while at the other end the heights of two Reeb chords are the 
same. 

Example 7.11. On the right in Figure 36 is a piece of a diagram with three generators. 
The nontrivial products are 

{c}-[l]={b} 
{c}-[l]={a} 

m ■[!] = {«}• 
Associativity follows from the fact that 

Geometrically, at one end of the moduli spaces section is a two story building. At 
the other end, two levels collide and a split curve degenerates. 

Example 7.12. Figure 37 shows an example in which the higher product is needed 
for ^oo-associativity. The diagram has four generators, {a,c}, {a,d}, {b,c} and 
{b,d}. The differential is given by d{a,c} = {a,d} and d{b,c} = {b,d}. For an 
appropriate choice of complex structure J, there is a nontrivial product (7112) given 
by {b,c} ■ [3] = {a, c}; this corresponds to the domain and branch cuts indicated in 
the right of the figure. One can factor = ■ [|]. Obviously {6, c} ■ [2] = 0? 
so ordinary associativity fails. There is, however, for the same choice of complex 
structure J as above, a higher product 

{{b,d},[l],[l]) = {a,c}. 

Thus, the ^00-associativity condition is satisfied: 

^3 {{d{b,c}), + {{b,c} ■[l])-[l]+{b,c}-[l]=0. 
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Figure 37. A domain where ms is necessary for associativity. 

The domain is shaded; the dark arcs denote branch cuts. The one 
parameter family is indicated on the left. In the center is a two-story 
end of the moduh space. At the right is the other end, corresponding 
to degenerating a split curve. 



Geometrically, this corresponds to the one-parameter moduli space of curves asymp- 
totic to two Reeb chords (at different heights), shown at the left of Figure 37. One 
end (pictured in the center) is a two-story building where one of the stories contains 
both Reeb chords. At the other end (pictured at the right), the two Reeb chords 
collide and a split curve degenerates. 

Proof of Proposition 7. 8. Morally, the proof proceeds by considering the ends of the 
index 2 moduli spaces. As in the type D module case, however, we will instead appeal 
to Theorem 5.41. 

Fix generators x and y, G 7r2(x, y), and a sequence of sets of Reeb chords 
p = (p]^,...,p„) so that (x, p) is strongly boundary monotonic, B is compatible 
with p, and ind(-B,p) = 2. Set Pj = {pi,j}- Theorem 5.41 apphed to the data 
(x, y,5,p) (for all sources S'^ with xi^'^) = Xemb(-B,p)) shows that the sum of the 
following numbers is zero: 

(1) The number of two-story ends, i.e., the number of elements of 

A<^Hx,w;Pi) xA<^^(w,y;p2) 

where B = Bi * B2 and p = (p^, P2). 

(2) The number of join curve ends, i.e., the number of elements of 

M^{^,y; (p„...,pf,...,pj) 

where pij = Pa^ Pb and p^'** obtained from Pj by replacing pij with {pa,pb}- 

(3) The number of odd shuffle curve ends, i.e., the number of elements of 

-M''(x,y;p) 

where p is obtained from p by performing a weak shuffle on one Pj. 

(4) The number of colhsions of levels, i.e., the number of elements of 

M^{x, y; pi, . . . , Pi W Pi+i, ...,pj 

where Pj and Pi_^_i are weakly composable. 

We are also using Corollary 5.55 to ensure that the hmiting curves are embedded. 
The two-story ends correspond to the first term in Formula (7.7) by definition. 
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Next we discuss the second term in Formula (7.7). From Lemma 3.8 we see that, 
for a consistent set p of Reeb chords, 



On the other hand, sums (2) and (3) above correspond, respectively, to the sum over 
all weak splittings and weak shuffles of Pj, one of the sets of Reeb chords in p. By 
Lemma 5.56, only proper (not weak) splittings or shuffles contribute, and therefore 
the second term in Formula (7.7) corresponds to sums (2) and (3) above. 

Finally, sum (4) corresponds to the third term in Formula (7.7), as foUows. Since, 
by Lemma 3.6, a{p^)a{pi^i) is a(pj l+l Pj+i) if Pi and p^j^i are composable, and is zero 
otherwise, the coefficient of y in m„_i (x, a(Pi), . . . , a(pj)a(pj_,_]^), . . . , a(p„)) is equal 
to sum (4) if Pj and are composable, and is otherwise. But by Lemma 5.56, 
sum (4) is also if p^ and p^^^ are not composable, and otherwise gives the third 
term of Formula (7.7). □ 

We can also define a twisted theory CFA {7i,5; H-^jY, dY)), for s a spin'^ structure 
on Y, in an entirely analogous way to Section 6.2. 

7.3. Gradings. The gradings on the type A modules are quite simflar to the gradings 
on the type D modules from Section 6.3, except that since CFA{H) is a right module, 
the gradings take values in a right G'{Ak) set. As before, pick a base generator xq for 
each occupied spin'^ structure 5, and let 

• -P(xo) be the group generated by g'{B) for B E 7r2(xo,xo), 

• G'j^{H,s) be the set of right cosets of -P(xo), and 

• gr'(x) be P(xo)\5''(-B) for an arbitrary B G 7r2(xo,x). 

It is clear that this definition satisfies an analogue of Proposition 6.17: 



where g'{B) is defined in Definition 6.13. 

Proposition 7.14. With this grading, CFA{TC,s) is a graded right Aoo-module. 

Proof. From Definition 2.3 we see that we want to show that if oi, . . . , are homoge- 
neous, then m£+i(x, ai, . . . , a^) is homogeneous of degree A^~^ gr'(x) gr'(ai) ■ ■ ■ gr'{a£). 
Let B G vr2(x, y) and let p = {p^, . . . , p^) be a sequence of sets of Reeb chords com- 
patible with B. Suppose that ind(i?, p) = 1 so that y may appear as a term in 
m^+i(x, a(pi), . . . , a(p^)). Then by Definition 5.46, 



p' a splitting p' a shuffle 

of p of p 



(7.13) 



gr (x)^'(5) = gr (y) 



(7.15) 



1 



ind(i?, p 



We therefore have 



W).d'B) 



(1 — £ — e — Tlx 
A^-V(5) 




'B) 
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where we apply, in turn, Lemma 5.45, Equation (7.15), and the definition of g'{B). 
From this we see that 

gr'(y) = gT'{^)g'{B) = \'-' gr'(x) gr'(ai) ■ ■ ■ gr'(a,). □ 

We can also define a grading on CFD ChCs) with values in G'{Ak) by gr'(e^x) := 
9'{B). _ 

As in Section 6.3, it is easy to define variants g of the gradings g' on CFA and 
CFA , which are gradings with respect to the smaller group G{Z), taking values the 
G'(Z)-set Ga = P(xo)\G(Z). 

7.4. Invariance. 

Theorem 7.16. Up to Aoo-homotopy equivalence, the Aoo-module CFAiTi) depends 
only on the bordered three-manifold Y specified by the provincially admissible pointed 
bordered Heegaard diagram H. That is, ifH' is another provincially admissible pointed 
bordered Heegaard diagram for Y, then CFA(Ti.) and CFA(H') are Aoo-homotopy 
equivalent (Aoo) A{Z)-modules. 

As for invariance of CFD, the proof of Theorem 7.16 differs from the standard 
arguments in essentially two ways: the additional algebraic complications in dealing 
with ^oo-niaps and homotopies, and the additional analytic comphcations in the case 
of handleshde invariance because of the presence of east oo. Both of these issues 
are slightly more involved for CFA than for CFD. We will take a similar approach 
as for CFD: first we will explain succinctly the proof of invariance under change in 
almost complex structure, and then we will discuss the (mild) new complications in 
the triangle maps used to prove handleslide invariance. 

7.4.1. Change of complex structure. We first address invariance of CFA under change 
in almost complex structure. The main purpose of this section is to relate the al- 
gebra of ^oo-niaps and ^oo-homotopies to holomorphic curve counts; because this is 
somewhat more involved than the algebra of differential graded algebras required in 
Section 6.4.1, we will explain more steps in the proof. 

Fix a Heegaard diagram Ti = {T,,cx,f3,z) and generic, admissible almost complex 
structures Jq and Ji. The complex structures Jq and Ji lead to potentially different 
moduli spaces, and hence to two potentially different ^oo-modules CFA{H; Jq) and 

CFA{H; Ji). We will show that these two ^oo-modules are v4oo-homotopy equivalent. 

As in Section 6.4.1, call a (smooth) path {Jr \ r G [0,1]} of almost complex 
structures from Jq to Ji admissible if each J^- is admissible. To the path we can 
associate a single almost complex structure J on S x [0, 1] x M by Formula (6.24), 
and define embedded moduli spaces A^(x, y; p; J) by Formula (6.25). 

Recall from Definition 2.4 that an ^oo-morphism between ^oo-modules Mi and M2 
is a compatible family of maps 



n-l 

. ^ s 

fn-. Mi®A®---^A^M2, 
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for neN. So define an Aoo-map /"^^ from CFA(H; Jo) to CFA(H] Ji) by setting 

:= # (^^(x, y; p^, . . . , J)) y 

/;f^(x,...,l,...):=0 



md(B,p)=0 



and extending to all of CFA{H; Jq) multilinearly over J. 

Our first task is to show that /'^'^ is an ^oo-morphism. We again use Proposi- 
tion 6.26. 

Lemma 7.17. The map f^^ = (/^'-)neN: CFA{n; Jq) ^ CFA{H]Ji) is a strictly 
unital morphism of Aoo-modules, as defined in Definition 2.4- 

Proof. Z"^' is strictly unital by definition. So we need to check the .4oo-relation for 
morphisms, which we recall from Definition 2.4 (specialized for Hi = for i > 2): 

0= m/^(/j(x,ai,...,aj_i),...,a„_i) 

j+j=n+l 

+ XI /il"^/" . . . ,aj_i), . . . ,a„_i) 

i+j=n+l 
ra-1 

+ X^ /n(x, ai, . . . , a^-i, (9a£, a^+i, . . . , a„_i) 

ra-2 

_i(x, ai, . . . , a^-i, a^a^+i, 0^+2, • • • , dn-i)- 

i=\ 

This follows in a similar manner to Proposition 7.8. The first sum corresponds to the 
two-story ends with a J-holomorphic curve followed by a Ji-holomorphic curve. The 
second sum corresponds to two-story ends with a Jg-holomorphic curve followed by a 
J-holomorphic curve. The third sum corresponds to join curve ends and odd shuffle 
curve ends. The fourth sum corresponds to colhsions of two levels. 

It follows from the index formula that /■^'' is preserves the grading, as in Proposi- 
tion 7.14. □ 

Similarly, fix a generic path .][ of admissible almost complex structures with Jq = Ji 
and J( = Jq. Let J' denote the associated complex structure on S x [0, 1] x M. Then 

j; defines an ^00-morphism f^'-: 'CFA^U; Ji) ^ 'CFAi^H; Jq). We will show that f-^^ 
and /'^'^ are homotopy inverses to each other. This proof is again essentially standard, 
but as the algebra is unfamiliar we will give a few details. 

For i? 0, let J t]/? J' denote the almost complex structure on E x [0, 1] x M given 

by 

' Jo\(x,s,t) if i? + 1 < t 

JLR\{x,s,t^R) i{R<t<R+l 
J t]/? J'\{x,s,t) = { Ji\{x,s,t) if 1 <t < R 

'Jt\ix,s,t) if < t < 1 

.Jo\(x,s,t) if t < 0. 
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Associated to J t]/? J' is an ^oo-morphism f-^'^^-^' : CE4(7^; Jo) ^ CE4(7^; Jq). 
Lemma 7.18. For R sufficiently large the map f-^^R-^' is the Aoo- composite /'^^ o/-^'-. 
Proof. Recall from Section 2.1 that /-^^ o f-^^- has 

(/^^ o /■^'■)„(x, ai, . . . , a„_i) = //'■ (//"(x, ai, . . . , ai_i), . . . , a„_i) . 

j+j=n+l 

The coefficient of y in 

// (//'(x, a(pi), • • • , a(Pi»i)), • • • , a(P„_i))) 

counts holomorphic curves in A^^^ (x, w; pj^^ J) x A^^2(x, w; „„y; J') where 
w e 6(:H), 5i G 7r2(x,w), B2 e 7r2(w,x), ind(5i,p[i^i_i]) = 0, and ind(52, = 
0. It follows from obvious non-M-invariant analogues of Propositions 5.20 and 5.21 
(compactness and gluing) that for R large enough such curves correspond to curves 
in 

U A<^(x,y;pi,...,p„„i; Jt]ij /)■ 

Be7r2{x,y) 

The result follows. □ 

We next define an ^00-homotopy h between f'^'^R-^' and the identity map. Fix a 
path of almost complex structures {J"} on S x [0, 1] xM with J° = J[\rJ' and = Jo, 
and such that each J" satisfies conditions (1), (2) and (4) of Definition 5.1 — i.e., J" is 
admissible except for not being M-invariant. For a generic path J" some B, S'^, P with 
ind(i?, S^, P) = -1, there are finitely many a G (0, 1) for which A^^(x,y; S^; P; J") 
is nonempty. So set 

A<^(x,y;p;{jn):= |J A^^(x, y; p; J") 

ae[0,l] 

/i„(x,a(pi),...,a(p„_i)):= Yl # (-^''(x, y; p; { J"})) Y- 

ye6(H) Se7r2(x,y) 
ind(B,p)=-l 

In this context, the analogue of Theorem 5.41 is: 

Proposition 7.19. Suppose that (x, p) satisfies the strong boundary monotonicity 
condition. Fix y, B E 7r2(x, y), S'^, and P such that [P] = p ind(i?, 5''^, P) = 0. 
Then, in the moduli space IJa6[o 1] -^^(x, y; 5''^; P; J"), the total number of all 

(1) elements of M^{^,y;S'';P;J^); 

(2) elements of M^i^,r,S'';P;J^); 

(3) two-story ends, with either 

(a) a Jo-holomorphic curve followed by a J"" -holomorphic curve or 

(b) a J"^ -holomorphic curve followed by a Jo-holomorphic curve; 

(4) join curve ends; 

(5) odd shuffle curve ends; and 

(6) collisions of two levels Pi and Pj+i from P, where Pi and Pj+i are composable 
is even. 

Using this, we prove: 
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Lemma 7.20. The map h is an Aoo-homotopy between f-^^R-^' and the identity map. 
Proof. We must check that 

(7.21) //^""^'(x) - X = /ii(mf«(x)) - m(%hi{^)) 
and that for n > 1, 

/;f''«'^'(x, ai,. . . ,a„_i) = ^ hi{mf'(x,ai,...,aj-i),...,an-i) 

i+j=n+l 
i+j=n+l 

(7.22) -1 

+ 2_^ /i„(x, ai, . . . , d{ai), . . . , a„_i) 
e=i 

n-2 

+ ^n-i(x, ai, . . . , a^a^+i, . . . , a„_i). 

As expected, this follows from Proposition 7.19. The terms in Formulas (7.21) 

and (7.22) correspond to item (1) of Proposition 7.19. The — x term of Formula (7.21) 
corresponds to item (2), since = Jq and for an M-invariant complex structure 
the only index holomorphic curves are trivial strips. As usual, two-story ends 
correspond to the remaining two terms in Formula (7.21) as well as the first two sums 
in Formula (7.22). The join curve shuffle curve ends account for the third sum in 
Formula (7.22). Colhsions of two levels account for the final sum in Formula (7.22). 

□ 

Together with the obvious analogues for the composition /-^"^ o f-^^^ Lemmas 7.18 
and 7.20 imply that the maps /"^"^ and f'^'- are homotopy inverses to each other, and 
hence that CFA{H; Jo) and CFA{H; Ji) are ^oo-homotopy equivalent. 

7.4.2. Handlesliding an a-arc over an a-circle. The subtle cases of handleslide invari- 
ance are handlesliding an a-circle over an a-circle or an a-arc over an a-circle. The 
goal of this section is to explain briefiy that no new analytic issues arise for CFA, as 
compared with CFD. 

The main analytic issue in Section 6.4.2 relates to gluing bigons to triangles with 
corners at "+e-infinity" or "— e-infinity," cf. the proof of Propositions 6.31 and 6.35. 
More precisely, one encounters triple Heegaard diagrams like (S, ck, ck^, /3) where a 
and CK^ are as shown in Figure 34. One is considering holomorphic maps, say, of the 
form 

u: {T,dT) (S X A,(a X Ci) U (ck^ x Cs) U (/3 x 63)) . 

where A is a triangle with edges ei, 62 and 63. Such maps can degenerate off a curve 
in 

(S X [0, 1] X M, (cK X {0} X M) U {a^ x {1} x M)) 

asymptotic to a generator 9i at —00 and a a-a^ Reeb chord at +00. Gluing these 
curves to curves in S x A requires some kind of gluing statement at "+e-infinity." 

In general, such gluing is subtle. We got around this issue by filhng in the puncture p 
in E, and observing that for the curves under consideration the gluing problem then 
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corresponds to the gluing of an ordinary 2-story holomorphic curve. This works for 
TWA as well: 

Lemma 7.23. Let p = {p^, . . . , p„) be a consistent sequence of sets of Reeb chords, 
X and y generators of CFA(T,, a, f3) and CFA(T,, , f3) respectively. Then the ends 
of the moduli space 

M^{x, y, Qo] (Pi, . • • , Pi), {Pi+l, • • • , Pn)) 
where p^ approaches the puncture are in bisection with the ends of 

-M^(x, y, Qo'-, (Pi, • • • , Pi-i), {pi, Pn)) 
where p^ approaches the puncture. 

Proof. The case when p^ has only one Reeb chord is covered in Section 6.4.2. We 
consider the case that p^ contains exactly two Reeb chords, pi and p2. When p^ 
approaches the puncture, the curve degenerates a curve us in (S, a, , z) with two 
non-trivial components, each of which is either one of the small bigons or the annulus 
discussed in Section 6.4.2. There is also a leftover component in S x A. For each 
of the components of there is a matching bigon (or annulus). Together these give 
a family of curves u'g in S x [0, 1] x M — one can slide the two non-trivial components 
past each other. 

Since gluing is local in the source, the trick of filhng in p (as in Section 6.4.2) still 
applies to show that one can glue any member of the family of u'^ to ut to obtain a 
new curve m in E x A. (Gluing different curves in the family is equivalent to gluing 
the two different components with two different gluing parameters.) We want to 
show that, algebraically, there is one sliding which yields a curve satisfying the height 
constraint imposed by p^. 

Let u\ (respectively m|) be the component of m'^ containing pi (respectively P2). If 
we glue u\ first and then m| we obtain a curve with pi higher than p2 (in the obvious 
sense). If we glue m| first and then u\ we obtain a curve with p2 higher than pi. It 
follows that there is algebraically one curve with pi and p2 at equal height. 

The case that p^ has more than two Reeb chords is similar to the above, using an 
argument analogous to the one in Proposition 5.29. □ 

Using this lemma, the rest of the handleshde invariance proof follows as before. 

8. Pairing theorem via nice diagrams 

We now give a proof of the pairing theorem (Theorem 1.3), adapting methods from 
Sarkar and Wang [39]. 

Given a bordered Heegaard diagram Ti = {T,,cx, f3, z), by a region we mean a 
connected component of S \ (ck U /3). Let denote the region containing z. 

Definition 8.1. A bordered Heegaard diagram {T.,a,f3,z) is called nice if every 
region in S except for is a (topological) disk with at most 4 corners. That is, 
each region in the interior of S is either a bigon or a quadrilateral and any region at 
the boundary of S except for has two a-arcs, one /3-arc and one arc of 9S in its 
boundary. 
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Figure 38. First step in making a Heegaard diagram with boundary nice. 



Proposition 8.2. Any Heegaard diagram with boundary {'Z,(x,j3,z) can be turned 
into a nice Heegaard diagram with boundary (S,q;,/3', z) via 

• isotopies of the Pi not crossing dT, and 

• handleslides among the Pi. 

Proof. We start by doing a finger move as in Figure 38. That is, let denote the 
region in S containing z. Let Oi, . . . , a^k denote the ends of the a-arcs intersecting 9S, 
enumerated (say) clockwise around dT,, with ai and a^k forming part of dD^. Let b 
be the /5-arc on the boundary of which intersects Oi. Do a finger move pushing b 
consecutively through ai, . . . , a^k- In the resulting diagram, the regions -Ri, . . . , R^k-i 
adjacent to 9S other than are all rectangles. 

Now apply the Sarkar-Wang algorithm [39], which we briefiy recall, to the resulting 
diagram. Assign to each region R its distance^ which is the minimum number of (3- 
arcs which a path in E \ ck connecting R and Dz must cross. A region is called bad if 
it is not a bigon or rectangle. The algorithm is inductive. At each step, choose a bad 
region R of maximal distance and with minimal badness among such regions. Let bji 
be a /3-arc separating R from a region of smaller distance. Do a finger move, pushing 
bn through one of the a-edges of R, and continue the finger move until reaching either 
a lower distance region, a bigon, another bad region, or the region R again. In the 
last case, the algorithm tells us to either choose a different edge through which to 
push bR or perform an appropriate handleslide; otherwise, one repeats the process. 
The crucial point for us is that the finger move will never reach any of the regions 
. . . , R2n-i- The proof in the closed case thus imphes that the process eventually 
yields a nice Heegaard diagram with boundary. □ 

Nice diagrams are automatically admissible: 
Lemma 8.3. IfH= {T,,ot,f3,z) is nice then H is admissible. 

Proof. The proof is exactly the same as in the closed case ( [22, Corollary 3.2]). One 
shows that the region containing z occurs both to the left and to the right of each 
/3-circle: if all the regions to the left (say) of some /3i are bigons or rectangles then 
one sees that the /5-circles are homologically linearly dependent. □ 
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Sarkar and Wang apply the index formula to show that for nice Heegaard diagrams 
(in the closed case), the differential counts only bigons and rectangles. This fact has 
the following analogue for nice Heegaard diagrams with boundary. 

Proposition 8.4. Let H be a nice Heegaard diagram with boundary. Suppose that 
ind(i?,p) = 1. Then any holomorphic curve u G A1-^(x, y;p) has one of the following 
three forms: 

(1) The source S of u consists of g bigons. Each bigon is either a trivial strip or 
has a unique puncture mapped to east oo. Further, p has only one part. 

(2) The source S consists of g bigons. All but one of the bigons are trivial strips, 
and the other is mapped by txy.ou to the interior ofT,. 

(3) The source S consists of g — 1 bigons and one quadrilateral. All of the bigons 
are trivial strips, and the quadrilateral is mapped by n^ou to the interior ofT,. 

Conversely, suppose the homology class B and asymptotic data p admit a topological 
map satisfying the condition of Case (1), (2), or (3), andmd{B,p) = 1. Then there 
is a holomorphic map in 7W^(x, y; p), unique up to translation. 

Proof. By Formula (5.7), for a rigid holomorphic curve we have 

l = g~x{S) + 2e{D{u)) + \P\. 

Since S has at most g connected components, x{S) < g. Since the Heegaard diagram 
is nice, e{D{u)) > 0. Consequently, one of the following three cases holds: 

• g = x(5'), e{D{u)) = and \P\ = 1. This corresponds to Case 1, above. 

• g = x{S)-, e{D{u)) = 1/2 and \P\ = 0. This corresponds to Case 2, above. 

• g — 1 = x(S'), e{D{u)) = and \P\ = 0. This corresponds to Case 3, above. 

It is clear that in each case the holomorphic representative is unique. The converse, 
that such domains admit holomorphic representatives, is standard. □ 

Corollary 8.5. Let H be a nice Heegaard diagram with boundary, and CFA = 
CFA{TC) the associated type A module. Then the higher Aoo operations rrii (i > 3) 
vanish on CFA. 

Proof. The higher multiplications [i > 3) count rigid holomorphic curves in moduli 
spaces A^^(x, y; p) with \p\ > 1. But by Proposition 8.4, in a nice diagram there are 
no such curves. □ 

As a consequence of these remarks, we have a quick proof of Theorem 1.3. 

Proof of Theorem 1.3. Let Hi = (Ei, cki, /3^, 2;) and H2 = (T,2,cx2, (32, z) be nice 
Heegaard diagrams with boundary for Yi and Y2 respectively. Their union H = 
(El Ug S2, cfi Lig CK2, /3i U f32, z) is a Heegaard diagram lovY = YiUf Y2. We want to 

show that CF{H) = 'CFAiUi) ® CFD{H2). 

It is easy to see that H is a nice diagram, since Hi and H2 are. Sarkar and 
Wang showed ( [39]) that the differential for CF{H) counts embedded rectangles and 
bigons. (This is also a special case of Proposition 8.4.) We compare this complex with 

CFA{Hi) M CFD{H2) from Section 2.3, which by Proposition 2.20 serves as a model 
for the derived tensor product ®. (Note, in particular, that since H2 is admissible, 
CFD{H2) is bounded.) 



BORDERED HEEGAARD FLOER HOMOLOGY 



111 



There is an obvious identification of generators of CFA{'Hi)MCFD{'H2) and CF{H). 
Let xi ® X2 G CFA{H) K CFD{n2). 

By Proposition 8.4, the type D differential (9(x2) can be written as «x2,y2 '^¥2, 
where each term in axj.ya is either 1 — coming from a provincial rectangle or bigon — or 
an algebra element in which a single strand moves. Indeed, applying Corollary 8.5, 
we see that the differential in CFA{ni) M CFD{n2) is given by 



The first term in the sum counts holomorphic bigons and rectangles contained en- 
tirely in (El, (Xi, f3i,z). The second sum counts both rectangles and bigons contained 
entirely in (T,2,a2, (^2, z) (corresponding to terms of 1 in a^^^y^) and rectangles in 
(El Uq E2,ai U 0=2, /3i U f32,z) crossing c?Si (corresponding to terms with a single 
moving strand in ax2,y2)- But, since 7^ is a nice diagram, this is exactly the differen- 
tial on CF{n). □ 

Remark 8.6. The idea to use the Sarkar-Wang algorithm to prove a gluing result is 
partly inspired by work of Juhasz [15]. 

Remark 8.7. Since for Hi a nice diagram CFA{T-Ci) is an ordinary ^-module, we can 

also consider the ordinary tensor product CFA{Hi) ® CFD{H2)- It is easy to see that 

this agrees, on the one hand, with CFA{Hi)MCFD{H2)- On the other hand, since H2 

is admissible it is straightforward to check that CFD{H2) is a projective ^-module, 

and thus CE4(Hi) ® CFD{n2) = 'CFA{Hi) ® CFD{n2). This gives an alternative to 
the use of Proposition 2.20. 

In fact, these methods prove a graded version of the pairing theorem. This will be 
spelled out in Section 9.4. 



Let F be a parameterized surface, and let Yi and Y2 be two three-manifolds with 
compatible parameterized boundary: dYi = F and dY2 = —F; let Y = Yi Ui? 1^2- 
In this section we give a second proof of Theorem 1.3, reconstructing HF{Y) from 

CFAiYi) and CFD{Y2). The idea here is to start from suitably admissible diagrams Hi 
for Yi and 0.2 for Y2 which are glued together to form a Heegaard diagram TC for Y. 
The differential for Y is then deformed to the differential on the derived tensor product 
by time dilation. 

More precisely, we construct a family of chain complexes CF(T; Tii, 7^2) from 
fibered products of the moduh spaces for Hi and H2, indexed by a real parame- 
ter T which, informally, speeds up the time parameter t by a factor of T on the 
type D side (i.e., 7-^2), as compared to time on the type A side. Gluing theory iden- 
tifies CF(1; 7^1, 7^2) with CF{Hi LidH2)- A continuation argument shows that the 
chain homotopy type of the complex CF{T;Hi,H2) is independent of T. A com- 
pactness argument shows that for all sufficiently large T, the behavior of the complex 
stabilizes. In the large T limit, the complex is then identified with the Kl-product, in 
the sense of Definition 2.17, of the chain complexes CFA{Hi) and CFD{H2)- Since 
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this in turn is identified with the derived tensor product (see Proposition 2.20), we 
deduce Theorem 1.3. 

9.1. Moduli of matched pairs. Let Hi = (Si, q;i,/3^, 2;) and 7-^2 = (S2, ck2, /32? -2) 
be provincially admissible Heegaard diagrams for Yi and Y2, respectively, inducing 
compatible markings of F\ i.e., dHi = —dH2- Let S = Si S2, ct = ctiLig ct2, and 
/3 = /3i U f32- Also assume that one of Hi or H2 is admissible. Then (S,q;,/3,2;) is 
an admissible Heegaard diagram (denoted H) for Y. Recall that generators &{H) of 
CF{H) correspond to certain elements (xi, X2) of &{Hi) x 6(7^2). Moreover, 7r2(x, y) 
is naturally a subset of 7r2(xi,yi) x 7r2(x2,y2) by Lemma 4.21. 

Definition 9.1. By a compatible pair of decorated sources we mean decorated sources 
SI and 5*2 together with a bijection ip between E{Sl) and £{82), such that for each 
puncture qi of S^^ the Reeb chord labeling ^{qi) is the orientation reverse of the Reeb 
chord labeling gj. A compatible pair of sources S\ and S2 can be preglued to form a 
surface ^i^ \] S^. 

Definition 9.2. Fix generators xi,yi G &{Hi) and X2,y2 G 6(7^2), such that x = 
X1UX2 and y = yiUy2 are generators in &{H), and homology classes Bi G vr2(xi,yi) 
and B2 G vr2(x2,y2) inducing a homology class B G 7r2(x, y). Fix compatible sources 
5*1 and S2 connecting xi to yi and X2 to y2 respectively. Then define the weak moduli 
space of matched pairs to be the fibered product 

AlM^(xi,yi,5r;x2,y2,52^) := 7W^Hxi,yi; Xev,=ev, -M^^(x2, y2; ^2'); 

that is, pairs (mi,'U2) with Ui G A^^*(xj,yj; Sf) such that ev(Mi) = ev(M2), under the 
correspondence induced by (p. 

Define the index of a matched pair by 

ind(Si, SI; B2, S^) := ind(5i, S^, P) + md{B2, S^, P) ~ m 

=91 + 92 + 2e{Bi) + 2e{B2) - x{Si) - x{S2) + m, 

where P is the discrete partition on E{S^) (or equivalently £{82)) and m = \P\ = 
\E{Si)\. This is the expected dimension of the moduli space coming from its descrip- 
tion as a fibered product of two moduli spaces over M"*. 

Lemma 9.4. For generic, admissible almost complex structures on Sj x [0, 1] x 

the weak moduli spaces of matched pairs AiAdQ^^^^ (xi, yi, 5*5^; X2, y2, P) are trans- 
versely cut out by the d-equation and the evaluation map. Thus, the moduli space is 
a manifold whose dimension is given by ind(-Bi, S^; B2, S2). 

Proof. This is an immediate apphcation of Proposition 5.5 and the index formula. 
Formula (5.7), in the case when the partition is discrete. □ 

We wish to consider only strongly boundary monotonic moduli spaces. 

Definition 9.5. Define the (strongly boundary monotonic) moduli space of matched 

pairs 7\/i7\/i-^(xi,yi,S'i;x2,y2,5'^) to be the subset of 7\/lA<^(xi, yi, 5*1 ; X2, y2, 5"^) of 
pairs of curves (^1,^2) which are both strongly boundary monotonic. 



BORDERED HEEGAARD FLOER HOMOLOGY 



113 



Lemma 9.6. Let p be a sequence of sets of Reeb chords and let 01,02 C [2k] be 
disjoint, k-element sets of occupied a-arcs. If (oi,p) and (02, — p) are both strongly 
boundary monotonic, then for each G p, M{p~) and M{pl) are disjoint. 

Proof. This follows the same argument as Lemma 6.7. □ 

Lemma 9.7. For every Xj, y^, and S^, the strongly boundary monotonic moduli 
space of matched pairs TVItVI (xi, yi, Si; X2, y2, S2) is a closed and open subset of the 
corresponding weak moduli space A^A^^(xi, yi, S^; X2, y2, S2). 

Proof. Let the two moduh spaces be M and A^o- Let (ui,M2) be a curve in M, and 
let P be the induced ordered partition on E{Si). Since both (x, [P]) and (y,— [P]) 
are strongly boundary monotonic, it follows from Lemma 9.6 that any resolution 
of P into a discrete ordered partition remains strongly boundary monotonic on both 
sides. Thus a neighborhood of (ui,M2) inside Mq consists entirely of curves which 
are strongly boundary monotonic, and so 7V1 is open. On the other hand, in general 
the limit of strongly boundary monotonic curves is strongly boundary monotonic, so 
M is closed. □ 

Translation induces an M-action on MM^{'x.i,yi, S^; X2, y2, 5*2). This action is free 
except where both sides of the matching are trivial strips. When the action is free we 

say the moduh space is stable and denote the quotient A1A^^(xi, yi, S^; X2,y2, >S'2)/M 
byXX«(xi,yi,^>;x2,y2,^2'). 

Given a compatible pair and S2, preglue them to form = Si[\S2. Consider the 
corresponding moduli space for the diagram TC (representing the closed manifold Y), 
A^^(x, y, S^). This moduh space has an expected dimension given by the index 

md{B,S'>)=g-x{S) + 2e{B). 

(This is [20, Formula (6)], which is a special case of Equation (5.7).) If \E{Si)\ = m, 
we have xi^i \\ S2) = x{Si) + x{Si) — m. It follows from Formula (9.3) that the index 
of the moduli space of curves from x to y represented by the pre-glued source 
coincides with the index of the moduli space of matched pairs, i.e., 

ind(5i, S'^; B2, S^) = ind(5i \\ B2, \] S^). 

A stronger identification occurs at the level of moduh spaces. Specifically, given 
X, y G &{Y), B e 7r2(x, y), and 5*^ an appropriately decorated surface, let A1^(x, y, 
5^) denote the moduh space of holomorphic curves with source 5"^ in S x [0, 1] x M 
connecting x to y (satisfying boundary monotonicity). 

Proposition 9.8. There are generic admissible complex structures on T, x [0, 1] x M 

and on Sj x [0, 1] x M for i = 1,2 with the property that for all x, y G QiH), B G 
7r2(x, y), and source with ind(i?, S^) = 1, the number of elements in A^'^(x, y, S^) 
is equal ( modulo 2) to the number of elements in 

U A^A^^(xi,yi,^r;x2,y2,^2'), 
where x = xi U X2 and y = yi U y2. 
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Proof. The result follows from standard compactness and gluing techniques, in a 
completely analogous way to Propositions 5.20 and 5.22. □ 

As always, the curves of primary importance to us are the embedded ones. For 
a Heegaard diagram H for a closed manifold with genus x, y G &{H), and B G 
7r2(x, y), define 

Xemh{B) -.= 9 + e{B) - n^{B) - ny{B) 
md{B) := e{B) + n^{B) + 

(This is a special case of Definition 5.46.) 

Definition 9.9. The embedded matched moduli space Al7Vl^(xi, yi; X2, y2) is the 

union of AlM^(xi,yi,5J';x2,y2,^2^) over all pairs 5^ ^2^ with xiSl'^Sl) = Xemh{B). 
(Note there are only finitely many terms in this union.) Also define A1A^^(xi,yi; 

X2,y2) to be the quotient of 7Vl7Vl^(xi, yi; X2, y2) by the M-action. 

It follows from Lemma 9.4 that 7V17Vl^(xi, yi; X2, y2) is a manifold of dimension 
ind(5) - 1. 

Lemma 9.10. A matched pair of curves {ui,U2) is in the corresponding embedded 

matched moduli space A1A4^(xi, yi; X2, y2) if and only if both Ui are embedded and 
every pair of Reeb chords appearing at the same height in Ui are either nested or 
disjoint. 

Proof. Let (mi,M2) be any matched pair of curves. Let be the source of Wj, and let 
p be sequence of sets of Reeb chords on Ui. Let m = | £^(5*^)1 and Bi^B2 = B. By 
Lemma 5.54, x{Si) > Xemb(5i,p) and x{S2) > Xemh{B2, -p)- 
We claim that 

as follows. The L{pi, pj) terms in the definition of l (Formula (5.44)) contribute 
oppositely to t{p) and t{—p), as the orientation on the circle is reversed, so the only 
contributions to l{p) + t{—p) are from the i(Pj) terms. From Lemma 5.43 we see 
that each chord contributes —1, and each pair of chords pi, p2 has a further negative 
contribution of — 2|L([pi], [p2])|, from which the claim follows. 
Thus 

X{S', ^ S^,) = xiSi) + x{S2) - m 

> Xcmb(5l, P) + Xcmb(52, p) - m 

= g + e{B) - n^{B) - %(fi) - l{p) - L{-p) - m 

> Xcmb(5). 

The pair (mi,M2) is in the embedded moduh space if and only if we have equality, 
which is equivalent to both ui and U2 being embedded and all |L([pi], [p2])| terms 
vanishing. These last terms vanish if and only if for all pi and p2 on the same level, 
pi and p2 are nested or disjoint, as desired. □ 
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Definition 9.11. Let CF{Hi,H2) be the F2-vector space with basis those xi x X2 G 
&{Hi) X &{'H2) so that xi U X2 is in &{'Hi 7^2)- Define a boundary operator di 
on 'CF{ni,H2) by 

5i(xiXX2):=^ ^ #(-M-M^(xi,yi;x2,y2)) ■ (yi X ya). 

yi,y2 {_B|ind(_B)=l} 

Since Tii Ug 7i2 is admissible by Lemma 4.22, the argument from Lemma 6.5 shows 
that this sum is finite. 

Theorem 9.12. CF{Hi,H2) is a chain complex isomorphic to the complex CF{HilJg 
'^2), for suitable choices of almost- complex structure. 

Proof. According to [20, Theorem 2], CF{Hi Ug H2) can be calculated by the chain 
complex whose diff'erential counts points in A^'^(x, y, S''^), where we take the union 
over all choices oi B E 7r2(x, y) and compatible S'^ so that ind(S'^,-B) = ind(i?) = 1. 
According to Proposition 9.8, these counts agree with c^i. □ 

9.2. Dilating time. We can generalize the notion of matched pairs by inserting a 
real parameter T, as follows. 

Definition 9.13. Fix a real number T > 0. Fix generators xi,yi G &{Yi) and 
X2,y2 G &(Y2). Fix compatible sources and 5*2 connecting xi to yi and X2 
to y2 respectively. The weak moduli space of T-matched pairs A^A^^(T; xi, yi, Sj*; 
X2,y2, 5*2 ) is defined to be the fibered product 

A^^Hxi,yi; ^r) xr.ev,=ev, -M^^(x2,y2; ^2'); 
that is, it consists of pairs {ui, U2) with Ui G 7W^*(xj, y^; Sf) and T ■ ev{ui) = ev{u2). 
Also define the moduli space of T-matched pairs 7V17W^(T; xi, yi, SJ"; X2, y2, "Sg) fol- 
lowing Definition 9.5 and the moduli space of embedded T-matched pairs J^J^^{T; 
Xi,yi;x2,y2) following Definition 9.9, except using T-matched pairs rather than 
matched pairs (which are the case T = 1). 

Definition 9.14. The moduh space of T-matched pairs has an M-action defined 
by Tt{ui,U2) = {TT.t{ui),Tt{u2)). Wc Ict A1A^^(T; Xi, yi, 5^ X2, y2, ^2^) denote the 

quotient of MM (T; xi, yi, Si] X2, y2, 5*2 ) by this action, and similarly for MM^{T] 
xi,yi;x2,y2). 

Of course, the index of a T-matched pair does not depend on the T-parameter; it 
is still given by md{Bi, S^; B2, S2) as defined in Equation (9.3). 

Lemma 9.15. For generic admissible almost complex structures Ji on Sj x [0, 1] x M, 
for all choices o/xj,yj G &{'Hi) and domain B G vr2(xi U X2,yi U y2) so that B 0, 
we have that 

• for generic values of T , A1A1^(T; xi, yi; X2, y2) is a manifold of dimension 
m.d{B) — 1, and 

• IJy^Q 7Vl7Vl^(T; xi, yi; X2, y2) is a manifold of dimension ind(i?). 

Proof. As in Lemma 9.4, the first statement follows from Proposition 5.5 and Equa- 
tion (5.7), as well as Lemma 9.7. The proof of the second statement is standard; see, 
for instance, [28, Section 3.4] for a nice explanation of this type of argument. □ 
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Definition 9.16. For T G (0,oo), let 'CF{T;l-Li,l-i2) be the vector space with 
the same basis as CF{Hi,H2) from Definition 9.11 and with boundary operator 
dr: CF{T,ni,n2) — ^ CF(T, T^s) defined by 

9t(xi X X2) -.= ^2 Yl #(-M-M''(T;xi,yi;x2,y2)) • (yi x y^). 

yi,y2 {B\md{B)=l} 

The next goal is to show that = 0. As usual, this requires considering 

the ends of A^A^^(T; xi, yi; X2, y2) when ind(-B) = 2. To this end, we consider a 
compactification of 7W7W^(T; xi, yi, S"]^; X2, y2, 5'2 ) by holomorphic combs, following 
Section 5.3. 

Definition 9.17. Given Xj,yj G &{Hi) for i = 1,2, a T-matched story from (xi,yi) 
to (x2, y2) is a sequence f i, . . . ,Vk, M2) where Ui G A^'^(xj, y,; S^) and Vj G M{Tf') 
for some sources and Tj^, together with one-to-one correspondences between E{Si) 
and iy(Tf ), ^(7^^) and W{T^^), and E{T^) and ^(^2^), so that the correspondences 
preserve the labelings by Reeb chords, with orientation reversal between E{T^) and 
E{S^), and 

ev(ui) = ev^(t;i), 
eve(fi) = ev^(t;j+i), and 
T ■ ev^{vk) = ev{u2). 

We call Ml the west-most level of the T-matched story and U2 the east-most level of 
the T-matched story. A T-matched story is stable if either ui or U2 is stable. (In 
particular, if \E{Si)\ > 0, the comb is automatically stable.) 

A T-matched comb of height is a sequence of stable T-matched stories running 
from (xj,yj) to (xj+i,yj+i) for some sequences of generators x^ and y^ (for j = 
1,...,N + 1). 

As in Section 5.3, there is a natural compactification A^A^^(xi, yi, 5*^ ; X2, y2, •S'g ) 
of A^A^^(xi, yi, 5"^; X2, y2, 5'2) inside the space of stable T-matched holomorphic 
combs. The following is the analogue of Proposition 5.32, and the proof is similar. 

Proposition 9.18. Suppose that ind(i?i, S^; B2, S2) = 2. Then for generic J, every 
T-matched comb in dM.M.^(T;:s.i,-yi, Si;:x.2,y2, S2) has one of the following forms: 

(1) a two-story T-matched comb {u[,u'2) * {u",U2); 

(2) a T-matched comb {ui,v,U2) where the only non-trivial component of v is a 
join component; or 

(3) a T-matched comb {ui,v,U2) where the only non-trivial component of v is a 
split component. 

Proof. First suppose that we have a one-story T-matched comb (mi, f 1, . . . , f^, M2) 
in the boundary of the moduh space, with source {S^', T^, . . . , T^, S2'). Let T'^ = 
T^\\...\\ Tf . By the index hypothesis, 

2 = g-xiSt)-xiS^) + 2eiB)+mo, 

where mo = |^(^r)| = 1^(52)1- We also have 

\\ SI ^ S^' \\ T^ \\ SI' 
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and so 

xiSl) + x{S^) -mo = xiSf) + x(T^) + xl^^) - m, - m2 

where mi = \E{S^')\ and m2 = \E{S2')\. Let k be the number of components of T^. 
Let Pi be the partition oi E{Sf') according to the components of T^, so that |Pj| = k. 
Then an upper bound for the dimension of the space of hmit curves for generic J is 

ind(Ei, Pi) + ind(P2, ^2', P2) - A; - 1 

= g - xiSf) - xiS^') + 2e(P) + k-l 

= xiSt) - x{Sr) + X(52 ) - xiS^) -mo + k + 1 

= (x(T^) -k) + {k- mi) + {k- m2) + 1. 

All three terms in parentheses are non-positive, so if the space of hmit curves is non- 
empty, at most one can be negative. If all are equal to 0, T'^ consists of trivial strips 
and there is no degeneration. If x{T^) < one component of is an annulus, 
which is ruled out as in Proposition 5.32. If mi = A; + 1 or m2 = k + 1, then is a 
join or split curve, respectively. 

The arguments above also show that the index of a story in the degenerate curve 
is at least 1, and that if the index is 1 there are no components at east infinity. Thus 
the only other possibility for a degeneration is a two-story matched curve. □ 

In our setting, the matched combs with components at east infinity cancel in pairs, 
as boundary branch points move between Si and S2. Roughly speaking, the next 
proposition states that rigid T-matched combs {ui, v, U2) appear with multiplicity one 
in the boundaries of their corresponding one-dimensional moduli spaces. 

Proposition 9.19. Let {ui,v,U2) he a T-matched comb of index two with source 
(5*1, T^, S2), where has one non-trivial component, which is either a join or split 
component. Then there are arbitrarily small open neighborhoods Ui of {ui,v,U2) in 

M^(xi,yi,Sr^T^) x7W^(x2,y2,52^) 

with the property that dUi meets M.A4^{T; xi, yi, \\ T^; X2, y2, S2) in an odd num- 
ber of points. Similarly, there are arbitrarily small open neighborhoods U2 of (ui, t>, U2) 
in 

A<^(xi, yi, X 7W^(X2, y2, t] ^2^) 

with the property that dU2 meets M.M.^{T; xi, yi, S\] X2, y2, T^ t] S2) in an odd num- 
ber of points. 

Proof. Suppose that w is a split curve. We label the west punctures of S'l t] 
by {wiYi^Q so that wq and wi are the ones which are in the same component in 
the split curve. Let {cijf^Q be the corresponding punctures of S'l. There are open 
neighborhoods A^i C >l^i(xi, yi, Si^t]T^) of {uuv) and N2 C M^''{-K2,y2. S^) of M2 
which admit evaluation maps 



ev^ : A^i 
ev^ : N2 
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where the i^^ coordinate of ev^ is eVe-,eo, and the i^^ coordinate of ev^ is T ■ eVwi,wo- 
Let 

be the first component of ev*, i.e., using the difference eve^ — eveg in the case of /2. 

By the assumptions on the index, dimA?"! + dimA^2 = i + I, so if we knew that 
the maps ev^ and ev^ were smooth it would follow that the images intersect in a 
1-manifold, which would prove the result. The difficulty is that we do not know that 
ev^ is smooth on the boundary. Instead, we will use finking number considerations. 

Let U he a neighborhood of Ui inside M^^{'Ki,yi, S^). Gluing (Proposition 5.22) 
gives a map 

7: ?7 X [o,e] ^ iVi c 7w^Hxi,yi,5rt]T^) 

which is a homeomorphism onto a neighborhood of {ui,v). We choose U so that 

• U is a bafi, and 

• U is sufficiently smaU that ev^{U x v) f] ev^(A^2) consists of a single point. 
The second point is possible by transversality (Proposition 5.5). 

In particular, eY^{dU x t>) fi ev'^{N2) is empty and hence, for sufficiently small e, 
the intersection ev^{'y{dU x [0,e])) fl ev'^{N2) is also empty. Since 7([/ x e) stays 
away from the degenerate strata, /i is positive on 7([/ x e). Therefore, for sufficiently 
smaU 5 > 0, /2~^((— 00, 5]) is disjoint from 7(^7 x e). Consider now the open ball 
Bi = U X [0, e] and choose an open ball B2 C N2 which is a neighborhood of U2 and 
contained in f^^d—oo, 6]). Let B2 be the closure of -Bg- Then ev^{dBi) intersects 
ev^(i?2) only in the single point ev^(Mi,f), which is in ev^(i?2). Therefore linking 
number considerations show that ev^{Bi) fl ev'^{dB2) consists of an odd number of 
points. We can therefore take Ui to be 'y{U x [0,e)) x B2. 

A similar analysis holds for the other modufi spaces. □ 

Proposition 9.20. The map dx is a differential. 

Proof. Fix Xj,yj G &{Ti.i) and a homology class B G 7r2(xi U X2,yi U y2) with 
ind{B) = 2. Consider the ends of the modufi space M.^{T; xi, X2; yi, y2) of embedded 
T-matched holomorphic curves representing B. According to Proposition 9.18, these 
ends correspond either to simple matched combs, which cancel in pairs according to 
Proposition 9.19, or to two-story holomorphic buildings, with each story an index 
one T-matched curve. Indeed, each possible two-story building appears as an end an 
odd number of times, according to an extension of Proposition 5.21 along the lines of 
Proposition 9.19. Hence, the number of such two-story buildings must be even. But 
the number of such terms (over all homology classes B with index two) is the yi x y2 
coefficient of (9t)^(xi x X2). □ 

The chain complex CF(1; T^i, ^^2) is CF(7^i Ua7^2) by Theorem 9.12. We wiU next 
show that the homotopy type of CF(T; Fi, F2) is in fact independent of the choice 
of T. 

Definition 9.21. Let Ti and T2 be two positive real numbers, and fix a smooth 
function ijj : M — > R with positive derivative so that 

m = 
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There are induced maps ijj'^: M."^ — > defined by 'ip''^{ti, . . . ,tm) = {ip{ti)^..., 
ipitm))- Fix generators xi,yi G 6(11) and X2,y2 G ©(5^2)- Fix compatible sources 
SI and 5*2 connecting xi to yi and X2 to y2 respectively. The moduli space of ip- 
matched pairs, denoted 

A^^^^^H^;xi,yi,5r;x2,y2,52'), 
is defined as the fibered product 

A^^i(xi,yi;5i^) x^™„evi=ev. A<^Hx2,y2;52^), 

where m = \E{S^)\. That is, the moduh space consists of pairs (mi,M2) with Ui G 
A^^*(xj, yj; ) such that o ev(ui) = ev(M2). The space of ^/'-matched pairs has a 
natural compactification by ip -matched combs, defined analogously to Definition 9.17, 
except using the map induced by ip rather than simply rescahng on the left side. 

The moduli spaces of ^/'-matched pairs do not in general admit a natural action 
by M. 

For tjj as above, define 

Fti,T2- CF{Ti]l-Li,'H2) — > CF(r2; Til, 7^2) 

by 

Fti,t2(xi X X2) = ^ ^ #(A<;V/l^(^;xi,yi;x2,y2)) ■ (yi x y2). 

yi,y2 {B|ind(_B)=0} 

We sketch now familiar arguments (generalizing the above proof of Proposition 9.20) 
which show that -FTi,r2 is a chain map. 

Lemma 9.22. Suppose that M.^ {ilj;^i,yi, S\;^2,y2i S2) is 1- dimensional. Then for 
generic J, every ip-matched comb in (9A^^('?/'; xi, yi, Sj*; X2, y2, Sg) has one of the 
following forms: 

(1) a two-story matched curve {u[,u'2) * {u",U2), where {u[,u'2) is a ip-matched 
curve and (-u'/j-Ug) is a T2-matched curve; 

(2) a two-story matched curve {u[,u'2) * {u'{,u'2), where (^,^2) is a Ti-matched 
curve and {u'[,u'2) is a ip-matched curve; 

(3) a ip-matched comb {ui,v,U2) where the only non-trivial component of v is a 
join component; or 

(4) a ip-matched comb {ui,v,U2) where the only non-trivial component of v is a 
split component. 

Proof. This follows along the same lines of Proposition 9.18 above. □ 

Proposition 9.23. -Pr^.Ta induces a chain map from CF(Ti;Hi,H2) to CF{T2;Hi, 
H2). Indeed, Ft^ t^ is a chain homotopy equivalence. 

Proof. For fixed Xj,yj G &{Hi) and homology class B with ind(i?) = 1, consider 
the moduli space A^^(?/;; xi, yi; X2, y2). Lemma 9.22 accounts for the ends of these 
moduli spaces. A straightforward adaptation of Proposition 9.19 shows that the ends 
enumerated in Lemma 9.22 which do not a priori cancel in pairs are the two-story 
T/'-matched curves. Gluing as in the proof of Proposition 9.20 shows that those ends 
are in one-to-one correspondence with the types of two-story buildings enumerated 



120 



LIPSHITZ, OZSVATH, AND THURSTON 



in Lemma 9.22. But these counts, which must add up to zero, are precisely the 
coefficients of yi x y2 in o -FVi,t2(xi x X2) + -Fti,t2 ° c^Ti(xi x X2). 

Showing that -Ptj ^2 is a chain homotopy equivalence also follows along familiar lines 
in Floer homology. The homotopy inverse is provided by Ft^^Ti defined with a suitable 
function ip2i, and the chain homotopy to the identity is provided by counting curves 
matched by a suitable family of functions, depending on a parameter c, interpolating 
between multiplication by Ti and a function which agrees with ipij:) for t sufficiently 
small, and il)2i{—t + c) for t sufficiently large. □ 

9.3. Dilating to infinity. Now that we have established suitable independence of 
CF{T]l-Li,'H2) from T, we turn to the large T behavior of this complex. As T goes 
to infinity, we see ideal objects as follows. 

Definition 9.24, Let M := [—00, +00] be the standard compactification of M. For 
U a holomorphic comb of height N , define its time-parameter space T{U) to be the 
union of iV copies of M modulo identifying +00 in the i^^ copy with —00 in the [i + iy^ 
copy: 

T{U) := I ((+00), ~ (-oo),+i). 

When U is the trivial comb (A^ = 0), let T{U) be a single point. Then an ideal 
matched holomorphic comb is 

• a pair (f/i, U2) of stable holomorphic combs, 

• an order-preserving map $ from the set of stories of U2 to T(Ui), and 

• a correspondence from E{U2) to E{Ui), 

so that, for every east puncture p of U2, 

• if p is labeled by the Reeb chord p, then ip{p) is labeled by —p and 

• if p is a puncture on the story C of f/2, the t-coordinate of (p{p) is $(C). 

As usual, we will often suppress ip from the notation. Let the total west source 
and total east source S2 of {Ui,U2) be the result of pregluing all the sources of Ui 
and f/2, respectively. We view such an ideal matched comb as a point in 

7W^Hxi,yi; SI- A) X 7W«Hx2,y2; ^2^ P2) 

where Xj, y^, and Bi are as usual. Pi is the induced partition on E{Sl)^ and P2 is the 
discrete partition on £{82)- 

In the definition, Ui or U2 may be of height 0, in which case the other is an ordinary 
provincial comb. 

Definition 9.25. Let {U^}'^^^ be a sequence of -matched combs, where Tj 00. 
Let (?7i, U2) be an ideal matched holomorphic comb. From each T^-matched comb 
extract a pair of combs u{ and U2 by first taking U2 to consist of the east-most levels 
of each story and u\ to be the rest of each story and then throwing out any stories 
consisting of trivial strips. We say that the sequence {U^} converges to {1/1,1/2) if 
the following conditions are satisfied: 

• The sequences {u{} and {u^} converge to Ui and U2, respectively. 
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• For sufficiently large j the identffication between the east-most punctures ofu{ 
and the east punctures of ul corresponds to the identffication between the 
east-most punctures of Ui and the east-most punctures of U2. 

• For each story C of U2, ^{C) is r G T{Ui) determined as follows. Place 
marked points pj on the source of v?^ so that the sequence {pj} converges to 
a point on the source of C. Choose marked points qj on the source of m] so 
that 

Trt{u]{q,))=t{u%p^)). 
Then r is the limit oit{u}j{qj)) (which may be ±00). 

Proposition 9.26. An sequence {{u\,U2)}^i ofTj-matched holomorphic combs with 
Tj — > 00 has a subsequence which converges to an ideal matched holomorphic comb. 

Proof. This is clear from the definitions and the compactness theorem for holomorphic 
combs, Proposition 5.20. □ 

Remark 9.27. Observe that the limit (f/i,?72) is not necessarily unique. To make 
it unique, we should identify ideal matched combs {1/1,1/2) and {U[,U2) where U2 is 
gotten by deleting some collection of eastern levels of U2 and U[ is gotten by annexing 
those eastern levels to f/i. 

Definition 9.28. An ideal matched curve is an ideal matched comb {Ui, U2) in which 

• Ui has at most one story, 

• 1/2 has no components at east infinity, and 

• every component of Ui at east infinity is a disk with a single west puncture. 

In the above definition, the east infinity components of Ui are like split components, 
except that there may be any number of east punctures. Note that the comb U2 can 
have many stories. 

Lemma 9.29. Let Xi,yi G &{T-Ci), Bi G 7r2(xj,yj), and be an appropriate source 
for i = 1,2. Let M. be the space of stable ideal matched combs from xi x X2 to yi x y2 
with total east source and total west source S2. If ind{Bi, Si; B2, S2) < I, then 
Ai is empty. If md{Bi, S^; B2, S2) = 1, then M. consists of ideal matched curves 
(1/1,1/2), and exactly one of the two following conditions holds. 

(1) E(Sl) = £{82) = and one of Ui or U2 is the trivial comb of height 0, the 
other having index one. 

(2) Each story ofU2 has index one (with the discrete partition), and Ui has index 
one (with the induced partition). 

In particular, in the second case U2 has no components at east infinity, although 
Ui may. Define a simple ideal matched curve to be an ideal matched curve satisfying 
one of the two conditions above. 

Proof. This is similar to the proofs of Propositions 5.32 and 9.18. The case with no 
east punctures is immediate. Otherwise, let {1/1,1/2) G M.. Suppose first that Ui has 
a single story, and for notational simplicity assume that U2 also has a single story, 
so that all east punctures of Ui appear at a single height. Let S^' and 5*2' be the 
sources of the main components of Ui and U2, respectively, and similarly let Tf' and 
be the sources of the east components of Ui and 1/2- Let /c2 be the number of 
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components of , tjiq = \E{S'^)\ = \E{S^)\, and = \E{S^')\ for i = 1,2. For 
generic J, an upper bound for the dimension of A4 is then 

ind(5i, P[) + ind(52, ^2^', P^) - 2 

= g + 2e{B) - xiS^) - xiS',') + 

= (x(Tf ) - mi) + (xiTt) - mo) + {h - m^) + ind(5i, Si' B^, S^) - 1. 

When ind(5i, 5*5^; B2, S2) < 1, the sum is negative and so there are no ideal matched 
combs. When ind(-Bi, S^; B2, S2) = 1, all three terms in parentheses must be 0, which 
imphes that (f/i, U2) is an ideal matched curve as stated. 

The case when U2 has multiple stories is similar. If Ui has more than one story, 
each story must have index at least one by the above analysis, contradicting the index 
assumption. □ 

Now define a moduli space 

A^A^^(>To;xi,yi,5r;x2,y2,52^) := |J (T, A^A^^(T, xi, yi, 5^; X2, y2, 

T>To 

Proposition 9.30. For all ^i, yi, Bi, and with ind(i?i, ; -B2, •S'l) = and the 
sources not both trivial strips, there is a Tq so that M.M.^^^^'^{> Tq; xi, yi, S'J'; 
X2,y2,5'2^) is empty. 

Proof. Suppose we have a sequence of Tj-matched curves Ui E A^A^^(Tj; xi, yi, ; 
X2,y25'S'2) with Tj approaching 00. By Proposition 9.26, there is be a subsequence 
converging to an ideal matched building, but by Lemma 9.29 this is impossible for 
stable curves in index 0. □ 

Proposition 9.31. For generic T sufficiently large, Xj,yj G GifHi) and Bi, B2 so 
that ind(i?i,i?2) = 1, the embedded moduli space A^7W^^^'^^(T; xi, yi; X2, y2) is a 
zero-manifold whose point count has the same parity as the number of stable ideal 
matched curves from xi x X2 to yi x y2 in the same homology class. 

Proof. Let Tq be the maximum value from Proposition 9.30 for all relevant sources S^. 
Let 

TiT- MM''{> To;xi,yi;x2,y2) [Tq, 00) 
be the natural projection to the T coordinate. We claim that tt^ is proper. To this end, 
observe that if {ui}Zi e 7WA^^^'^'(Ti; xi, yi; xs, y2) is a sequence of matched curves 
with Tj > To but |Tj| bounded above, then the matched curves have a subsequence 
which converges to a T-matched comb U for some T. Suppose this comb has k 
stories. Additivity of the expected dimension, together with Lemma 9.15, ensures 
that k < 2. The case A; = 2 is excluded by Proposition 9.30 (since one of the stories 
must have index 0). In the case where = 1, by Proposition 9.18, either U is a T- 
matched curve (rather than a comb), or U has a join or split component at east-west 
infinity. Suppose that the latter happens for arbitrarily large T. Then we can take 
the hmit of a subsequence to get a ideal matched comb (mi,M2) with either a join 
or split component at east infinity in Ui. If we have a join component, we violate 
Lemma 9.29; if we have a split component, then U2 has two punctures at the same 
level, violating the condition that U2 have index 1. 
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It follows that for any two sufficiently large, generic Ti and T2, the moduh spaces 

A^A^^(T,;xi,yi;x2,y2) 

are compactly cobordant. 

Next, we study the ends of the space as the projection to T goes to infinity. Specifi- 
cally, let Ui G A^^(Tj,xiXX2,yixy2) be a sequence of matched curves where Tj 00. 
Such a sequence converges to an ideal matched comb, which by Lemma 9.29 is an 
ideal matched curve. 

It remains to verify that each end appears: each simple ideal, matched curve has a 
neighborhood with the property that the number of T-matched curves in this neigh- 
borhood (for sufficiently large, generic T) is odd. We first fix some notation. Fix a 
moduli space A^^(x, y; S''^) in which has £ east punctures, an ordered partition 
P = (Pi, ■ ■ ■ , Pm) of E{S^), with none of the Pi empty. Let the punctures in Pi be p\ 
through p"™. We can then regroup the evaluation maps into two functions as follows: 

/p:^(x,y;5^)-^M™-i 

Ip{u2) = {eY{pl,pl;u2),--- ,ey{pln,pln-v'^2)) 
Jp: 7W(x,y,S^) — .M^-'" 

Jp{u2) = iev{plp\;u2)r-- ,ev{p1\p'^'-^;u2), 
ev(p|,p^; M2), ■ ■ ■ ,ev(p2',P2'~ V2), 

ey{pLpln-, ■ ■ ■ ,ev(p^™,p;;'"-i;M2)). 

Here we use ev(p, g; u) for what we previously denoted eVp ,j(M) or evp(u) — eYq{u). 

Now, fix an ideal matched curve (^1,^2), with U2 = {fi, ■ ■ ■ , fm)- (Recall that 
Ml consists of a one-story holomorphic building with generalized split curves at east 
infinity.) Let Pd be the discrete partition on the east punctures of M2- Then Propo- 
sition 5.21 tells us that a neighborhood U2 of (/i, . . . , thought of as an m-story 
building in A4^'{'K2, y2, >S'2 ; Pd), is homeomorphic to Hi^^^l'''; Partition the punc- 
tures on 5*2 into m groups according to the stories in the hmit and order the punctures 
within each group according to their height in U2- We can then regroup the evaluation 
maps as above to give the two maps Ip and Jp as above. Then the map 

Jp: ^2^1+"' 

maps degree one onto all points in M™"^ with sufficiently large norm, while Jp maps 
U2 into an e-neighborhood of some vector C2 in the interior of M^™. 

We now turn to the Ui side. For a small neighborhood Ui of mi in A^(xi, yi, ^i ; Pd), 
the function 

Jp: Ui — ^M^-"' 

maps to a neighborhood of 0. The precise image depends on which east punctures 
of SI are on the same generalized split curve, but in any case transversality and the 
argument of Proposition 5.29 guarantee that Jp maps Ui with degree one (mod 2) 
onto all points with positive coordinates and sufficiently small norm. In addition, Ip 
maps lAi into an e-neighborhood of some vector ci in the interior of M^"^. 
See Figure 39 for an illustration of the map ev on Ui and U2- 
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Figure 39. Schematic illustration of the proof of Proposition 9.31. 
The curve to the right represents the image of IA2 under evaluation, 
while the piece of surface represents the image of Wi under evaluation. 
After rescahng the image of U2 by a factor of 1/T, it intersects the 
image of Ui an odd number of times. 



We now show that for all sufficiently large T, the fibered product 

Xt '■= Ui XT.evi=ev2 ^2 = Ul Xevi=l/T-ev2 ^2 

consists of an odd number of points. Specifically, the map 
can be homotoped smoothly by a homotopy H to the map 

for some generically chosen vector c G M^*". For sufficiently large T, the image of 
d{U2) under H is disjoint from the image of Ui under the evaluation maps. (Recall 
that the image of Ui is contained in some e neighborhood of a vector ci in M^"^ 
with no vanishing coordinate, whereas for T sufficiently large, d{U2) is mapped under 
^(/p, Jp) outside of this neighborhood). It follows now that the zero-manifold Xt is 
compactly cobordant to 

In turn, since Ip : U2 — > ^ has degree one onto all points with sufficiently large 
norm, it follows that Xt is also compactly cobordant to 

nm—l 

where l: XYi^i\t,oo] — > is simply inclusion; i.e., Xt is compactly cobordant to 
Jp^{c/T) in U. Since Jp: U — ]R^~™ has degree one onto all points with positive 
coordinates and sufficiently small norm, Xt is compactly cobordant to a single point, 
as desired. □ 

Proof of Theorem 1.3. Write n = HiUd H2. According to Theorem 9.12, 'CF{Hi U9 
H2) is identified with 'CF{T;ni,n2) with T = 1. By Proposition 9.23, the chain 
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homotopy type of CF{T; Hi, 712) is independent of T. According to Proposition 9.31, 
if T is sufficiently large, the differential count in CF{T;Hi,H2) is counting ideal 
matched curves with formal dimension one. More precisely, we conclude that for 
large T, CF(T;Hi,H2) is generated by x e ©(Hi) and y G &in2), with differential 
defined as follows. Let Oj be a basis for the algebra A{F) over F2, so that we can 
write 

i 

for y G CFD{'H2)- Then, for large T, we have that 

9T(x(g)y) = ^mfc+i(x,aj^,...aiJ(Afe o ■ ■ ■ o DiJ{y), 

where here the sum is taken over all fc-element sequences of elements in 

{1, . . . ,n} (including the empty sequence with k = 0). (The possibility, in an ideal 
matched curve (ui, M2), for ui to have generalized split components at east infinity ac- 
counts for the different ways to write an algebra element as a product of Reeb chords.) 
Comparison with Equation (2.22) shows that the differential we are considering here 

coincides with the differential in CFA{Hi) M CFD{H2), in the sense of Definition 2.17. 
According to Proposition 2.20, this in turn is identified with the derived tensor prod- 
uct of CFA{Hi) with CFD{H2)- (Here, we are using the fact that we can find an 

admissible diagram isotopic to H2, so CFD{T-C2) is homotopy equivalent to a bounded 
type D structure.) □ 

9.4. Gradings. We now turn our attention to a graded version of the pairing theo- 
rem. We continue to assume that Yi and Y2 are two bordered three-manifolds which 
agree along their boundary, represented by Heegaard diagrams TCi and 7^2- We let 
Y = YiLid Y2 be represented by the Heegaard diagram 7i = Tii 7^2- 

Recall that for each spin*^ structure Si over Yi, CFA{Hi,Si) is graded by the set 
Pi(xi)\G(Z), where here xi G &{Hi) is a generator representing Si, and -Pi(xi) 
denotes the image of the group of periodic domains in the grading group. Similarly, 
for each spin"^ structure S2 over I2, CFD{H2,S2) is graded by the set G(Z)/P2(x2), 
where now X2 G ©(Hi) is a generator representing S2, and ^2(^2) denotes the image of 
the corresponding space of periodic domains in the grading group. Correspondingly, 
the tensor product CFA{Hi, Si) M CFD{H2,S2) inherits a grading gr^ with values in 
the double coset space 

P1(X1)\G(Z)/P2(X2). 

We now assume that xi and X2 occupy complementary a-arcs, i.e., that x := xi x X2 G 
&{H). In addition, we will use /a(xi) = Id{^2) = I{sq) as the reference idempotent 
for defining the grading gr as in Section 3.3.2. 

Note that the above double coset space still inherits an action by Z (acting on 
the Maslov component). The quotient by this action is naturally identified with 
the quotient of Hi[F) by the image of H2{Yi, F) © H2{Y2, F) under the boundary 
homomorphism, or, equivalently, by the image of iJi(P) in Hi{Y). Indeed, we can 
encode this as the following right exact sequence: 

Z Pi(xi)\G/P2(x2) — . Im(iJi(P) ^ Hi{Y)) 0. 
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More invariantly, we have 

Z ^ Pi(xi)\G'/P2(x2) ^{se spin^(r) I 5\y^ = 5i,t = 1, 2} 0, 
where the map 11 is defined by 

n(7)=5(x) + [7]. 

Here 7 ^ [7] is the map from the double-coset space to Hi{Y), and we are implicitly 
using Poincare duality to think of spin'^(F) as an affine space over -^1(1^) (rather than 
the usual H\Y)). 

Lemma 9.32. The Z orbit of a double-coset in Pi(xi)\G/P2(x2) mapping to s' G 
spin^(F) under the map U is identified with 

Z/div(s'), 

where here div(s') denotes the divisibility of the first Chern class of a' , i.e., 

H\Y- Z) U ci(s') = div(s') ■ H^{Y- Z). 

Proof. Suppose that 7 represents a double-coset with the property that 7 and A* ■ 7 
represent the same double coset. This means that there are Pj G 7r2(xj,Xj) with the 
property that 

A*-(7(Pi)-7-^7(52)=7 
where g{Bi) is as defined in Formula (6.14). (The difference between g' and g from 
Formula (6.22) makes no difference here.) This imphes that d^Bi + d^B2 = 0, so that 
we can form the periodic domain B = Bi\] B2. Using the formula e(P) + 2n^{B) = 
(ci(5(x)), [P]), (see [32, Proposition 7.4]), we can interpret the above equation as 

1 = A* ■ X~<B)-2n^iB)^Q^ Qd^^^ . ^ . ^0, -9^Pi) • 7"! 
^ ;^t-(ci(s(x)),[B]>-2[7]n[99Bi] 
^ _)^t-(ci(s(x)),[iJ]>-2[7]n[iJ] 
^ ;^t-(ci(n(7)),[B]>^ 

where [7] fl [d^Bi] denotes the intersection number of two elements of Pi(P; Z), while 
[7] n [P] denotes the intersection number of [7] G Hi{Y; Z) with [P] G H2{Y; Z). The 
second equality uses Equation (3.22) and the last uses 01(11(7)) = ci(s(x)) + 2[7]. 
From this (and the fact that any P can be decomposed into Pi and P2) the desired 
result follows. □ 

Theorem 9.33. Fix Si G spin'^iYi). There is a quasi-isomorphism 

$: CE4(Hi,Si)K CFP(H2,S2) — ^ CF{n,s) 

s£spin'^(y) 
S|y-=0i,i=l,2 

which respects the identification between grading sets in the following sense: 

(1) If mi Mm2 is a homogeneous element with grading gr^(mi Mm2) G P(xi)\G/ 
P(x2), then $(mi Klm2) lies in the n(gr^(mi Klm2)) G spin'^(y) summand of 
CF{Y). 
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(2) // mi Kl 1712 and rii Kl n2 are two homogeneous elements whose gradings are 
related by 

gr^(mi Kl = A* gr^(r2i Kl ^2), 

so that n(gr^(mi K m2)) = n(gr^(?2i K 722)) = s' e spm'=(y), then ^{nii K 
7712) anc/ $(ni Kl 712) are elements whose relative Maslov grading is given by t 
(mod ci(div(s'))). 

Proof. The map $ is the quasi-isomorphism from Theorem 1.3. We must prove the 
map $ respects the grading sets. 

To define the identification of grading sets we chose generators xi and X2 with 
s(xj) = Si. We will use the idempotent /^(xi) = Id{^2) = H^o) to pin down the 
gradings in the algebra as in Section 3.3.2, and we also use Xj to pin down the gradings 
on 'CFAiHuSi) and CFZ)(7^2, S2), as in Sections 7.3 and 6.3. 

Let yi,y'i G &{Hi) and y2,y2 ^ &iT^2) be generators with s(yi) = s(y-) = Sj and 
such that y = yi X y2 and y' = y[ x y2 are generators for H. Let Bi G 7r2(xj, y^) and 
Bl e 7r2(xi,y^. We have 

gr(yi) = P(xi)(7(5i) eGA = P(xi)\G 
gr(y2) = g{B2)P{^2) eGD = G/P{^2). 

Moreover, recall that 

gr'(yi) = i-e{B,) - n^^B,) - 72^^(5,), 9^(5,)) 
gr(yi) = gr'(yi) ■ ^(/^(yi), Ia{^i)Y^ 
gr(y2) = g{lD{y2),lD{^2)) ■ gr'(y2) 

with similar equations involving y- and B^. Consequently, 

gr(yi X y2) = gr'(yi) • ^(/A(yi), /a(xi))"^ ■ g{lD{y2), Id{^2)) ■ gr'(y2) 

= gr'(yi) • gr'(y2), 

where we have used the fact that /a(xi) = Id{'^2) and /^(yi) = -^z)(y2)- We wish to 
use this to calculate the difference element between the two spin'^ structures associated 
to X = xi X X2 and y = yi x y2. The homological component of gr'(yi) ■ gr'(y2) is 
d^Bi + d^B2. This represents a homology class 7 in Hi{F). Moreover, the image 
of 7 in Hi{Y) agrees with the difference element e(xi x X2,yi x y2) defined in [33, 
Section 2.6], whose Poincare dual is s^(xi XX2)— S2(yi xy2). It follows that n(gr'(yi)- 
gr'(y2)) represents the same spin'^ structure as y = yi x y2. This verifies Part 1. 

For Part 2, fix some B" G vr2(y,y'), where B" = B'l \\ B'l Set B'^ = Bi* B'/ G 
7r2(x, y^. Now, the grading of y' is given by 

gr(y') = g'iB, * B'l) ■ g'{B2 * B'^Y' 

= g'{B,) . g\B'i) ■ g\B'i)-^ • g\B2)-^ 

= g'{B{) ■ A-(^")--.(i^")-v(^") . g\B2)-^ 

^ ;^-e(B")-«y{B")-V(^") .gr(y). 

This proves Part 2. □ 
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Figure 40. Bordered Heegaard diagrams for torus boundary. Left: 
the necessary arrangement of the a-arcs. Opposite sides are identified 
as indicated. There may be additional handles attached with corre- 
sponding a-circles. Right: a /3-circle to create an admissible diagram 
for a sohd torus. 



10. Bordered manifolds with torus boundary 

In this section, we speciahze to the case of bordered manifolds with torus boundary. 
As a warm-up, we use the pairing theorem to give a quick proof of the surgery 
exact triangle. We then turn to the relationship between bordered Floer homology 
for manifolds with torus boundary, and knot Floer homology. In Section 10.3 we 
recall the conventions on knot Floer homology. The easier task of extracting knot 
Floer homology from bordered Floer homology is addressed in Section 10.4. This 
follows quickly from a suitable adaptation of the pairing theorem, and a simple model 
calculation for the solid torus. 

Following this. Section 10.5 explains how to extract the type D module for a 
knot complement in from the knot Floer homology. After further developing the 
holomorphic curve machinery in Section 10.6, this result is proved in Sections 10.7 
and 10.8. Finally, in Section 10.9, we use bordered Floer homology to study satellite 
knots. 



10.1. Torus algebra. A bordered Heegaard diagram H for a 3-manifold Y with torus 
boundary necessarily has two a-arcs, g — 1 a-circles, and g /3-circles. The a-arcs are 
necessarily arranged as in Figure 40. 

As a result, the parametrization of dY is specified by a pair of a meridian and 
a longitude, intersecting once, and the matching on dH. is always the same. Let 
^(T) = ^(T, 0) denote the i = part of the corresponding algebra. We will think 
of the Heegaard diagram as for a type D module. Accordingly, we label the regions 
between the arcs in the opposite order to the induced orientation on the boundary, 
as in Figure 41. The point z is in the region labeled 0. Further, label the a-arcs so 
that regions and 1 are separated from regions 2 and 3 by af. (From the type A 
side, the regions would be labeled in the opposite order around the puncture.) 

The algebra ^(T) has two idempotents Lq and ii, corresponding respectively to a" 
and ttg being occupied on the type A side, and 6 Reeb elements, denoted graphically 
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Figure 41. Labeling of the regions around 9S. 



as follows: 



Pi 



P2 



P3 



Pl2 



P23 



Pl23 • 



The differential is zero, and the non-zero products are 

P1P2 = P12 P2P3 = P23 P1P23 = P123 P12P3 = Pl23- 

(All other products of two Reeb elements vanish identically.) There are also compat- 
ibility conditions with the idempotents: 

Pi = LoPlLl P2 = L1P2L0 P3 = LqPsH 

P12 = '•0Pl2'-0 P23 = '•lP23''l P123 = '•0Pl23''l- 

One grading takes values in the group G' generated by quadruples (m; a, b, c), with 
group law 



(mi; ai, 61, Ci) ■ (m2; 02, &2, C2) 



mi + m2 + 



ai hi 
a2 62 



+ 



bi ci 

&2 C2 



ai + 02,61 + 62, ci + C2 



We have gradings on the algebra: 

gr'(pi) = (-i; 1,0,0) 
gr'(p2) = (-1; 0,1,0) 

gr'(P3) = (-|; 0,0,1). 

There is also a refined grading, as in Section 3.3.2, with values in the group G, 
given explicitly by triples (m; p, q) with group law 



(mi;pi,gi) ■ (m2;p2,g2) = ( mi + m2 + 



Pi Qi 
P2 q2 



\Pi +P2,qi + q2 
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The inclusion from G to G' sends {m;p,q) to {m;p,p + q,q). To define the refined 
grading, choose lq as the base idempotent and set g{LQ,Li) := (0;^,0, |). From 
Equation (3.23) we then find 

gr(pi) = (-i;i-^) 

(10.1) grip,) = {-I; ID 

Note that for any algebra element a, the gradings gr'(a) and gr(a) are related by the 
homomorphism from G' to G (after extending scalars) defined by 

, . f a + h — c —a + h + c 

(10.2) (m; a, o, c) i — > I m; , 



Since the torus algebra is so simple, we can understand the structure of type D 
modules over it more exphcitly. (This will be helpful in Section 10.7, where we 
understand how to construct the type D module of a knot complement from the knot 
Floer complex.) To this end, we introduce the notion of a collection of "coefficient 
maps." 

Definition 10.3. Let V = he d. Z/2Z-graded vector space. A collection of 

(torus) coefficient maps is a collection of maps 

Dr. — > \/[*"] 

indexed by increasing sequences of consecutive integers / = {io, ■ ■ ■ ,^n} C {1,2,3}, 
where [i] denotes the reduction of i (mod 2), satisfying the compatibility equation 
stated below. The empty sequence also has a corresponding map Dtn or just D, 
which respects the splitting of V (i.e., it maps to for i = 0,1). Thus, there 
are 7 coefficient maps. The coefficient maps are required to satisfy the following 
compatibility equations, also indexed by increasing sequences of consecutive integers 
J C {1,2,3}: 

(10.4) DkoDj = 

{I=JUK\J<K} 

where here J < K means that each element of J is smaller than each element of K. 

For example. Equation (10.4) in the case where / = says that D is a differential; 
similarly, / = {1} says that Di is a chain map; / = {1,2} says that D12 is a null- 
homotopy of the composite o Di] I = {123} gives the following: 

D o Di23 + D30 D12 + D23 0D1 + Di2-i oD = 0. 

Lemma 10.5. A type D structure in the sense of Definition 2.12 over A{T) with base 
ring Tiff) corresponds to a pair of 2,/ 22,- graded vector spaces equipped with coefficient 
maps in the sense of Definition 10.3. 

Proof. Let V be a space with a type D structure over ^(T). The projection V — > 
is induced by multiplication by the idempotent Lq^ while the projection V — > is 
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induced by multiplication by the idempotent li. The coefficient maps can be extracted 
from the map by the formula 

Pl23 ® -D123. 

i {i,ili=«+l} 

Equations (10.4) are the components of the compatibility condition for Si. □ 

Remark 10.6. In particular, for a module CFD{Y), choosing a subspace V C CFD(Y) 
which is closed under multiplication by X(T) and so that ^(T) ® V maps isomorphi- 

cally to CFD{Y) gives a type D structure and so defines coefficient maps. The 
coefficient maps in general will depend on the subspace V . 

10.2. Surgery exact triangle. Recall that Heegaard Floer homology admits a sur- 
gery exact triangle [32]. Specifically, for a pair {M,K) of a 3-manifold M and a 
framed knot K in M, there is an exact triangle 

HF{M^i) > HF{Mo) 



(10.7) 




where M_i, Mq, and Moo are respectively —1, 0, and infinity surgery on K. As a 
simple apphcation of the present material, we prove a version of this result. A similar 
computation was carried out in [21, Section 5.3]. We do not, however, verify that the 
maps in our present triangle agree with those in the original version. 

We prove this exact triangle by constructing three provincially admissible bordered 
Heegaard diagrams Hq, and Hoo for the three sohd tori filled at the corre- 

sponding slopes, and exhibiting a short exact sequence relating the chain complexes 
CFD(H,). For any knot complement with (admissible) bordered Heegaard diagram 

H', we can then take the derived tensor product of CFA{H') with this exact triangle. 
Since derived tensor product is an exact functor, we get the triangle in (10.7). 
The three diagrams we use are 



r b 



(10.8) 




Each generator for the chain complexes consists of a single intersection point between 
the /3-circle and an a-arc. These intersections are as labeled above. 

The boundary operator on the CFD(H,) (and the support of the relevant domains) 
is given by 



dr = p23r da = p^b + pib db = dn = pi2n 
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It is easy to write down a short exact sequence 

— > CFDiHoo) ^ CFDiH-i) ^ CFDiHo) — ^ 

by 

(p{r) = b + p2a il){a) = n 





Indeed, one can guess the maps and ip by considering holomorphic triangles, as 
indicated above. (This is presumably part of a general theory of holomorphic triangles 
for bordered manifolds.) It is straightforward to verify that ip o ip = 0, that (p is 
injective, that ip is surjective, and that keiip = iimp. 

10.3. Preliminaries on knot Floer homology. We focus attention now on the 
relationship between Heegaard Floer invariants of three-manifolds with torus bound- 
ary and knot Floer homology. Before delving into the details, we recall some of the 
basics of knot Floer homology. More detailed accounts may be found in the original 
papers [31,37]. 

For simplicity of notation, we restrict attention to the case where the ambient 
three-manifold is S^. 

The knot Floer homology invariant of a knot is the filtered chain homotopy type 
of a filtered chain complex over F2[t/]. Specifically, a knot in can be specified by a 
suitable Heegaard diagram (T,,cx, f3,w, z), where w and z are a pair of basepoints in 
the complement of the a- and /5-circles. The knot Floer complex is defined as a chain 
complex CFK~{S^) generated by ©x, which are the usual generators of Heegaard 
Floer homology with respect to the Heegaard diagram, endowed with the differential 

d'i^)--=Yl E #(-M^(x,y))t/"-(^)-y. 

yeSx _BG7r2(x,y) 
ind((/>)=l 

The complex is endowed with an Alexander filtration. The Alexander depth A (fil- 
tration degree) of the generators is characterized, up to an overall translation, by 

Ai^) - A{y) = n^iB) - n,iB) 
A{U ■ x) = A(x) - 1 

for any x, y G &k and homology class B G 7r2(x, y). Its homological grading is the 
Maslov grading M, defined up to overall translation by 

M(x) - M(y) = md{B) - 2n^{B) 
M{U ■ x) = M(x) - 2. 



(Note that the knot enters the picture only through the induced Alexander filtration.) 
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The homology groups of the associated graded object (with respect to the Alexander 
filtration) are the knot Floer homology groups of K, 

HFK-{K) = ^HFK-{K,r). 

r 

The grading r here is the Alexander grading (induced from the filtration). There is 
also a Maslov grading induced from the Maslov grading of the knot Floer complex. 

The above constructions can be specialized to U = 0, where we have a different 
version of knot Floer homology. The homology of the associated graded object (with 
respect to the Alexander grading) of the U = theory is denoted 

HFK{K) = ^HFK{K,r). 

r 

Recall also that knot Floer homology naturally gives rise to an integral valued 
concordance invariant r for knots [29]. One construction of r comes from considering 
the filtered chain homotopy type of CFK{S^) = CFK~{S^)/{U = 0) with its induced 
knot filtration. From this point of view, t{K) is the minimal s for which the generator 
of H^{CF{S^)) can be represented as a sum of generators in Alexander grading less 
than or equal to s. Alternatively, r has an interpretation from the associated graded 
object HFK~{K), namely, 

(10.9) t{K) = -max{s | Vrf > 0,U'^ ■ HFR- {K, s) ^ 0}. 

(see, for example, [36, Lemma A. 2]). 

10.4. From CFD to HFK~. Let i^' be a null-homologous knot in a 3-manifold Y. 
Recall from Section 4.2 that we can construct a bordered Heegaard diagram for Y \ 
nbd(i^) as follows. Let (S^, a^, . . . , . . . , (3g) be a Heegaard diagram for Y \ 

nhd{K), in the classical sense. Let C S and A C S denote a meridian and longitude 
for K, respectively. Arrange that A and /i intersect in a single point p, and that they 
are disjoint from all a^. Set := A \ {p} and a2 '■= ^ \ {p}- Then 

(S \ {p}, a^, a^, al,..., a'g_^, pi, . . . , Pg) 

is a bordered Heegaard diagram for Y \ nhd{K). 

Number the four regions in (S, ck, /3) adjacent to p, in cychc order. Let z and w be 
basepoints in regions and 2, respectively. Then 

(E, . . . ...,pg) 

is a doubly-pointed Heegaard diagram for K in Y. So, with notation as in Sec- 
tion 10.1, for the Heegaard diagram (E,a,/3, 2;) it is immediate that {V°,D) is the 
knot Floer chain complex CFK{Y,K). (The chain complex [V^^D) is the longitude 
Floer complex described by Eftekhary [4].) 

In fact, it follows that for any bordered Heegaard diagram (S,a,/3,2;) for Y \ 
nbd(-ft'), with framing such that 02 is a meridian of the complex {V'^,D) is ho- 
motopy equivalent to CFK{Y,K). Indeed, define a ^-module Wq, one-dimensional 
over F2, by letting lq act as the identity and all other elements of A act as 0. 
Then the tensor product Wq M CFD{T,,a, /3, z) is exactly {V°,D). By Lemma 2.19, 
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Figure 42. Turning a bordered diagram for Y \{K U A) into a 
doubly-pointed bordered diagram for {Y,K). This diagram can 
be thought of as a bordered Heegaard diagram with two basepoints 
for the standard 1-handle attachment cobordism M from a surface of 
genus (? to a surface of genus g + 1. Gluing this diagram, or an obvious 
analogue, to a bordered Heegaard diagram for {¥', dY' = T'^^'Eg) gives 
a doubly-pointed Heegaard diagram for (Y' Uq M,K), where K is the 
core of the 1-handle in M. 

the homotopy type of this tensor product depends only on the homotopy type of 
CFD{T.,ct,f3, z). Thus, we have the following. 

Proposition 10.10. Let {Ti.,z) be any bordered Heegaard diagram for Y \ nhd{K), 
with framing such that a\ is a meridian of K. Then, with notation as in Section 10.1, 

{y^,D) is homotopy equivalent to CFK(Y,K). In particular, CFK{Y, K) is deter- 
mined by CFD{H, z). 

The relative Maslov grading within each spin'^ structure is induced in an obvious 
way from CFD(H, z). Alexander gradings and a somewhat finer Maslov grading can 
also be determined; we return to this point later. 

There is a simple geometric interpretation of Wo, which we explain after a more 
general discussion. 

A doubly-pointed bordered Heegaard diagram is a bordered Heegaard diagram TC or 
(S,q;,/3) for {Y,dY), together with basepoints z and w in S \ (ck U f3). We further 
assume z G (9S. A doubly-pointed bordered Heegaard diagram specifies a knot K in 
Y: let 7q, (respectively 7/3) denote a path in S \ ck (respectively S \ /3) from z to w. 
Let 7q denote the result of pushing the interior of 7^ into the a-handlebody and 7/3 
the result of pushing the interior of 7/3 into the /5-handlebody. Then K = 'jaU 7/3. 
We orient K as 7a — 7/3. 

Every knot in a bordered three-manifold can be reahzed by a doubly-pointed bor- 
dered Heegaard diagram. Specifically, let F be a bordered three-manifold with genus 
g boundary, and let C F be a knot. By connecting K to the boundary by an 
arc A and deleting a regular neighborhood of K U A, we can write Y as the union 
of a three-manifold Y' with genus g -\- I boundary and a standard cobordism M (a 
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two-handle attachment) from the surface of genus (7 + 1 to a surface with genus g. 
Gluing the (partial) diagram shown in Figure 42 to a bordered Heegaard diagram for 
Y' gives a doubly-pointed bordered Heegaard diagram for K in Y . 

To a doubly-pointed bordered Heegaard diagram {Ti, w), we can associate type D 
and type A modules as before, now working over a ground ring of F2[f/], with the 
understanding that holomorphic disks crossing w with multiplicity n contribute a 
factor off/". We denote the resulting modules by CFA~ {H, z^w) and CFD~ {H, z,w). 
Setting U = 1 recaptures CFA{H, z) and CFD{H, z), while setting U = gives 

pair of modules denoted CFA{H, z,w) and CFD{H, z,w) where we count only those 
holomorphic disks with multiplicity zero at w. 

Remark 10.11. We do not claim that these new modules CFD^ {H, z,w), etc., are 
invariants of the pair {Y,K). Because the proofs of invariance in Sections 6.4 and 7.4 
require one basepoint, z, to remain on the boundary in the course of the handleslides 
and isotopies, the module CFD~ (H, z,w) is a priori an invariant of the graph in 
(Y, dY) obtained by attaching a point in K to dY. 

For a doubly-pointed bordered Heegaard diagram, we can enhance the grading set 
to include an Alexander grading. Specifically, the enhanced grading group has the 
form G = G X Z. (This is a direct product.) We call the new Z summand the 
Alexander factor. Given x, y G &(H) and B E 7r2(x, y), define 

g{B) := {g{B),n^{B)-n,{B)), 

where g{B) is the grading from Equation (6.22). We can use this enhanced grading 
group to define an enhanced grading on CFD~ {H, z,w). Following the discussion 
from Section 6.3, this gives rise to a grading on the type D module with values in the 
coset space 

Gz5(7^,s):=(G/P(xo)), 

where xq is any intersection point representing 5, and -P(xo) denotes the image of 
the space of periodic domains in G under the homomorphism g. Namely, we define 
gr(x) := g{B) ■ P(xo), where B G 7r2(x, xq). Note that when we extend this grading to 
CFD~(T-C, z, w), we take the convention that multiplication by U drops the Alexander 
grading by one and the Maslov grading by two. That is, gr(f/a;) = (A~^, —1) ■ gr{x). 

Suppose next that {Hi, z) is a pointed bordered Heegaard diagram for (Y^, dYi = F) 
and {H2,z,w) is a doubly-pointed bordered Heegaard diagram for {Y2,dY2 = —F), 
equipped with the knot K. Then, the grading set of the tensor product CFD{Hi, z) M 
CFA~{H2, z,w) is naturally the double-coset space P(xi)\G/P(x2). (In the definition 
of -P(xi), we take the convention that n^(-B) = since, of course, w is thought of as 
located on the Y2 side of the Heegaard diagram.) 

Projecting onto the Alexander factor in the double-coset space induces a map 
from the grading set to a cychc group. Indeed, the cyclic group is identified with 
Z/n^(7r2(x, x)) for any generator x of Hi Uz H2- In particular, if Y is an integer 
homology sphere, the projection induces a map from the double-coset-space to Z. 

We now have a pairing theorem for knot Floer homology. 

Theorem 10.12. Let (Hi,z) = {T,i, oti, fB^, z) be a pointed bordered Heegaard dia- 
gram for (Yi,dYi = F) and (H2,z,w) = (T,2,<^2, f32, z,w) a doubly pointed bordered 
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z 


w 









Figure 43. A doubly pointed Heegaard diagram for the lon- 
gitude in the solid torus. This is a genus 1 Heegaard diagram with 
boundary, with a-arcs and ctg, and a /3-circle Pi intersecting in 
a single point and disjoint from Note that the boundary markings 
follow the conventions of a type A module. 

Heegaard diagram for (Y2,dY2 = —F,K). Then there are quasi-isomorphisms 
CFK~{Yi Uz ^2, K) ^ CFDiHu z) K CFA' {:H2, z, w) 
CFK-{Y2UzYi,K) ^ CFD-{n2,z,w)mCFA{ni,z). 
In particular, by setting U = vje obtain the following quasi-isomorphisms: 
CFKiYi Uz ^2, K) ^ CFDiHu z) K CFAiUi, z, w) 
CFK{Y2UzYi,K) ^ CFD{n2,z,w)m CFAiHuz). 

Under all these identifications, the Alexander grading on the closed manifold is induced 
from the projection onto the Alexander factor in the double- coset space grading the 
tensor complexes. 

Proof. The identification of complexes follows from either of the two proofs of The- 
orem 1.3 to the doubly-pointed context. The statement about Alexander gradings 
now follows from Lemma 4.21. □ 

As in Section 9.4, we can refine Theorem 10.12 to calculate relative Maslov gradings. 

Proposition 10.10 can be seen as a special case of Theorem 10.12, as follows. Con- 
sider the doubly pointed Heegaard diagram with boundary for the solid torus shown 
in Figure 43. If we restrict to holomorphic curves which cross neither z nor w, the 
resulting type A-module has a single generator over F2, no differential, and indeed 
is isomorphic to Wq as described before the statement of Proposition 10.10. Thus, 
Proposition 10.10 follows from the U = version of Theorem 10.12 (with the solid 
torus on the type A side). 

To reconstruct CFK~ of a knot from CFD^ we must describe the type A module 
for the sohd torus. But this is easily done. 

Lemma 10.13. The type A module of the doubly- pointed solid torus, equipped with 
a longitudinal unknot, has a single generator xq and higher products given by 

i 

rris+i (xo , P3 , p23 , • ^ • , P23 , P2 ) = U'+^ • Xq 

for all i >0. 

Proof. This is obvious from the genus one Heegaard diagram in Figure 43. □ 
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Thus, according to Theorem 10.12, HFK {Y, K) can be calculated as a derived ten- 
sor product of CFD{Y \ K) with the type A module from Lemma 10.13, generalizing 
Proposition 10.10. 

In a different direction. Theorem 10.12 gives a technique for studying the knot 
Floer homology of satellite knots. We return to this point in Section 10.9 (where we 
give also some examples), contenting ourselves for now with the following corollary. 

Corollary 10.14, Suppose that Ki and K2 are knots in such that CFD{S^\Ki) ^ 

CFD{S^ \ K2) (with respect to the ^-framing on \ Ki and \ K2, say). Let 
(respectively K2 ) denote the satellite of Ki (respectively K2) with companion C . Then 
HFK~{S^, Kf) = HFK~{S\ K^). 

Proof. According to Theorem 10.12, the knot Floer homology of the satellite knot is 
obtained as the derived tensor product of the type D module of the companion knot 
[Ki or K2) with the type A module of a doubly-pointed Heegaard diagram for the 
pattern knot in the solid torus. The result then follows immediately. □ 

10.5. From CFK~ to CFD: Statement of results. We now turn to the opposite 
direction, computing CFD{S^ \ K) from CFK-{K). Recall that CFK' {K) is a 
finitely generated, free, Z-filtered, graded chain complex over F2[?7]. We first look at 
such complexes in general. Let C be a finitely-generated free F2[t/] module equipped 
with 

• an integer-valued grading, which we refer to as the Maslov grading M, 

• an integer- valued filtration, the Alexander filtration A, and 

• a differential, denoted d. 

These data satisfy the following compatibility conditions: 

• The differential d drops the Maslov grading by one: for homogeneous ^ G C, 
M{di) = M(0 - 1. 

• The differential 5 respects the Alexander filtration: A{d^) < A{^). (HereA(^) 
is the lowest degree of the filtration containing ^.) 

• Multiphcation by U is compatible with the Maslov grading, in the sense that 
M{U ■i) = M{i)-2. 

• Multiphcation by U respects the Alexander filtration, in the sense that A{U ■ 

< m - 1- 

Given such a C, there are two naturally associated chain complexes. One complex, 
which we call the vertical complex C'™''* := C/{U ■ C), is a filtered complex which 
inherits the Alexander filtration. Its homology is called the vertical homology, denoted 
H'"''\C). Next define Cq := C ^w^[u] F2[f/,f/"^]. This has two filtrations, namely 
the Alexander filtration and the filtration by the powers of U. Then the horizontal 
complex C'li™^ is defined to be the degree part of the associated graded space to Co 
with respect to the Alexander filtration. (Note that C'™''* is the degree part of 
the associated graded space to Cq with respect to the filtration by U powers.) The 
complex C^°^^ still has the filtration by powers of U and inherits a differential, whose 
homology is called the horizontal homology, denoted H^°^'^{C). 

We illustrate C graphically by plotting a generator over F2 of C ¥2[U, U~^] of the 
form ■ with Alexander depth y on the plane at the position {—x,y). Then the 
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differential of a generator at {x, y) can be graphically represented by arrows connecting 
the point at (x,?/) with the coordinates of other generators. These arrows necessarily 
point (non-strictly) to the left and down. The complex C'™''* is obtained by restricting 
to one vertical column, and (7^°''^ is obtained by restricting to one horizontal row. 

Definition 10.15. We call C reduced if d strictly drops either the Alexander or U 
power filtration; i.e., if (9x = yi + f/ ■ y2 where A{yi) < v4(x). 

We call a basis {^i} over F2[f/] for C vertically simplified if for each basis vector ^j, 
either d^i E U ■ C ov d^i = ^j+i (mod U ■ C). In the latter case we say that there 
is a vertical arrow from to The length of the vertical arrow is the difference 

Similarly, we call a basis {rji\ over ¥2\U] for C horizontally simplified if for each 
basis vector r/j, either A{dr]i) < A{r]i) or there is an m so that d7]i = U"^ ■ rji^i + e 
where A{rii) = A{U^-riiJ^i) and A{e) < A{rii). In the latter case we say that there is a 
horizontal arrow from rji to r/j+i. The length of the horizontal arrow is the integer m. 

Remark 10.16. These notions could alternatively be formulated without reference 
to a basis: vertical arrows correspond to certain non-vanishing differentials in the 
spectral sequence belonging to the filtered complex C/U ■ C, while horizontal arrows 
correspond to arrows in an analogous spectral sequence for C/[{U — 1) ■ C]. 

Every finitely generated chain complex C as above is quasi-isomorphic to one which 
is reduced; moreover, it can also be vertically simplified or horizontally simplified. See 
Lemma 10.37. 

All of these constructions can be carried out for knot Floer homology CFK~(K). 
Indeed, C^'^'^CFK" {K)) and C'^'^'^CFR- {K)) are both canonically isomorphic to 
CF{S^) and so if is a knot in 5^, then H'^^'^CFK^ (K)) = H^°'%CFK- {K)) = 
HF{S^) = ¥2. As such, in a vertically (resp. horizontally) simplified basis (resp. rji) 
for CFK~ (K), there is a preferred element which (after reordering) we label ^0 (resp. 
?7o), characterized by the property that it has no in-coming or out-going vertical (resp. 
horizontal) arrows. 

Theorem 10.17. Let CFK~{K) be a model for a chain complex for a knot in 
which is reduced. Let Y be the bordered three-manifold — nbdi^, given any suffi- 
ciently large integer n, we consider Y with framing —n. The associated type D module 
CFD(Y) can be extracted from CFK^{K) by the following procedure. 

In the idempotent lq, CFD{Y) is isomorphic as an ¥2-module to CFK-{K).^ Let 
be a vertically simplified basis for CFK^{K). To each vertical arrow of length i 

from to ^j+i, vje introduce a string of basis elements hi\, . . . , for liCFD{Y) and 
differentials 

where and ^j+i are viewed as elements of CFD(Y). (The reader is cautioned to 
note the directions of the above arrows.) 

Similarly, endow CFK~{K) with a horizontally simplified basis {rji}. To each hor- 
izontal arrow from rji to rji^i of length £, we introduce a string of basis elements 

^That is, the submodule i.oCFD{Y) is identified with CFK^{K) as an F2-module. 
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A^, . . . , connected by a string of differentials 

Vi ^ ^1 ^ ■ ■ ■ ^ ^ ^ ■ ■ ■ ^ ^£ ^ Vi+1- 

(As before, rji and rji^i are viewed as elements of CFDiY), via the identification of 
LoCFDiY) with CFK~{K).) 

There is a final string, the unstable chain, of generators /xi, . . . , fim connecting ^0 
and rjo, connected by a string of differentials, 

Di D23 D23 D23 Ds 
40 ^ /il < /i2 < ■ ■ ■ < f^m < VO- 

The length m of this string is 2t{K) + n + 1, where n is the framing parameter. 

Remark 10.18. As stated in the theorem above, we prove here the relationship between 
knot Floer homology and CFD for all sufficiently negative framing parameters. In [23], 
we give bimodules which allow us to deduce the type D module for arbitrary framings, 
which we summarize in Section 11. In fact, it turns out that most of the above 
statement goes through for arbitrary integral framings; the only part which depends 
on the framing is the unstable chain, connecting ^0 and r/o, which can be exphcitly 
describe. In particular, for framing 2t{K), this entire chain can be replaced by a 
single map 

(10.19) ^o^Vo- 
See Theorem 11.7 for the complete statement. 

It is interesting to note that the above construction of CFD uses only the verti- 
cal and horizontal arrows, while CFK~ in general can contain diagonal arrows. In 
concrete terms, the vertical arrows correspond to counting holomorphic disks with 
nw{4>) = 0, while horizontal ones correspond to counts of holomorphic disks with 
nzi4>) = 0. In general, CFK~{K) might also contain "diagonal" arrows. (An exam- 
ple is the knot 941 [31, Proposition 6.6].) These arrows may affect the filtered chain 
homotopy type of CFK~ , but they do not affect the associated type D module. 

We have illustrated the procedure of Theorem 10.17 in Figure 44. 

We will deduce Theorem 10.17 from a more complicated-looking statement (The- 
orem 10.26, below) which does not make reference to a choice of basis, and which 
comes more directly from a Heegaard diagram. Before proceeding to the statement 
and proof, we consider counts of some further holomorphic curves which will be used 
in the proof of Theorem 10.26. Theorem 10.17 is proved in Section 10.8. 

10.6. Generalized coefficient maps and boundary degenerations. So far, the 
holomorphic curves we count in this paper do not cover the basepoint, and in par- 
ticular do not involve the Reeb chord po that contains the basepoint. In this section, 
we explain certain further structure on the type D module coming from counting 
certain holomorphic curves which contain po in their boundary as well. These addi- 
tional maps will be used in Section 10.7 to construct CFD from CFK~ . This further 
structure exists for arbitrary (connected) boundary, but for notational simplicity we 
will restrict our attention to the torus boundary case. 

Fix a bordered Heegaard diagram (7i, z) for (y^, T^), and label the regions around 
as in Section 10.1. Recall that for / = {io, . . . , «n} an interval in {1, 2, 3} there is 
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D2 D3 

o o 

D2 



123 



23 
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Figure 44. Reconstructing the type D module. A table with 
data from knot Floer homology on the left, where vertical differentials 
correspond to dz and horizontal ones corresponding to 9^,; the length of 
the arrow represents the change in Alexander grading. Top: the torus 
knot T3^4. Middle: the (2, 1) cable of T2,3. Bottom: the figure eight 
knot. The corresponding type D modules are on the right, with black 
dots for generators in the idempotent lq and white ones for generators 
in the idempotent li. The unstable chain is denoted by the dotted 
arrow. Here we take framing parameter 2t{K) as in Equation (10.19). 
Exphcitly, these are framings 6, 4, and 0, respectively. 
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an associated map Dj: V^^°^^^ This is induced by the differential on CFD, 

which in turn is defined by counting holomorphic curves in S x [0, 1] x M, cf. Section 6. 
By moving the basepoint z from the region labeled to one of the regions labeled 
1, 2 or 3, we obtain maps Dj: V ^ V fov intervals / in {0, 1,2,3} (with respect to 
the cyclic ordering), of length at most 3. (For instance, putting z in region 1 the 
new maps we obtain are Dq, D-^q and -D230-) We will call these new maps generalized 
coefficient maps. 

We define four more generalized coefficient maps, -D0123, -Di23o? -D2301 and -D3012 as 
follows. By dropping Condition (9) on holomorphic maps from Section 5.1, we can 
consider moduli spaces of holomorphic curves asymptotic to Reeb chords po, Poi and 
so on. Collecting these into moduh spaces as in Section 6.1, for x a generator of 
CFD{H,z) in idempotent to, we set 

/^oi23(x):= Yl #(-M''(x,y;p1)y 

yee(H) 

Be7r2(x,y) 
p|ind(B,p)=l 

where the sum over p is over {(po, pi, P2, P3), (poi2, P3), (po, Pi23)}- (These are the three 
sequences of reahzable Reeb chords for which Yl o-i—Pa) = «(— P0123) in a suitable 
generahzation of A) The maps -D1230, -D2301 and -D3012 are defined similarly. 

By moving the basepoint z, it follows from the discussion in Section 10.1 that these 
maps satisfy the compatibility conditions 

J2 DkoDj = 

{I=JUK\J<K} 

where < now denotes the cyclic ordering on {0,1,2,3} and / is any proper cychc 
interval in {0,1,2,3}. The compatibility equations involving all four Reeb chords 
are, perhaps, more surprising, as there is now a right hand side. 

Proposition 10.20. The maps -D0123 and D2301 satisfy 

(10.21) D o D0123 + D3 o ^012 + ^23 o Doi + D,23 o ^0 + ^0123 oD = I:V' 
and 

(10.22) D o D2301 + Di o D230 + Doi o D23 + D^oi o D2 + /^230i oD = I:V^ 
The maps -D1230 (ind -D3012 satisfy similar formulas. 

(Here, I denotes the identity map.) 

Remark 10.23. The grading shifts of the new coefficient maps may be computed 
directly. Alternatively, they are uniquely specified by the grading shifts for the original 
grading shift maps, together with the above formulas, which are homogeneous. 

The reason that the right hand sides of Equations (10.21) and (10.22) are the 
identity map rather than zero is the existence of certain boundary degenerations. 
We can see these boundary degenerations exphcitly in simple cases. For example, 
let (E,a,/3,z) be a genus 1 Heegaard diagram for a sohd torus — for instance, the 
diagram in Figure 45. Then E \ a is a rectangle (disk with four boundary punctures). 
There is a holomorphic map 5* — S x [0, 1] x M, where S is the union of a trivial 
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Figure 45. Left: a genus 1 Heegaard diagram (S,q;,/3) for the solid 
torus. Here, /?i is disjoint from and intersects in a single point. 
Right: one point in a one-parameter family of holomorphic curves in 
S X [0, 1] X M, with one end a two-story building and the other end a 
boundary degeneration. 

strip and a rectangle, and the rectangle is mapped in the obvious way to S \ a, and 
by a constant map to [0, 1] x M. 

Such curves look quite strange in the cyhndrical setting. (In particular, it is not 
clear when they are transversely cut out.) We therefore invoke, for the first and only 
time in this paper, the tautological correspondence between curves in S x [0, 1] x M 
and disks in Sym^(S). That is, recall that there is a bijective correspondence 

Holomorphic maps Holomorphic curves 

0: [0, 1] X M ^ Sym»(S) m in S x [0, 1] x R 

with (/)({0} X M) c n A < — ^ with boundary in /3 X {0} X M 

and 4>{{l} X M) C n «i and in a x {1} x M 

so that vTiD) o M is a g-fo\d branched cover. 

See, for instance, [20, Section 13] for a detailed explanation. In the bordered setting, 
Sym^(E) is a symplectic manifold with cyhndrical ends. When the map u is asymp- 
totic to a Reeb chord between a" and 0^2, the corresponding disk is asymptotic to 
a chord between a" x x ■ ■ ■ x ag_i and a2 x x ■ ■ ■ x a^^i- The ordering of 
the Reeb chords induced by the t-coordinate in the cyhndrical setting corresponds to 
their ordering along {0} x M on the boundary of 0. 

With respect to this correspondence, the boundary degeneration mentioned above 
comes from a disk in Sym^(S) with boundary entirely in the a-tori. There is noth- 
ing strange about this disk. In particular, for generic J on the symmetric product 
Sym^(S), the moduh spaces of these disks will be transversely cut out. 

We collect the boundary degenerations in Sym^(E) into moduli spaces: 

Definition 10.24, Given z = 1 or 2, x G a" x x ■ ■ ■ x a^.i, a sequence p of Reeb 
chords, and an almost complex structure J on Sym^(S), let AlPl(x; p; J) denote the 
moduli space of J-holomorphic maps 0: ^ Sym^(S) such that the homology class 
of (j) is [S], is asymptotic to p at east 00, and passes through x. 

Proposition 10.25. There is a nonempty open subset of nearly-symmetric almost 
complex structures J on Sym^(S), as in [33, Section 3], such that the moduli spaces 
7Vl[^l(x;p; J), where p is a cyclic permutation of (po, Pi, P2, Ps) and x G are 
transversely cut out and have an odd number of points. Further, for these almost 
complex structures, all A^[^l(x; p; J) for other p are empty. 

Proof. As already discussed, it is standard that A^f^](x;p; J) is transversely cut out 
for generic J. To prove the moduli space has an odd number of points, we start 
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by studying a model case. Consider the Heegaard diagram (Si,q;i,/3^) shown in 
Figure 45. In this diagram, there is a single generator x. With respect to any 
almost complex structure on Sym^(Ei) of the form Sym^(js) there is a one-parameter 
family of holomorphic disks in Sym^(S), in the homology class [S], with asymptotics 
(po, Pi) P2) Pa)- One end of this moduli space is a broken holomorphic curve and 
the other end is the boundary degeneration under discussion. It is clear that these 
curves, including the boundary degeneration, are transversely cut out. So, for an 
almost complex structure of the form Sym^(js), the count of boundary degenerations 
is 1. It follows that the same holds for almost complex structures near Sym^(j2). 

Now, for the general case, let (S,q;,/3) be any bordered Heegaard diagram with 
torus boundary. Then (E, ct) can be decomposed as a connect sum (Si, q;i)#(S2, 0:2) 
where (Si,q;i) is the diagram discussed above and 01.2 consists of closed curves. A 
simple adaptation of the arguments showing stabilization invariance of HF of closed 
3-manifolds [33, Section 10] shows that for almost complex structures with a long 
neck between (Si,q;i) and (22,0:2), there are an odd number of holomorphic curves 
in ^A^'^^{x; (pq, pi, P2, ps); J). Similar arguments apply for other cychc orderings of 
{po, Pi, P2, Pa). This proves the first claim in the proposition. 

Curves with other asymptotics (e.g., (po,Pi23)) cannot occur in (T,i, ai, f3i) by 
inspection. Hence, if there is a long neck between (Si,q;i) and (22,0:2), they do not 
occur for (S,Q:). This proves the second claim in the proposition. □ 

Proof of Proposition 10.20. We will prove Relation (10.21); the other relations are 
symmetric. Consider the moduh space 

y A^^(x,y; (po,Pl,P2,P3))• 

ind(B,{po,Pl,p2,P3))=2 

For x 7^ y, the ends of this moduh space all correspond to terms on the left side of For- 
mula (10.21). By contrast, for x = y it follows from Proposition 10.25, together with 
a standard gluing argument (compare [34]), and the tautological correspondence that 
an odd number of ends of the moduh space correspond to boundary degenerations. 
The result is immediate. □ 

10.7. From CFK~ to CFD: Basis-free version. We can now explain how to 
extract the type D module from information on the knot Floer homology. Specifically, 
we state a variant of Theorem 10.17. The version we prove first is given a more basis- 
free but perhaps more comphcated statement. The translation to the version in 
Theorem 10.17 is in the next section. 

Before stating it, we introduce a little more notation for knot Floer homology. 

Fix a doubly pointed Heegaard diagram 7i for K, with basepoints w and z. We 
write C for the associated graded space to CFK{H) and C(r) for CFK{H,r), the 
part of C in Alexander grading r. There are maps d^: C{r) —>■ C{r + i) defined by 
counting holomorphic disks with nz{(p) = —i and n„,(0) = if i < 0, and nz{(j)) = 
and n^(0) = i if i > 0. Set ■= J2i>o'^^ ^^'^ J2i<o'^^- "^^^ maps and dz 

each give differentials on C. Furthermore, C has two filtrations. 



C{>s) := Cir) and Ci<s) := C(r), 
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preserved by dw and 9z, respectively. We will principally use not the complex 
(C(>s),9^), but the complex (C(<s),9^), which can be thought of a quotient of 
{C,dyj) by the subcomplex (C(> s + 1),(9^). We likewise need (C(>s),92), with a 
similar definition. 

The above constructions can be interpreted using the notions from Section 10.5. 
The complex CFK~{K) is a finitely generated, free, Z-filtered, Z-graded chain com- 
plex over F2[?7] satisfying compatibility conditions spelled out in that subsection. The 
complex (C, 9^) is the horizontal complex associated to CFK~{K), while {C,dz) is 
the vertical complex. In particular, {C{>s),dw) is identified with the s^^ summand 
of the associated graded complex to CFK^{H, s), while (C(<s), d^) is identified with 

the s^^ filtered complex of CFKiH). Thus (C(>s),a^) and {C{>s),d,) for s suf- 
ficiently small both have homology isomorphic to F2; likewise for {C{<s).,dz) and 
{C{<s),du,) for s sufficiently small. 

Theorem 10.26. Let K G be a knot with meridian /i and 0-framed longitude X, 
and let C , dw, and dz be the data associated as above. Fix a sujficiently large positive 
integer n. Then CFD(Y \ nhd{K)), with framing ji and —n ■ fi + X, is homotopy 
equivalent to the type D module associated to the following data. Let 

V':=®V! and := 

where 



Vs ■= \ F2 \s\ < t 

Let V := Q) . Endow V with coefficient maps as follows: 

• The differential D restricted to = C{s) is the differential on the knot 
complex; for s < D restricted to V} = C [< s + is the differen- 
tial dw; for s > ^, D restricted to V} = C (> s — is the differential dz; 
for \s\ < J, D restricted to = ¥2 is identically zero. 

• The map 

D, : = C{s) — > V^\^ = C{>s) 

is the obvious inclusion of the subcomplex. 

• The map D2 is nonzero only on for s < —j, in which case 

is given by 

TT o dw-. C {< s + ^) ^ C {s + 

where n: C ^ C [s + is the projection. 

• The map 

2 

is the obvious inclusion of the subcomplex. 

• The map D12 is identically zero. 
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• For s < — J, the map 

D23 ■.V,'=C{<s + ^)^ KVi = C (< s + ^) 
is the obvious inclusion map; for the s with s<— |<s + l, 

is a chain map inducing an isomorphism in homology; for < s < 
D23 '■ F2 — > F2 is the isomorphism; for the s with s < ^ < s + 1, 

D,,:V} = ¥2^{C,d,) 

is a chain map inducing an isomorphism on homology; for s > |, 

D23 : = c (> s - ^) KVi = c{>s-^) 

is the obvious projection map. 

• The map 

is the composite of one component of d^, 

with the inclusion of C{s + 1) in (C(> s + l),^^) = V'^ „+i . 

Then for n large enough, (V, {Z^/}) satisfies the compatibility condition (10. J^). More- 
over, the associated type D module is homotopy equivalent to CFD{S^ \ iahd{K)), 
marked by the curves fj, and —n ■ /i + A. The s grading on © is identifi,ed 
with the homological grading on CFD , induced from a projection of G to which 
descends to Gd{K). 

See Figure 46 for a schematic illustration of some of the maps from Theorem 10.26. 

In the theorem, we have associated a type D module to the complex C, equipped 
with boundary operators and dz and filtrations, which in turn can be thought of as 
associated to CFK~{K), a Z-filtered, Z-graded complex over F2[f/]. It is easy to see 
that the quasi-isomorphism type of the resulting type D module (V, {-D/}) depends 
only on the filtered homotopy type of CFK~ (K); i.e., a filtered homotopy equivalence 
between two Z-filtered, Z-graded complexes over ¥2[U] C and C induces a homotopy 
equivalence between their associated type D modules {V, {Dj}) — > {V', {D'j}). 

We prove Theorem 10.26 by considering a bordered Heegaard diagram TCk for the 
knot complement with sufficiently large framing n, in a way analogous to the surgery 
formula for Heegaard Floer homology [31]. For an analogous choice of bordered 

Heegaard diagram the corresponding type D module CFD{H) = W'^ © W^, has 
generators which correspond to the generators oi V = V'^ (B as stated in the 
theorem, except for W} with \s\ < j. Moreover, for \s\ > |, the coefficient maps 
are as stated in the theorem. We then construct a quasi-isomorphism which fixes the 
cases with |s| < |. We give the proof after some preliminary lemmas. 

To describe our bordered Heegaard diagram we start with a doubly-pointed Hee- 
gaard diagram (Sq, a, /3, 2;, w) for the knot K. We stabihze this diagram to obtain 
a new diagram Hk '■= (S, a, /3, -z, w) so that there is a meridian (which we label ag) 
which meets a corresponding circle /3i in a single point. 
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Figure 46. A schematic illustration of some of the maps from Theo- 
rem 10.26. The horizontal coordinate represents the grading by relative 
spin*^ structures. The shaded squares correspond to while the un- 
shaded ones represent V^. 
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Figure 47. Twisting. At the top, we have pictured a portion of a 
doubly-pointed Heegaard diagram for a knot. Below it, we have a bor- 
dered diagram for the knot complement, with suitably twisted framing. 
The gray shading represents a domain from a x x to b x x (for some a 
and b) which, in the top diagram, crosses w with multiphcity one and 
z with multiplicity zero. The corresponding (provincial) domain below 
connects a x to b x Xj+i, provided that i < —2. 
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Identify a neighborhood W of ag in E with [— 1, 1] x S"^ so that ag is identified with 
{0} X and /3i n >V is identified with [-1, 1] x {e-^^/^}. Let A denote a 0-framed 
longitude of K in S, disjoint from the at for i ^ and with A fl W = [—1, 1] x {1}. 
Let 

a? = (A n (S \ W)) u {{t, e™(*+^)) e W \ t e [-1,1]}. 

That is, is obtained from the 0-framed longitude A by winding n times around the 
meridian ag inside W. We refer to W as the winding region. Note that a" intersects 
Pi in n points in W, and intersects ag in a single point p. Define a" := a° \ {p} and 
a2 '.= ag \ {p}. Then, as in Section 4.2, 

n{n) := (S, a^, a^, ai, . . . , ag^i,f3) 

is a bordered Heegaard diagram for \ nbd(K), with framing n. We will also write 
H for H{n) when the framing is clear. We label the four quadrants around p by 
0, . . . ,3, arranged in a counterclockwise order (i.e., the order induced by 9nbd(p)), 
so that, if you forget ctg, and 1 in the region which contains z in Hk- As usual, 
we place the basepoint in region 0. For convenience of notation, we will henceforth 
assume that n is divisible by 4. See Figure 47 for an illustration. 

We now turn to the grading on CFD{'H). Following Section 6.3, the grading takes 
values in the coset space G/P{^q), where -P(xo) is the span oi g{B) over all periodic 
domains B G 7r(xo,xo). For a homology solid torus like a knot complement there is 
(up to scale) only one periodic domain Bq not covering z, which for the diagram 7i 
above has local multiplicities (0,1,1 — n,—n) in the regions (0,1,2,3), respectively. 
Thus -P(xo) C G is {{v;l,—n)) for some v e Z (depending on xq). For present 
purposes it suffices to consider only the homological component of the grading on 
CFD{T-C), which we can recover with the homomorphism from G to Z given by 

(10.27) {■m;p,q)\ — > —np — q. 

(Note that -P(xo) is in the kernel of this map.) 

More generally, let S: G{H) ^ |Z be the function characterized (up to overall 
translation) by the formula 

(10.28) S(x) - S{y) = m^)-no{B) - (^) -^(5) - (^) -n.iB) + (^) -risiB), 
where B is any homology class in 7r2(x, y) (possibly covering the basepoint z). 

Lemma 10.29. Let Y be a homology solid torus, i.e., a three-manifold with torus 
boundary and Hi{Y;Ij) = Z. Let fi generate its first homology, and A generate the 

kernel of the map on Hi induced by inclusion of the boundary. Let CFD{Y) = 
© be the decomposition by idempotents of the type D structure for Y , with 
boundary marked by jj, and —n ■ /i + A. Then the function S defined above gives a 
decomposition 

wi = w:, 



148 



LIPSHITZ, OZSVATH, AND THURSTON 



well-defined up to overall translation. The coefficient maps respect this grading in the 
following sense: 
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Proof. The function 5 is well-defined since it vanishes on all periodic domains (i.e., the 
domain with multiplicity 1 everywhere on S and the domain with local multiplicities 
(0,1,1 — n, — n) above). We may assume no(-B) = 0. For such a domain B, the 
function S can be obtained from the map in Formula (10.2) followed by the map in 
Formula (10.27) apphed to g{B). The result then follows by considering the gradings 
of the algebra elements from Formula (10.1). □ 

Let ©K denote the set of generators for the knot Floer complex CFK(Hk)j and 
&{n) (or just &) denote the generators for CFD{H{n)). Order the intersection points 
of («! U ^2) with Pi in the winding region in the order they are encountered along 

i=- 

{xjj.^^n, SO that Xq is the intersection point of 0^2 with For each generator 
X G &K there are n + 1 corresponding generators in G(n), gotten by adding a point 
in («! Ua2) r\f3i in the winding region. That is, we let {^i}"i^_n/2 denote the sequence 
of generators with the property that the (ai U 0:2) fl /3i-component of Xj is Xi and, 
outside the winding region, Xj agrees with x. 

Lemma 10.30. For a given n, we can normalize the function S on &{n) so that it 
is related to the Alexander grading A: &k — ^ Z of elements in &k by the formula 

(10.31) S(x.)^A(x)-t-( '" + "^-^g'W ). 

where sgn(/c) = —1,0, or 1 if k < 0, k = 0, or k > respectively. 

Proof. From Figure 47 we see that region 3 is a domain connecting xq to x_i, and 
that for < there is a domain connecting x^ to Xfc_i with multiphcities (0, 0, 1, 1) 
in regions (0,1,2,3). (See the middle of Figure 48.) Similarly region 1 connects xq 
to xi and, for A; > 0, the generators x^ and x^+i are connected by a domain with 
multiplicities (1,1,0,0). It follows from Equation (10.28) that 

S(x.) = S(x,)-*-(^!i±il^). 

Recall that the Alexander grading on knot Floer homology [31] can be characterized 
(up to translation) by the property that if G 7r2(x, y) is any domain in Hk, then 
A{x.) — A{y) + nz{4>) — nw{4>) = 0. We can convert (j) into a domain 0' in H{n) that 
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connects xq to yo with no(0) = = nz{4>) and ^2(0) = '"-3(0) = nyj{(j)) (as is 

evident from Figure 47). We conclude that 

5(xo) = A(x) + c. 

for some constant independent of the intersection point. For the purpose of our 
lemma, we choose c = 0. □ 

We now have a collection of generators in (5(n) which have corresponding elements 
of Gk- The remaining generators (coming from intersections of with the /3-curves 
outside of the winding region) are called exterior generators. 

Lemma 10.32. With respect to the normalization on S specifi,ed in Lemma 10.30, 
there is a constant c (independent of n) with the property that all exterior generators 
y G &{n) have |5'(y)| < c. 

Proof. Note that the set of exterior generators is independent of the framing param- 
eter n. Start with some initial framing parameter no, fix some x G &k, and consider 
x_i G ©(^o). For each exterior generator y, we can find a domain Bq G 7r2(y, x_i) 
with no(-Bo) = ^i^Bq) = and n2(i?o) = ^^{Bq) = c(y). (Start with an arbi- 
trary domain in 7r2(y,x_i) and add periodic domains to make Uq = ni = 0; since 
y and x_i are in the same idempotent, we will then have n2 = ^3.) Now, in H{n), 

the domain Bq can be used to construct a new domain _B„ G 7r2(y,X no-n ) with 

2 

no{Bn) = ni{Bn) = and n2{Bn) = n^{Bn) = c(y). Since there are only finitely 
many possible exterior generators, we see that |5'(y) — ^(x.i)! on exterior gener- 
ators y is bounded independent of n. It follows from Lemma 10.30 that |S'(y)| is 
bounded independent of n, as claimed. □ 

Lemma 10.33. Let K C Y be a knot. Fix a sufficiently large surgery coefficient n and 
a bordered Heegaard diagram 7i as above. Then there is an almost complex structure J 
on 7i with the following property: For each generator x G &k, with corresponding 
generators {x,} in &, we have: 

• 1^23 (xi) = Xj_i if i < and S'(xj) < — c — 1; 

• Doi(xi) = Xj+1 if i > and S'(xj) > c + 1; 

• D^i^o) = x_i; and 

• Di{xo) = xi 

where c is the constant from Lemma 10.32. That is, for each x G &k, we have a 
string of generators connected by coefficient maps as follows: 

D23 D23 D23 D3 Di Doi Doi Doi 
■■■ < X_3 ^ X_2 < X_i < Xo ^ Xi ^ X2 > X3 > ... 

Proof. The domains realizing the stated maps can be found inside the winding region. 
For example, the domain realizing D3 carrying xq to x_i is realized by the bigon 
domain consisting of the region marked by 3 in Figure 47. Domains from x_fc to 
x_fc_i are reahzed as annuli (pk which have a boundary component in a" as in the 
middle of Figure 48. By cutting along ^it x_fc, we obtain a bigon realizing a 
non-zero coefficient of x_fc_i in Z}23(x_fc). 

We next show that this is the only term in 1)23 (x_fc). We first consider output terms 
of the form y_fc_i. Considering the corners shows that any domain G 7r2(x_fc, y_A:-i) 
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is a disjoint union of (pk with a different positive domain 0'. As such, the correspond- 
ing moduli space naturally has an (M © ]R)-action (translating the two components 
independently). If this moduh space is generic and one-dimensional, it follows that 
the other component 0' is trivial, as desired. 

Output terms which are exterior generators in Dqi and D23 are impossible by 
Lemma 10.29 and our assumption on S'(xfc). For and Di they are similarly im- 
possible for sufficiently large n. 

We must now argue that there are no other possible terms in these maps. The 
arguments are all similar; we consider D2z{'^-k)- This follows from a neck-stretching 
argument. Specifically, the boundary of the winding region W consists of two circles 
parallel to the meridional a-circle. Let 5 be the component on the side of the regions 2 
and 3. We degenerate S along the curve 5. Suppose that there is G M{^-k-,y-k+i) 
with multiplicity +1 in regions 2 and 3 and in regions and 1. Then we will show 
that by positivity considerations it follows that i > —1; in fact, we will see that 
the homology class B can be constructed as a kind of connected sum of a domain 
Bo e 7r2(x, y) with nu,{Bo) = i + 1 and nz{BQ) = with a homology class Bi G 

7r2(x_fc,X_fc+i). 

More precisely, let B G -K2{'^-k,y~k+i) be a homology class giving a term in 
D23(x_fc). This homology class has multiplicity zero in regions and 1. Since B 
has multiphcity zero at the regions and 1 and no corners outside of the winding 
region on jdi or a", after degeneration B induces a two-chain Bq on the destabilized 
surface Sq, having local multiphcity zero at z, and some multiphcity j at the point w 
(which in turn corresponds to 5, shrunk to a point). 

The domain at the winding region induces another two-chain, supported in the 
disk. Specifically, as we degenerate our curve 5 to a point, we obtain a disk Ei whose 
outer boundary is 0.2, the meridian of the knot from Figure 47, with a preferred 
central point g, the node obtained by degenerating 5. See Figure 48. The two- 
chain Bi induced from B must have local multiplicity j at q. There are two arcs 
in Si connecting q to the boundary. One is a portion of The other is a portion 
of which winds around meeting /3i in a sequence of intersection points {xk}^k=-n/2- 
For each k there is a homology class 0^ connecting Xk to Xk-i, with multiplicity +1 
at the boundary regions 2 and 3, and multiplicity zero at q. There is also a homology 
class Tpk connecting Xk-i to Xfc, which can be thought of as the complement of 0^. It is 
easy to see that a positive domain in this disk region which connects two intersections 
Xk and Xk+i of the a- and /3-arcs and has multiphcity one in regions 2 and 3 necessarily 
decomposes as a composite (pk * i^k * V'fc+i * ■ ■ ■ * i^k+i- In particular, for our initial 
B G 7r2(x_fe,y_fe+i), we get Bi G 7r2(x_fc, x_fc+j), which we decompose as (pk * "ipk * 
ipk+i * ■ ■ ■ * ipk+i- Consequently, the multiphcities of Bi near the boundary of the 
winding region are all equal (and indeed equal to i + 1). Thus, the homology class 
Bq on Eo has multiplicity j = i + 1 at w. 

Now, we claim that ind(-Bi, (p2, Ps)) = 2i+3. (Note that a term contributing to D23 
for the type D module necessarily has {p2, P3) as its asymptotics.) This is easy to see 
by the decomposition Bi = cpk* ipk* i'k+i * ■ ■ ■ * i'k+f- <Pk contributes 1 to the Maslov 
index, and each factor of ipi adds two more. 

Suppose now that i >0, but M{B) is non-empty for a large values of the stretching 
parameter. By Gromov compactness, we can extract a convergent subsequence which 
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Figure 48. The winding region to the left of the meridian, from 
Figure 47, inverted so that the outer boundary of the winding region 
corresponds to the dark marked point, and the outer boundary corre- 
sponds to the a-meridional arc. We have illustrated two fundamental 
homotopy classes: (pi G 7r2(x_i,x_2) and its complement, ipi ^ 
7r2(x_2,x_i). 




Figure 49. Local multiplicities of a region are indicated ao, . . . , 04. 



converges to a pair of holomorphic buildings uq representing Bq and ui represent- 
ing Bi. However, the hmiting objects might a priori have cuts going through the 
stretching region. We next show that this does not occur. Suppose that a cut from 
X-k or X-k+i does, in fact, pass through the stretching region. This can happen in one 
of two ways: either we pass to a limiting holomorphic curve starting at our initial x_fc 
at — cxD, and which contains Reeb chords connecting the a- and /5-arcs going through 
the region; or it does not, in which case the limit has some Reeb chords which connect 
some a-arc or some (3-arc to itself. 

The former case is excluded by positivity considerations, as follows. For such a 
configuration, we have X-k as an initial corner, and the final corner is represented by 
our Reeb arc connecting ai and Pi. Since the local multiplicities around basepoints 
2 and 3 are both 1 (for, if it were less, we would have to have split off a component 
of Maslov index one), it follows that the local multiplicity around the singular point 
must be negative. More precisely, we number the local multiphcities in the various 
regions {aiy^i^'^^ ordered by distance from the region containing the Reeb chord ps, 
as indicated in Figure 49. Note that ai coincides with the local multiphcity around p2- 
Since ao and ai both are one, it follows, that 1 = oq = ■ ■ • ai = ■ ■ ■ = Ofc. Since X-k is 
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an initial corner, it follows that a^+i = 0, and since there are no other corners it follows 
that afc+2 = —1- It follows that our curve cannot have holomorphic representatives. 
(Here we use again the assumption that n is sufficiently large, to guarantee that 
A; + 2 < n/2 from the assumption on S{^i).) 

In the second case, when there are two cuts connecting either a" or fii to itself, 
we can extract a holomorphic curve uq representing Bq. The source of this curve 
has some boundary component which is mapped to, say, a". (There is a symmetric 
argument when the boundary component is mapped to [3i instead). Since x and y 
have no components in a^flEo, the image of this boundary component in uq remains 
bounded under the projection from [0, 1] x M to M. By the maximum principle, we see 
that in fact this boundary component and therefore the entire curve component must 
be mapped to a point in [0, 1] x M. In fact, since the multiplicity of this component, 
which has boundary entirely inside the a circles, is zero at we conclude that the 
entire component is mapped to a constant in Eq, i.e., it represents the trivial homology 
class. Thus, after removing the component, we have our desired representative mq- 

In sum, we have extracted holomorphic representatives uq and ui for Bq and 
where cuts do not go through the winding region. Now, it is easy to see that 

ind(5, (p2, Ps)) = md(5o) + ind(5i, (p2, Ps)) - 2j 
= ind(5o) + 1. 

Since by hypothesis ind(S) = 1, wc conclude that ind(i?o) = 0. Thus, wc have 
extracted a representative Uq for the homology class Bq G 7r2(x, y) with ind(-Bo) = 0. 
This in turn forces the representative of B^ to be constant, and i = — 1, as needed. 
The same considerations apply to the other displayed maps. □ 

Lemma 10.34. For all n sufficiently large, if y & &{n) with |'S'(y)| < | then 
A3o(y) = D^iy) = Do{y) = D012 = 0. 

Proof Generators of y G ©(n) with |5'(y)| < | arc either exterior generators or of 
the form for some x G &k and \s\ > |. For any such y, it is straightforward to see 
by considering the s (Alexander) grading that there are no positive domains leaving 
it which could possibly represent a term in D23O) -D2, Dq, or £)oi2- D 

Lemma 10.35. For each positive domain B G 7r2(x, y) in Hk with x, y G &k, 
nz{B) — k > 0, and nyj{B) — 0, there is a corresponding sequence of positive domains 
of the same index Bi G 7r2(xi+fc, y-j) for i > 0. For i > 0, Bi is provincial: ifi = and 
k > 0, Bi crosses region with multiplicity one. Indeed, if B' G 7r2(xj_|_fe, y^) satisfies 

m{B') = n2(B') = m{B') = 
md{B',p{B'))^l 
M{B',p{B'))^ll}, 

then B' = Bi for some B G 7r2(x,y) and i^M{B' , p{B')) = i^M{B), where p{B') is 
(Po) if '>T'o{B') = 1 and otherwise. 

Similarly, for each positive domain B G 7r2(x, y) in TCk with n-^^B) = and 
riyj^B) = k > 0, there is a corresponding sequence of positive domains of the same 
index Bi G 7r2(xj_fc,yi) for i < 0. For i < 0, Bi is provincial; if i = and k > 0, Bi 
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crosses region 2 with multiplicity one. Indeed, if B' G 7r2(x.j_fc, Yi) satisfies 

no{B') = m{B') = n^iB') = 
md{B\p{B')) = l 
M{B\p{B'))^^, 

then B' = Bi for B e 7r2(x,y) as above, and i^M{B', p{B')) = #M{B), where p{B') 
is (P2) if n2{B') = 1 and otherwise. 

Proof. Given B, the domain Bi is constructed using the procedure illustrated by the 
shaded region in Figure 47. 

Suppose next that B' G vr2(x_s, Y-s-t) for s,t > is some Maslov index one 
homology class which has a holomorphic representative. We claim that B' = B_s for 
B G 7r2(x,y) with n.^{B) = k, n,{B) = 0, and i^M{B' ,p{B')) = i^M{B). 

By stretching normal to the neck region, as in the proof of Lemma 10.33, we see 
that B' can be written as a connected sum of a homology class Bq with a standard 
chain ipg^t G 7r2(x_s, We have that m.d{ips,tT p{,B')) = 2t, and md{ip) = ind(0) + 

md{iJs,t) -2t. Thus, ind(Eo) = 1. ' _ 

We claim that moduli space is obtained as a fibered product A4{(po) Xgyj^t^jj-, 

M.{ips,t)- This in turn follows from the fact that cuts cannot go through the de- 
generating point, for if they do, we extract a holomorphic representative 0o for Bq, 
which has some limit with the property that the preimage of the degenerating point 
projects to a collection of points in D, some of which lie on the boundary of D. As in 
the proof of Lemma 10.33, any components of this curve which lie on the ac,-boundary 
are constant components, and hence they can be discarded. The remaining curve has 
preimage of the special point projecting to a tuple of points in the interior of D. Since 
the components discarded were constant, it follows that the tuple of points is in fact 
a t-tuple. 

Having established that our moduli space is identified with the fiber product 
M{Bo) Xsyuj«(]D)) M{^ps,t), we next claim that the map M.{i>s,t) — ^ Sym*(D), got- 
ten by projecting the preimage of the connect sum point q, has degree one (onto 
Sym*(D)), so that the moduli space has the same count modulo two as M{Bo), as 
desired. 

In the case where t = 1, this can be seen directly. Consider the moduh space ips,!, 
which is ijjs-i (in the notation of the proof of Lemma 10.33; see also the right of 
Figure 48). Our claim is that the map of M.{ips) to [0,1] x M has degree one or, 
equivalently, after we divide out the space Aii^ips) by translations, the preimage of q 
is mapped with degree one onto the interval [0,1]. But the quotient of M^ips) by 
translations can be parameterized by depth of the cut at X-s-i. Now, in the hmit as 
the cut goes out to the marked point along the a-circle, the preimage of q is mapped 
(under projection to [0,1]) to {1}; if the cut goes out along the /3-circle, then the 
preimage of q is mapped to {0}. Hence the evaluation map has degree one when 
t = 1 as stated. 

For t > 1, the evaluation map has degree one, as follows. According to the analysis 
of flowlines, ips,t can be written as a juxtaposition of flowhnes with Maslov index 
two. In fact, any decomposition of ilJs,t consisting of non-negative and non-constant 
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homology classes must necessarily be a decomposition into homology classes each of 
which has non-zero multiphcity at q. It follows readily that the map J^{ips,t) — ^ 
Sym*(D) is proper. To calculate its degree, we consider the fibers of points in Sym*(D) 
where one of the components has M coordinate much larger than all the others. 
Such holomorphic disks are in the image of the gluing map of a moduh space with 
multiplicity 1 with another moduh space with multiphcity t — 1. By induction, it 
follows then that the evaluation map has degree one. □ 

We henceforth make the assumption that n is larger than 4c, where c is the constant 
from Lemma 10.32, so that all exterior generators x have |5'(x)| < ^. Moreover, we 
make the additional hypothesis that n is chosen large enough that Lemmas 10.33 
and 10.34 hold. 

Proof of Theorem 10.26. Let W = he the type D module for CFD{S^ \ 

nbd(i^')). We see from Lemma 10.30 that = C{s), and its differential D is clearly 
identified with the differential on knot Floer homology. 

Consider next x representing elements of W^. In the case where |5'(x)| > |, then, 
according to Lemmas 10.30 and 10.32, all generators with the same S'-grading are 
of the form xt for x G &k', and indeed t are all either non-positive or they are all 
positive. In effect, this gives the identification of with V} for |s| > f as stated in 
the theorem. For instance, for s < — |, W} contains x^ for S'(x) = s + — k and 
can therefore be identified with C(< s -|- ^^), as desired. Moreover, Lemma 10.35 
gives then identifies the differential D on with the stated differential D on V]^. 

Next, we turn to the other coefficient maps. Any domain representing Di must 
start at a generator of the form xq. By Lemma 10.33, the map Di is represented 
by the bigon from xq to Xi. Similarly, any domain representing must start at a 
generator of the form xq. We conclude that Di and are the maps from xq to xi 
and x_i, respectively, as desired. 

Next, any domain representing D2 must start at a generator of the form x^ with 
s < and end at a generator of the form yo. By Lemma 10.35, such a domain must 
be induced by some domain G 7r2(x, y) with n^(0) = and n^(0) = k > 1. 

An analogous argument shows that D123 has the stated form, except that we nec- 
essarily have n^(0) = 1. 

There are no domains which could represent a map of the form D12, for such a 
domain would need to have a cut going out to the intersection point Xq. 

The fact that D23 has the stated form on Xj with t < was established in 
Lemma 10.33. We claim that 

D2s:Wl-^Wl, 

has the stated form for s > |, as well. 

We see this in two steps. First, it is clear that D23(xi) = for all x G &k (as there 
are no representing domains); i.e., D23 vanishes on C{s — ^^) C W}. Since we know 
the form of Dqi by Lemma 10.33, it then suffices to prove that 

(10.36) D23oDoi(Xi) =Xi 

if t > 1. We start by considering Formula (10.21) from Proposition 10.20 with input 
and output both equal to the generator Xj. We assume first that t > 1. Then, by a 
neck-stretching argument, contributions from D o D0123 in Formula (10.21) mapping 
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xt to can be identified with points in M.{C,i) x M{^2), where G 7r2(x, y) and ^2 ^ 
7r2(y,x) are homology classes in Hk whose sum covers the surface with multiphcity 
one, so that ^2 covers w with multiphcity one. Similarly, contributions from Z)oi23 ° D 
can be identified with points in A4{rii) xj\4{r]2), where rji G 7r2(x, y) and 772 G 7r2(y,x) 
are homology classes in Hk whose sum covers the surface with multiplicity one, so 
that rji covers w with multiplicity one. Thus, we can conclude that these two terms 
cancel from the fact that = on the knot complex. The term D30 Doi2{:s.t) cannot 
contribute because there is no generator with Alexander grading of Doui^t)- Finally, 
the term 1^123 o Do{-Xt) cannot contribute because Xf for t > 1 cannot be in the image 
of -Di23- The remaining terms are as desired, thus proving that the domain S \ </)j has 
a holomorphic representative. 

We must now argue that there are no other domains which can contribute to D23. 
To this end, suppose that (j) G 7r2(xt,y) is any homology class which has representa- 
tives. Since the asymptotics at p are (p2,P3), there is a cut along a" from p, through 
the complement of W, to Xt. After stretching the neck, this cut gives a boundary 
component which hes entirely on aj, and so a component mapping to a point in 
[0, 1] X M. After removing this component, the remainder has expected dimension 
zero, hence must be constant. It foUows that for t > 1, D23 oDoi(xt) = xj, and so for 

r > 2, L'23(Xr-) = Xr_i. 

The case of D23(x2) follows similarly, except that D123 ° Dq may contribute. But 
these contributions aU correspond to points in A^(Ci) x A^(C2), where Ci ^ 7r2(x, y) 
and C2 £ 7r2(y,x) are domains in TCk, and Ci contains z (and (2 contains w). These 
terms cancel with terms in M{rii) x M{ri2) as before. 

We have now shown that all the coefficient maps have the right form for with 
|s| > f and for W^. We claim next that for all \s\ < f , H^^W}, D) = F2, and in fact 

D,, : Wl — Wl, 

is a chain map (with respect to D) inducing an isomorphism on homology. We 
investigate the terms in Equation (10.21) and Equation (10.22), bearing in mind 
Lemma 10.34. Specifically for x with |^(x)| < f, D^oDoui^) = 0, DioL)23o(x) = 0, 
and Z)3oioZ}2(x) = for degree reasons (comparing Lemma 10.29 with the observation 
that Wg = for aU |s| > I). Similarly, since 

" 2 

(by the same considerations as in Lemma 10.29), it foUows that D123 o Do{x.) = for 
|'S'(x)| < ^. Thus Dqi and D23 are homotopy inverses in this range, and so the map 

induced on homology by D23: — > W^i+i is an isomorphism. Then since „+i 

4 

is {C,dw), a chain complex with homology isomorphic to F2, we can conclude that 

if,(iy;,D) = F2 

for all \s\ < J. 

It follows that for |s| < |, we have a chain map 0: — F2 inducing an 
isomorphism on homology. The map 
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given by 



$(x) 



(/)(x) if X G ly,^ with |s| < f 



X otherwise 



induces a homotopy equivalence between the type D module determined by W and 



10.8. Proof of Theorem 10.17. We next deduce Theorem 10.17 from Theorem 
10.26. But first, we show that CFK~{K) can be horizontally or vertically reduced, 
as in Definition 10.15. 

Lemma 10.37. Let C be a Z-filtered, Z-graded, finitely generated chain complex over 
¥2[U] which is free as an ¥2[U]-module. Then C is Z-filtered, Z-graded homotopy 
equivalent to a chain complex C which is reduced. Further, one can choose a basis 
for C over ¥2[U] which is vertically simplified or, if one prefers, a basis which is 
horizontally simplified instead. 

Proof. We show that C can be reduced by induction on the rank of C. If C is not 
reduced, by definition it admits a non-trivial differential which is does not change the 
Alexander filtration, so that ^ E C with ^ and A{^) = A{d$,). Then ^ and 
generate a subcomplex of C whose quotient complex Q is homotopy equivalent to C 
with rank two less than the rank of C. 

Next, we argue that C can be vertically simplified. Consider (7™''* = C/U. Find 
a basis {^2, ^4 • • • , ^2m} for the image of 9™''*, and extend this by vectors {Ci, ^3, • • • , 
^2m-i} with d^^^^{^i) = (These vectors are linearly independent of the earher 

ones, since 9™''* is a differential.) Complete this basis to a basis of C by vectors in 
the kernel of c?™''*. The resulting basis for C^'^''* can be thought of as a basis for C, 
as well. 

A similar argument applies for (7'^°'"^. □ 

Proof of Theorem 10.17. We will write CFD for CFD{S^ \ nbd{K)) with a suitably 
large framing n. Let C be a reduced complex homotopy equivalent to CFK~ (K), 
and let {^i} and {rji} be bases of C which are vertically and horizontally simplified, 
respectively. These bases are related by 



for a suitable change of basis matrix A. As in Theorem 10.26, {^j} and {rji} can 
also be thought of as two different bases for over F2 or, alternatively, two bases 

for lqCFD over ^(T). We will modify and extend these to two bases for all of CFD 
which 

• on lqCFD, are still related by Formula (10.38), 

• agree on liCFD, and 

• split as a direct sum of a contractible complex and a complex with the coeffi- 
cient maps from Theorem 10.17. 

Recall from Remark 10.6 that the coefficient maps depend the subspace of CFD used 
to define them, which we take to be the F2-span of the basis. 



the one determined by V . 



□ 



(10.38) 
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To give an initial basis for tiCFD, recall that all except for come in pairs 

and ^j+i, where dz$,j = Cj+i- Fix i so that there is a height £ vertical arrow from 
to ^j+i. Then the generators for Vg for s > coming from this pair have coefficient 
maps like 



Di ■ D23 
^ K\ ^ 



D23 



D23 



K 



D23 



D23 



fe+1 



D23 i D23 

^ a* ^ — 



(10.39) 



Da 



D23 



Da 



That is, the only time we get a contribution from this pair to the Dg-homology of V^^ 
for s > is for ^(^,+1) + (^) < s < ^(6) + (^) ■ We call these generators k| as in 
the statement of the theorem, where k = A{^i)-s+[^)+l. For s = 
we have a canceling pair of generators a* (from ^j) and (from ^j+i). We also have 
canceling pairs for smaller s. 

Similarly, for a horizontal arrow from rji to rji+i of width i, we get generators and 
coefficient maps like 



Vi 



D2: 



D2 



A 



D23 



D23 



fe+1 



xi 



D23 



■r 



D23 



(10.40) 



D2 



Vi+i 



D3 



Dff, 



D23 



Da, 



(The are elements oiV} with s < 0.) In particular, there is an undesirable term in 
D^irjiJ^i). In addition, we usually have Di23(?7i) = 0; the exception is when the arrow 
has width equal to one, when 

(10.41) D^2^{m) = DM+i)- 

Consider next ,^0, which has no vertical differential either into or out of it. We see 
that its corresponding element comes from a chain 



D23 D23 D23 D\ J. 

^ (^3 ^ — — 4o, 

where the chain of elements kpi extends back to V^^ where s is large in magnitude 
(and hence V^^ is one-dimensional). Similarly, consider the element 770 which has no 
horizontal differential cither into or out of it. (Remember that ^0 ^-nd 770 can coincide.) 
Associated to r\Q is a similar string 

D3 D23 D23 D23 
Vo — ^ fJ'i — ^ At2 — > fJ'S — ^ • • • 

where the chain of elements /li extends forward to V^^ where s is large in magnitude 
(and hence is one-dimensional). Thus, for some sufficiently large a and b, we must 
have that ipa = A*6; i-e., we can connect the two chains to a single one of the form 

D23 D, 



D3 D23 D23 D23 
VO ^ A*l ' fJ'2 ^ ^ • 

We have now constructed bases for all the V^: 

• Xl and /ifc for s < —n/A, 

• (pk = fJ'k for — n/4 < s < n/4, and 

• K.I and (pk for s > n/i. 



Co 
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However, we have extra generators for the modules and terms in the coefficient maps. 
To bring the module to the desired form, we must change basis so as to 

• split off the chain of canceling generators in (10.40) by arranging for D^lrji^i) 
and D23{Xl) to vanish; 

• eliminate the generators with canceling differentials in (10.39), in particular 

and P^; and 

• bring -D123 to the desired form, by eliminating the non-trivial terms belonging 
to width one arrows (Equation (10.41)). 

We do this by successively changing basis (and, at some point, dropping out l3^). 

We start by modifying the base to ehminate the unwanted terms in (from rji^i 
when there is a horizontal arrow from rji). To this end, we change basis by 

V'i+i ■= Vi+i + P3 ■ 7'- 

With this substitution, we have that D3{ri^_^_^) = 0, D2{Xl) = r^'+i, and D23{Xl) = 
0. Let {^j} denote the corresponding change of basis apphed to the {^j} so that 
Formula (10.38) remains true. Note that the other coefficient maps are unchanged; 
in particular -Di(^^) = Di{C,j), and there are no coefficient maps other than D2 which 
enter Also, the chain of canceling generators from this horizontal arrow now 

splits off direct sum, so we can drop them. 

We pass now to a submodule to eliminate a* and /3\ To do this, for each vertical 
arrow from to ^j+i of height i, (and corresponding new elements and ^j'_|_i), we 
replace d+i by 

•= + Pi ■ a • 

Now we have -Di23(C"+i) = '^^ + -Di23(6+i)- Again, there is a corresponding modifi- 
cation to the other generators, replacing 77^ by r]'-. Now the submodule without the 
chain of canceling generators from (10.39) is easily seen to be homotopy equivalent 
to the original module. 

Finally, we wish to bring -D123 to the desired form, eliminating the terms from 
horizontal arrows of length one. This is done as follows. Suppose that is the initial 
point of some vertical arrow. Replace k\ by 

k{ := k\+ p23- Dusi^i). 

With this new basis, then, Di23iCi) = (as its contribution is absorbed into Di). 
Moreover, this change does not affect any of the other coefficient maps. 

It remains to make one last change of basis, corresponding to terminal points ^j+i 
of vertical arrows, so that Di23i^i+i) is the element taking the place of k}. A priori 
we have Dl23{^i_^_l) = '^e + -Di23(6+i)- In the case where the length of the arrow from 

to ^i+i is greater than one, we make the change by letting 

k\ := 4 + Di23i^i+i)- 

Since Di23{^i+i) is in the kernel of ^23 (from the description in Theorem 10.26), all 
other coefficient maps remain unchanged. 

In the case where the length of the arrow from to ^j+i is one, proceed as follows. 
First, we find an element Q so that 

dCi = P23 ■ ^123 (^i+l)- 
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Figure 50. An illustration of the proof of Theorem 10.17. The 

top illustrates a summand in the knot complex; the middle illustrates 
a corresponding piece coming from Theorem 10.26; the bottom is ob- 
tained by making the substitutions coming from the proof of Theo- 
rem 10.17, and dropping acyclic summands. 
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In particular, D^i^Q) = and -D23(Cj) = -Di23(^i+i)- This element is found as follows. 
Recall that and ^j+i correspond to elements Xj and Xj+i in C{s) and C{s — 1), 
respectively. Let y := 9^(xj) G C{s + 1), i.e., the image of x, under the map which 
counts holomorphic disks which cross w exactly once. (Recall from Theorem 10.26 
that -Di23(6+i) is 9^(xj+i) considered as an element of C(>s).) We then let Q = d^iy), 
where we consider y as a chain in C(> s — 1). Then Q, thought of as a generator of 
the type D module, has the desired properties. Making the substitution 

•- + Pi ■ C,i, 

we see that = -Di(C'+i) ^^'^ -Di23(C"+i) has the desired form. 

This module now has the form promised in Theorem 10.17. 

As a final point, we can relate the length m of the chain of fii to the framing 
parameter and the knot invariant t{K), as follows. We let x be some intersection 
point which appears with non-zero multiplicity in ^o, and y be one which appears 
with non-zero multiplicity in rjo. The number 2t{K) is the Alexander difference 
between x and y. Concretely, there is some G 7r2(x, y) with nu,(0) = —t{K) and 
nz{4>) = By adding copies of S, we can turn this into a domain connecting 

the corresponding intersection points, thought now as generators for CFD{K), whose 
local multiphcity is zero near and 1, and whose local multiphcity at the regions 2 
and 3 is 2t{K). Combining this with our chain of domains going through the pi gives 
a periodic domain with local multiphcities (0, 1, 1 — n, —n) at the four regions around 
(0,1,2,3), where n = m + 2r(fs:). □ 

In Figure 50 we have illustrated some of the changes of basis from Theorem 10.17 
in the case where the knot complex has a summand which is a square, as illustrated 
on the top of the figure. (Such a summand appears, e.g., in the knot Floer complex 
for the figure eight knot, on the bottom of Figure 44.) Initially, Theorem 10.26 gives a 
corresponding summand as illustrated in the middle of Figure 50. Going through the 
cancellations prescribed in the proof of Theorem 10.17, we end up with the complex 
on the bottom of Figure 50. 

10.9. Cables revisited. In this subsection, we illustrate the power of the above 
arguments by computing HFK~ of the (2, l)-cable of a knot K in in terms of 
CFK-{S^,K). The techniques extend to give a formula for HFK of any particular 
satellite in terms of CFK~ of the pattern. 

Figure 51 is a Heegaard diagram for the (2, 1) cabhng operation. Since this diagram 
has genus equal to one, the holomorphic curves are straightforward to count. In fact, 
the type A module CFA~{C) associated to this diagram is given as follows. It has 
three generators a, 6i, and 62, and the following relations: 

mi(6i) = f/ ■ 62 
m2(a,pi) = 62 

i 

m3+i{a, P3, P23, ■ • • , P23, P2) = U^''^^ -a, i>0 

i 

mi+i{a, p3,p23, ■ ^■,P23, P2,Pi) = U^^^^ -bi, i> 0. 
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bi 62 



Figure 51. Heegaard diagram type A module for the (2,1) 

cable. This is a doubly-pointed Heegaard diagram for the (2, 1) cable 
(of the unknot), thought of as a knot in the solid torus. The basepoint 
z lies in the region marked with a 0. 

Consider next the type D module for the left-handed trefoil knot T with framing —2, 
as pictured in Figure 52. (Although this framing is not large enough for Theorem 10.17 

to apply, CFD{T) may still be computed; see Theorem 11.7, whose proof uses results 
from [23].) 

The tensor product CFA~{C) K CFD{T) has generators a^Xi and bk K yj. Dif- 
ferentials are easily computed; they are displayed in Figure 52. In fact, that figure 
also illustrates the Alexander gradings. Note also that the concordance invariant r 
can be immediately read from this data, bearing in mind the interpretation of r in 
terms of the Alexander grading on HFK~, as in Equation (10.9). Specifically, we find 
that HFK~ has a free summand, generated by the element U ■ 0x3 + 612/2, an element 
with Alexander grading 3, which in turn is equal to — r by one definition of r. Thus, 
r(c2 -1T2 -3) = -3. 

To calculate the bigraded knot Floer homology complexes, we must first grade the 
factors in the tensor product. 

The (enhanced) grading on the type D module is given by 

gr(xi) = (l;0,2;0)/(/i) 
gr(x2) = (|;0,l;0)/(/i) 
gr(a;3) = (0;0,0;0)/(/i) 
gr(yi) = (|;i,|;0)/(/i) 

gr(y2) = (-^;-i4;0)/(/.), 

where we use notation for the enhanced grading (a; 61, 62; c) where (a; 61, 62) denotes 
the component in the ordinary grading group, as in Section 10.1, and c denotes the 
Alexander component. The indeterminacy h will be calculated shortly. 

In fact, the displayed gradings are uniquely determined from the gradings on the 
algebra, the normalization gr(x3) = (0;0,0;0), and the algebraic structure of the 
type D module displayed on the left in Figure 52. For example, given the grading 
of 2/2, we can calculate the grading of X2, since P123 ■ y2 appears in 8x2, so that 

A"^ ■ gr(x2) = gr(pi23) ■ gr(2/2)- 
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Figure 52. Cable of the trefoil. On the left, the coefficient maps 
for the left-handed trefoil. On the right, the result of cabling. Arrows 
with solid arrows represent differentials; they are labeled by their cor- 
responding coefficients (powers of U). Dotted arrows do not represent 
differentials; they represent domains, and the labels over them represent 
changes in Alexander gradings. 



Continuing in the vein, the indeterminacy h is determined from the fact that ^122^3 
appears in so 

h = gr(pi2)-'A-i(l; 0, 2; 0) = (-1; -1, 2; 0). 

As in the case of CFD(T), the gradings on CFA~{C) can be calculated from the 
gradings on the algebra and the algebraic form of this module displayed earlier, com- 
bined with the normahzation that gr(a) = (0; 0, 0; 0). We find the (enhanced) grading 
on the type A module is given by: 

gr(a) = ((7)\(0;0,0;0) 
g<h) = {g)\{\-\,~\;-l) 
gr(62) = (5)\(-i;|,-|;0), 

where 

^=(-|;0,l;2). 

The gradings of elements in the tensor product lie in the double-coset space 



(-|;0,l;2)\G/(-|;-l,2;0). 
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Indeed, choosing appropriate coset representatives, we find that 



gr(axi) 


= (2; 


0,0 


-4) 


gr(ax2) 


= (1; 


0,0 


-2) 


gr(ax3) 


= (0; 


0,0 


0) 


gr(&i2/i) 


= (6; 


0,0 


-7) 


gr(&2l/i) 


= (5; 


0,0 


-6) 


gr(&il/2) 


= (0; 


0,0 


-1) 


gr(&2?/2) 


= (- 


1;0,0;0) 



This allows us to compute Maslov and Alexander gradings of elements in the prod- 
uct complex. Specifically, taking homologies, we find that the Poincare polynomial 
for the tensor product, after setting U = 0, and rescaling by t^, is given by 

^ g"^ ■ ■ rank H,{CFA~{C) K CFD{T)) = r^q^ + t'^q^ + q^ + t^q + t^. 

m,s 

Bearing in mind that the Q-grading here is the difference M — 2A, it is easy to 
see that this is in agreement with the calculations of Hedden [11,12] for knot Floer 
homology groups of cables of the trefoil. 

11. Appendix: Bimodules and change of framing 

The modules CFA{Y) and CFD{Y) depend (up to quasi-isomorphism) not only on 
the 3-manifold Y but also on the parametrization of dY by a reference surface F; this 
dependence can already be seen for the modules associated to solid tori computed in 
Section 10.2. The result of reparametrization (e.g., change of framing) is captured by 

certain bimodules. Furthermore, the two modules CFA{Y) and CFD{Y) are related 
to each other by certain duahzing bimodules. These topics are explored in detail 
in [23]. In the present section we present the main results from that paper, and then 
exhibit the bimodules relevant to the case of torus boundary. When combined with 
Theorem 10.17, this gives a complete computation of the bordered Floer invariants 
of knot complements in S*^, with any framing. 

11.1. Statement of results. Let F denote an oriented surface, q a point in F, 
Jq: F — > M a minimal self-indexing Morse functions with index 2 critical point g, and 
V G TqF a vector not tangent to any ascending fiow from an index 1 critical point. 
(The basepoint z corresponds to v.) The data {F,f,v) up to homotopy is equivalent 
to a pointed matched circle, and so we have associated to (F, /, v) a DGA A{F, /, v). 

Recall from Section 4.1 that a bordered 3-manifold with boundary F is a pair {Y, (p) 
where F is a compact, oriented 3-manifold with boundary and 0: F — > dY is an 
orientation-preserving diffeomorphism. (Heretofore, we have suppressed from the 
notation, denoting the bordered 3-manifold simply by Y .) We have associated to 
(y, 0) quasi-isomorphism classes of modules CFA{Y, 0) and CFD{Y, 0) over A{F, /, v) 
and A{—F,f,v) respectively. 

Given a bordered 3-manifold (V, 0) and a diffeomorphism ip: (F, t>) — > (F, t>), we 
have a new bordered 3-manifold {Y, = (y, o ^). 
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Theorem 11.1. Given a diffeomorphism ip: {F,v) {F,v) and Morse functions fg 

and gs on F there is a differential bimodule _A(Fjg,v)CFDA{ip)_A{F,gg,v), well-defined up 
to quasi-isomorphism, such that for any (Y, (p) as above, we have 

CFD{{Y,<P)^) ^ CFD{Y,<f>) 

CFA{{Y,<P)^) ~ CFA{Y,<P) ^AiFje,v) CFDA{^). 

(As we will see presently, CFDA{ip) is defined in terms of a Heegaard diagram with 
two boundary components, one of which is treated in type D fashion and the other 
of which is treated in type A fashion.) 

Next we turn to to the duality between CFD and CFA. By Mji^s we mean a module 
M with commuting right actions by rings R and S; similarly, by r^sM we mean a 
module M with commuting left actions by R and S. 

Theorem 11.2. For any pointed matched circle Z = {F,fQ,v) there are differen- 
tial bimodules CFAA{l)ji^(^z) a(-z) (ind a(z) a(-z)CFDD(I) such that for any bordered 

CFD{Y,(P) ~ CFA{Y,(P) ®Aiz) CFDD{I) 

CFA(Y,(P) ~ CFAA{I)§)Aiz) CFD{Y,(P). 

As the notation suggests, these duahzing modules correspond to the identity map 
I: F — > F. In fact, for any mapping class 0: F — > F there are associated modules 
CFDb{<p) and CFAA{<p). These are calculated in [24]. 

11.2. Sketch of the construction. Next, we outline the construction of the bi- 
modules discussed above. Details can be found in [23], although the constructions 

are close enough to the construction of CFD and CFA that the reader might find it 
amusing to fill them in on his or her own. 

11.2.1. Bordered Heegaard diagrams for dijfeomorphisms. The module CFDA^cfy is 
associated to a bordered Heegaard diagram for 0. Such a diagram is a slight gener- 
alization of the notion from Section 4 to allow more than one boundary component. 
(These diagrams already made a brief appearance in Section 10.4.) 

Specifically, an arced bordered Heegaard diagram with two boundary components is 
a quadruple Ti = (S, ck, /3, z) where 

• S is an oriented surface of genus g, with two boundary components dj^T, and 

• a = {al' , . . . , a2f,, a"' , . . . , Og^, al, . . . , a^_2fc} where the a"' are embedded 
arcs with endpoints on the a"'^ are embedded arcs with endpoints on 

and the are embedded circles in S; and all of the a"'^ a"'^ and 
are pairwise disjoint, and S \ ck is connected; 

• (3 = . . . ,(3g} are circles in E such that S \ /3 is connected; and 

• 2; is an arc in S \ (ck U /3) connecting S^S and OrT,. 

As for ordinary bordered Heegaard diagrams, we let S = S \ 9S; we will be sloppy 
about the distinction between E and E. 
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The data Ti specifies a 3-manifold Y with two boundary components in a manner 
exactly analogous to Section 4.1. Moreover, 7i specifies a homeomorphism 0j from 
a fixed reference surface Fj to each component d.;Y (i e {L, R}) of Y, as well as a 
framed arc connecting the two boundary components. We call H a bordered Heegaard 
diagram for {Y^Fl^F^). 

Assume that Y is homeomorphic to [0, 1] x F and that Fl = —Fr (i.e., that the 
matchings on the two components of 9S agree, modulo reversal of orientation). There 
is a homeomorphism $: [0,1] x Fr ^ Y extending 0^,. Moreover, this homeomor- 
phism is unique up to homeomorphisms S: [0, 1] x F ^ [0, 1] x F such that S|{o}xf 
is the identity. It follows that H|{i}xf is well-defined up to homotopy, and hence 
(because F is a surface) up to isotopy. Consequently, 4)~f^ o ($||i}x_p) is a homeomor- 
phism Ffj Fr, well-defined up to isotopy, i.e., an element (piTi) of the mapping 
class group MCG{F). Paying attention to the basepoint z, we obtain a map 

(p: {bordered Heegaard diagrams for ([0, 1] x F^Fr^Fr)} MCGq^Fh), 

where MCGq denotes the strongly based mapping class group, i.e., the mapping class 
group of diffeomorphisms fixing a small disk in Fr. 

It is not hard to see that every element of MCGq{F) arises this way. Indeed, given 
a diffeomorphism ip: Fji ^ Fji, we can explicitly construct a bordered Heegaard dia- 
gram realizing it as follows. Given a pointed matched circle Z, let Iz = {T,k,Oi, f3, z) 
be the bordered Heegaard diagram (with no a-circles) where and a"'^ each in- 
tersect Pi in a single point and are disjoint from (3j for i ^ j. (See Figure 53.) Then 
Iz is a bordered Heegaard diagram for the identity map of F{Z). Further, a regular 
neighborhood of 

al'^ U ■ ■ ■ U ttaf U a^E 

in S is canonically homeomorphic to Fr minus two disks. By removing the arc z 
from this neighborhood, we obtain Fr minus one disc. Hence ijj G MGGq{Fr) can be 
extended by the identity to a homeomorphism ifj: E ^ S. Then, (E,a, (/3),-2) is 
a bordered Heegaard diagram for ip. 

For the constructions that follow, it will not be important that F^ = — Fr. Then, 
instead of the mapping class group, one works with a mapping class groupoid. See [23] 
for further details. 

11.2.2. Holomorphic curves defining GFDA. Let H = {T^g^ot^ (3^ z) be a bordered 

Heegaard diagram for ^ G MGGq{Fr). The module CFDA{ip) = CFDA{n) is de- 
fined by counting holomorphic curves in S x [0, 1] x M. As usual, the two boundary 
components of S become cyhndrical ends of S, and hence of S x [0, 1] x M. We call 
the end corresponding to c^lS west infinity and the end corresponding to OrT, east 
infinity^ 

The module GFDA{H) is defined by treating west infinity of S x [0, 1] x M as a 
Type D end (i.e., analogously to Section 6) and east infinity as a Type A end (i.e., 
analogously to Section 7). More precisely, let &{Ti.) denote the set of (^-tuples of 
points X in S so that exactly one Xi lies on each a- and each /3-circle, and no two Xi 
lie on the same a-arc. 



In particular, east infinity is the end whose induced orientation agrees with the orientation of Fr. 
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Figure 53. Bordered Heegaard diagrams for difFeomorphisms. 

Left: the identity bordered Heegaard diagram for the genus 1 surface. 



Center: the same diagram, with a regular neighborhood of a"'^ U 



U 



a. 



a,R 
2k 



U \ {z} in dark gray and a closed curve 7 as a dashed line. 
Right: a bordered Heegaard diagram for the Dehn twist around the 
curve 7. 



Given x G &{'H), let ol(x) denote the set of a^-arcs occupied by x and o_r(x) the 
set of a^-arcs occupied by x. Let X{'H) be the F2-vector space spanned by &{H). 
Let II d(x) = /([2A;] \ o^{x.)) and Ira = o^(x). We define both left and right actions 
ofT(F«)on6(7^)by 



/(s)-x-/(t) := 



X I{s) = Il,d{^) and I{t) = Ir,a{^) 
otherwise, 



where s and t are fc-element subsets of [2k], as in Formula (3.10). 

As a left module, CFDA{H) is just A{Fl) ^jX{n). Note that, for the first time 
in this paper, we have a module on which A{Z,i) may act non-trivially for z 7^ 0. 

Our next task is to define the ^00-bimodule structure on CFDA{H). (See Keller [16, 
Section 3] for basic notions relating to ^00-bimodules.) The left and right actions 
strongly commute, i.e.. 



• • • , fli, X, bi, 







if i, j > 0, so we only need to describe the right action. The module CFDA{H) is also 
strictly unital, i.e.. 



m2(x, 1^ 



m, 



n+ll 



,1, 



X 

0, 



n > 1. 



The definition of m„+i(x, a(p]^), . . . ,a(p^)) uses holomorphic curves. Let 



A^^(x,y;p^;p^) 
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denote the moduh space of embedded holomorphic curves in the homology class B, 
asymptotic to the sequence of Reeb chords in at west oo (with no height con- 
straints), and to the ordered partition = (p^, . . . , p^) of Reeb chords at east oo. 
The interesting multiplications are defined by 

m„+i(x,a(pi),...,a(p„)) := ^ ^ # (;W^(x, y; p^; p^)) a(-p^)y. 

yee(W) Be7r2(x,y) 

{pO|ind(i?;p«;p-4) = i} 

(Compare Definitions 6.3 and 7.2. The case n = is essentially the differential on 
CFD.) 

We prove in [23] that this does, indeed, define an ^oo-bimodule. Both of the proofs 
of the Pairing Theorem (Sections 8 and 9) extend easily to prove the first part of 
Theorem 11.1. 

Remark 11.3. Just as our differential modules have been graded by left or right G- 
sets, bimodules are graded by sets with left and right actions by G. The module 
CFDA{'ijj) is graded by G{F^), thought of as a set with commuting left and right 
actions by G{Fr) = G{Fl). The construction of the grading is a simple modification 
of the discussions in Sections 6.3 and 7.3. 

11.2.3. Holomorphic curves defining CFDD{I) and CFAA{I). The modules CFDD{I) 
and CFAA{I) are both defined in terms of holomorphic curves with respect to the 
identity Heegaard diagram Iz = (S,a,/3, 2;), i.e., holomorphic curves in 

(S X [0, 1] X M, CK X {1} X M U /3 X {0} x M) 

where (S,cf, /3, 2) = Iz- The module CFDDil) is defined by treating both east 

infinities as Type D boundary components, and the module CFAA{1) is defined by 
treating both west infinities as Type A boundary components. 

More precisely, CFDDil) is defined as follows. Recall that —Z is the pointed 
matched circle obtained by reversing the orientation on Z. The module CFDDil) is 
generated over Ai^Z) x A{—Z) by the 2^^ = (^^) ways of choosing i points from 

n/5i, 0:2'° n/52, • • • , afc''*n/3fc} (and the 2k — i points on the complementary af '"); 
we can identify this with the set 6(1^) from Section 11.2.2 by looking at o^, the set 
of strands occupied on the left. There are left actions of T(— Z) and 1{Z) on Xijz) 
by, respectively, 

'x s = [2k] \ o^(x) 
otherwise, 



lis) 



lis) o X := 



X s = [2k] \ o^(x) 
otherwise. 



(Note that o^(x) = [2k] \ o^(x).) These two actions commute. Consequently, ex- 
tending scalars from the idempotents to the whole algebra gives two commuting left 
actions of A{Z); this is the module structure on CFDDil). 
The differential on CFDDil) is given as follows. Let 

^<^(x,y;p-'^p-'^) 
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denote the moduli space of embedded holomorphic curves in the homology class B, 
asymptotic to the sequence of Reeb chords on the left and on the right. (We 
do not constrain the relative ordering of Reeb chords on the left and right.) Then 

ax:= ^ J2 #(^^(x,y;p^p^))a(-p^).a(-p^)oy. 

yeeCH) Be7r2{x,y) 

{p^,p«|md(S;p^;p«) = l} 

Next we turn to CFAA{I). As a Fg-vector space, the module CFAA{I) is just 
X{Iz). There are commuting right actions of J(— Z) and I{Z) on X{Iz) by 

X s = o-^(x) 
otherwise, 

j X s = o^(x) 
X o I[s) := < 

I otherwise. 

The module CFAA{I) is strictly unital, i.e., 

m2(x; 1; ) := m2(x; ; 1) := x 
m„+„+i(x; 1, ...):= 0, m + n > 1. 
The other higher multiplications are defined using holomorphic curves. Let 

A<^(x,y;p^r7^) 

denote the moduh space of embedded holomorphic curves in the homology class B, as- 
ymptotic to the ordered partition p = (p^, . . . , p„) at diT, x [0, 1] x M and asymptotic 
to the ordered partition fj = {r]^, . . . , 77^) at d^T. x [0, 1] x M. Then define 

"^m+n+i(x; a(pi), . . . , a(p^); a(r/i), . . . , a{rij) := 

E E #(-M''(x,y;p;r7))y. 

ye 6(H) Be7r2jx,y) 
ind(B;p;77)=l 

Remark 11.4. The gradings on CFDDil) and CFAAil) are defined analogously to 
Sections 6.3 and 7.3 respectively. 

Remark 11.5. For each of CFDA{n), CFDD{1) and CFAA{I), the summands AiZ,i) 
inside A{Z) act non-trivially even for i 7^ 0, and the modules decompose as direct 
sums 

k 

CFDA{n) = CFDA{n,i) 

i=—k 
k 

CFDD{I) = CFDD{I,i) 

i=—k 
k 

CFAA{1) = CFAA{I,i). 

i=—k 



lis) 
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Of course, only the summands corresponding to i = contribute to tensor products 
with CFD or CFA as in Theorem 11.1. The other summands do arise naturally if one 
studies self-gluing of Heegaard diagrams, which in turn relates to the Floer homology 
of open books. 

11.3. Computations for 3-manifolds with torus boundary. Here we will state 
the relevant bimodules for three-manifolds with torus boundary. We will then deduce 
a version of Theorem 10.17 for arbitrary integral framings of knots. Theorem 11.7. 
(In fact, the data from this section can be used to calculate the result for arbitrary 
framings; but that will be left to the interested reader.) The computations of the 
bimodules are given in [23]. 

There is a unique pointed matched circle representing the surface of genus one, so 
much of the notation for the torus algebra can be simplified. Moreover, it is only 
the summand in i = which is relevant to the case of bordered manifolds with 
connected boundary. We refer to this summand of the algebra simply as A, and label 
its generators as in Section 10. 

The mapping class group is generated by Dehn twists and tx along meridian 
and longitude respectively (i.e., takes an n-framed knot complement to an n + 1- 
framed knot complement, or /x is the twist on a curve dual to a2 from Figure 40). We 

describe the i = part CFDA{-,0) of the type DA modules for Dehn twists about 
these two curves and their inverses. (Again, the i = part is the only part relevant 
to 3-manifolds with torus boundary.) 

Heegaard diagrams for r^, ^, tx and t^^ are illustrated in Figure 54. Each of 

the four bimodules CFDA{t^,0), CFDA{t^\0), CFDA{tx,0), and CFDA{t^\0) is 
projectively generated by three elements, denoted p, q, and either r or s. (In fact, 
the proof of Theorem 11.7 only uses CFDA{t^,0).) We give the algebraic structure 
on each of these bimodules in turn. 

The generators are compatible with the idempotents as follows: 



The module CFDA{t^, 0) is generated by p, q and r. The idempotents act as 
above; the other non-trivial algebra actions are given as follows: 



Lo-p- Lo = p 



ii ■ q ■ ii = q 



Li-r ■ Lo = r 



Lq • S • L-i — S. 



^2(P,Pl) 
"^2(P,Pl2) 
"^2(P,Pl23) 



Pi ® q 

Pi23 ® r 

Pi23 ® q 

P3 O r 
Pa ® q 
P23 ® r 
P23 ® q 

P2 ® P 



"^3(P,P3,P2) 
'^3(P,P3,P23) 



"^2(q, P2) 

"^2(q, P23) 



mi(r) 
"^2(r,p3) 



q 
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Heegaard diagram for 



Heegaard diagram for r ^ 




Heegaard diagram for r\ 



P3 
P2 
Pi 



P 



q \ p 




o- 



-o 



P3 
P2 
Pi 



Heegaard diagram for ^ 



Figure 54. Heegaard diagrams for mapping class group ele- 
ments. We have illustrated here genus two bordered diagrams for the 
generators of the genus one mapping class group and their inverses, as 
indicated. In each of the four diagrams, there are three generators in 
the i = summand. 



The module CFDA{t^^,0) is generated by p, q and r. The idempotents act as 
above; the other non-trivial algebra actions are given as follows: 



mi(p) 

"^2(P,Pl2) 
"^2(P,Pl23) 
'T^3(P,Pl23,P2) 
"^2(q,P2) 

"^2(q, P23) 

'^3(q, P23,P2) 

"^2(r,P3) 
m3(r,P3,P2) 



P3 (g) r 

Pi ® q 

Pi r 

P123 ® q 
P12 ® p 

r 

P23 ® q 

P2 ® P 

P23 ® q 

P2 ® p. 
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The module CFDA{tx,0) is generated by p, q and s. The idempotents act as 
above; the other non-trivial algebra actions are given as follows: 



"^siq, p2,pi) 


= P2 ® S 


"^3(q,P2,Pl2) 


= P2 ® P 


"^3(q, P2,Pl23) 


= P23 ® q 


"^2(p,Pl) 


= Pl2 ® S 


"^2(P,Pl2) 


= Pl2 ® P 


?Tl2(P,Pl23) 


= Pl23 ® q 


"^2(P,P3) 


= P3 ® q 


mi(s) 


= Pi ® q 




= P 


"^2(S,P23) 


= P3 (g) q. 



The module CFDA{t^^,0) is generated by p, q and s. The idempotents act as 
above; the other non-trivial algebra actions are given as follows: 



mi(q) 


= P2 ® S 


?7^2(P,Pl) 


= S 


"^2(P,Pl2) 


= Pl2 ® P 


"^2(P,Pl23) 


= pi23 ® q 


^2(P,P3) 


= P3 ® q 


'^3(P,Pl2,Pl) 


= Pi ® q 


"^2(S,P2) 


= Pl2 ® P 


"^2(S,P23) 


= pi23 ® q 


m3(s,P2,Pl) 


= Pi ® q. 



Remark 11.6. The computations leading to the results above are eased by noting that 

• CFDA{t^\0) is inverse to CFDA{t^,0) (i.e., CFDA{T-\0)m CFDA{t^,0) ~ 
CFDaIi,0)); 

• the Heegaard diagram for tx is obtained from that for by a horizontal 
reflection (across the x-axis); and 

• the Heegaard diagram for t^^ is obtained from that for by a horizontal 
reflection. 

Thus there is essentially only one computation to do. 

To compute the type AA and DD identity bimodules for the torus, it is convenient 
to use the Heegaard diagram pictured in Figure 55. Note that the boundary segments 
on both sides have been labeled to be consistent with the type A conventions. 

The resulting type AA bimodule is pictured in Figure 56. Note that algebra ele- 
ments acting on one side are denoted cxj while on the other side, they are denoted pi 
(as indicated in Figure 55). 

The type DD bimodule can also be calculated using the same Heegaard diagram, 
to give the module indicated in Figure 57. (We have relabeled the pi and cxj to 
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Figure 55. Heegaard diagram for the identity bimodule. 

bfi cie 




Figure 56. The type AA bimodule CFAA{I,0). The labels on the 
arrows indicate the operations; for instance, the label {cr 23, P2) on 
the arrow from ae to €26 means that m2(ae, (T23, P2) contains a term €26. 

conform to our conventions for type D boundary.) This simplifies to a module with 
two generators x and y with 

PS^"! + Pl23C"l23) ® y 

dy = (P20-2) ® X. 
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Figure 57. The type DD bimodule CFDD{1, 0). The labels on the ar- 
rows indicate differentials; for instance, the arrow from ae to bd signifies 
a term of p2 ■ (^2® bd in dae. 

Finally, as the reader may well have expected, up to homotopy equivalence the 
type DA bimodule CFDA{J,0) associated to the identity map is just A as an A-A 
bimodule. 

11.4. From HFK to CFD for arbitrary integral framings. With the above bi- 
modules in place, we turn now to the generalization of Theorem 10.17 for arbitrary 
(integral) framings. 

Theorem 11.7. Let CFK^{K) be a model for a chain complex for a knot in 
which is reduced. Let Y be the bordered three-manifold — nbd K, given any integral 
framing n. The associated type D module CFD{Y) can be extracted from CFK~{K) 
using the procedure described in Theorem 10.17, except for the unstable chain, whose 
precise form depends on the framing parameter n. There are three different cases. 
When n < 2t{K), it has the form 

Di D23 D23 D23 Dg 
^0 ^ 7l ^ 12< ■■■ < lm< VO, 

where m = 2t{K) — n. When n = 2t{K), the unstable chain has the form 

^0 — ^ ^0- 

Finally, when n > 2r{K) it has the form 

4o — ^ 7i — ^ 72 ■ ■ ■ — ^ 7m — ' Vo, 

where m = n — 2t{K). 

Proof. In view of Theorem 11.1, we need only see what happens as we tensor the D 
module for a knot complement with sufficiently small framing parameter, as calculated 
in Theorem 10.17, with iterated copies of the bimodule CFDA{t^,0). 
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We denote the generators in the idempotent lq for CFD{Y) by Xj, and the genera- 
tors in idempotent ii by Uj. In particular, we write xq and xi for the elements ,^0 and 
rjQ in the statement of the above theorem. 

In the tensor product, each generator Xi gives rise to a pair of generators p Kl 
and r Kl Xj, while each generator Uj gives rise to a generator q Kl Note that the 
generators p Kl Xj are the generators in the to-idempotent for the tensor product. 

If we think of the Xj as the generators in a horizontally-simplified basis in the sense 
of Definition 10.15, then if there are 2k + 1 basis elements, k of them are initial points 
of horizontal arrows. For each initial point of a horizontal arrow Xj, we can cancel 
vMxi with some corresponding element of the form q Kl i.e., if we have a chain 

Dz D23 r>23 D2 

Xi > yi > ■■■ > Vi ^ Xj] 

this is transformed to 

p M Xj > q ^ 1/2 ^ q ^ Z/a ^ ■ ■ ■ q ^ ^ I" ^ Xj 



D2 



D23 



D2. 



rKxi ^ q^yi pKxj 

Setting = q Kl for z = 1 ... £ — 1 and y[ = xj and dropping the cancehng 
pair r Kl Xj and q Kl yi, our new chain has the same form as the original chain. 

Vertical chains are taken to chains of the same form (without any need for cancel- 
lation). 

Finally, we must observe the behavior of the "unstable chain" under tensor product. 
To this end, recall that the generator xq which is neither the initial nor the final 
intersection point of a horizontal arrow. There is then a chain of the form 

^^3 f 23 ^23 ^23 ^23 Di 

xo — > yi — > y2 — > ys — ^ ■ ■ ■ — ^ ym < — xi 

with m > 1. Under the tensor product, canceling a differential from r Kl xq to q Kl ?/i 
as before, we see that this chain is carried to a similar chain from with length one 
less, starting at p Kl xq and going on to p Kl Xi. 
In the case where m = 1, we have the chain 

D'i Di 

Xq — ^ yi < — Xi. 

This chain is transformed to another configuration where we can once again cancel 
the pair r Kl xq and q Kl to get the chain 

P Kl Xq P Kl Xi. 

Now if we start with a chain of the form 



^312 

Xq < Xi, 



that in turn is transformed into 



p K Xo ^ r K Xo 2^ p K xi r K xi. 

(The arrow from r Kl xi should be viewed as part of another chain.) 
We declare the remaining elements to lie in an unstable chain of the following form 

D2 D23 -D23 ^5123 

Xo < — 2/1 ^ — 2/2 •• • < — 2/m < — Xi 
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with m = 1 (after renaming variables). Now it is easy to see inductively that tensor- 
ing with our bimodule takes such an unstable chain with parameter m to one with 
parameter m + 1. 

The precise relationship between the length (and type) of the unstable chain, the 
framing parameter, and r follows as in the proof of Theorem 10.17. (Indeed, it 
is a formal consequence of the above proof, together with the relationship between 
these three quantities for sufficiently large framing parameter as estabhshed in The- 
orem 10.17). □ 
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